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AUTHOR'S PREFACE 



SECOND EDITION. 



1 HE motives that first gave birtli to the ensuing 
work, were not so much any extravagant hopes the 
author could form to himself of greatly extending 
the subject by the addition of a large variety of new 
improvements (though tlic reader will find many 
things here that are nowhere else to be met with), 
as an earnest desire to see a subject of such genera! 
.importance established on a clear and rational foun- 
dation, and treated as a science, capable of demon- 
stration, and not a myterious art, as some authors, 
themselves, have thought proper to term it. 

How well the design has been executed, must be 
left for others to determine. It is possible that the 
pains here taken, to reduce the fundamental princi- 
ples, as well as the more difficult parts of the sub- 
ject to a demonstration, may be looked upon, by 
some, as rather tending to throw new difficulties in 
the way of a learner, than to the facihtating of his 
progress. In order to gratify, as far as might be, 
the inclination of this class of readers, the demon- 
strations arc now given by themselves, in the man- 
ner of notes (so as to be taken or omitted at plea- 
sure); though the author cannot by any means be 
induced to think that time lost to a learner which 
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is taken up hi comprehending the grounds whereon 
he is to raise his superstructure : his progress may, 
indeed, at first, be a little retarded ; but the real 
knowledge he thence acquires will abundantly com- 
pensate his trouble, and enable him to proceed, af- 
terwards, with certainty and success, in matters of 
greater diffculty, where authors, and their rules, can 
yield him no assistance, and he has nothing to de- 
pend upon but his own observation and judgment. 

This second edition has many advantages over 
the former, as well with respect to a number of new 
subjects and improvements, interspersed throughout 
the vvhole, as in the order and disposition of the ele- 
mentary parts: in which particular regard has been 
had- to the capacities of young beginners. The 
work, as it noiv stands, will, the author flatters him- 
self, be found equally plain and comprehensive, so 
as to answer, alike, the purpose of the lower and 
of the more experienced class of readers. 



P. S. The great reputation of Mr. Simpson's 
Treatise o/'Alcebra, and the favourahle recep- 
tion it has uiiwersalty met xvith since itsjirst publi- 
cation, and which testifies it to be the best elementary 
xvor/c upon the subject, has induced the -proprietor to 
have this edition carefully revised and corrected 
throughout by a very eminent mathematician: he 
therefore trusts k u-ill be found as worthy the appro- 
bation of the public as any former edition, or as if 
revised by the author himself. 
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SECTION I. 

Of Notation^ 

xjLLGEBRA is that science which teaches, in a general 
maimer, the relation and comparison of abstract quanti- 
ties : by means whereof such questions are resolved whose 
solutions would be sought in vain from common arithme- 
tic. 

In algebra, otherwise called specious arithmetic^ num- 
bers are not expressed as in the common notation, but 
every quantity, whether given or required, is commonly 
represented by some letter of the alphabet ; the^ given ones, 
for distinction sake, being usually denoted by the initial 
letters a, i, c, d^ &c. ; and the unknown or required ones 
by the final letters t/, w, x^ z/, &c. There are, moreover, 
in algebra, certain signs or notes made use of to show the 
relation and dependence of quantities one upon another, 
whose signification the learner ought, first of all, to be 
made acqusdnted with. 

The sign + signifies that the quantity to which it is 
prefixed is to be added. Thus a + b shows that the 

B 



a OfNotatiou. 

number represented by b is to be added to iliat repre- 
sented by II, and expresses the sum of those numbers j 
so tliat if a was 5, and b 3, then would a + i be 5+3, 
or 8. In like manner, a + b + c denotes the number 
arising by adding all the three numbers a, i, and c toge- 
ther. 

Note. A quantity which has no prefixed sign (as the 
leading quantity a in the above examples) is always under- 
stood to have the sign + before it : so that a signifies the 
same as -f- a ; and a-^b the same as -f- a -f- 6. 

The sign — signifies that the quantity which it precedes 
h to be subtracted- Thus a — b shows that the quan- 
tity represented by i is to be subtracted from that repre- 
sented by a, and expresses the difference of n and b: 
so that if a was 5, and i 3, tlien would a — b be 5 — 3, 
or 2. In like manner, ir-f-i — t — d represents the 
quantity which arises by taking the numbers c and d 
from tile sum of the other two numbers a and b : as, 
if a was ?, b 6, c 5, and d 3, then would n + 6 — c — d be 
7 + 6 — 5 — 3, or i. 

The nofes + and — are usually expressed by the words 
plux (or more), and minus (or less). Thus, we read a + l>, 
aplusb- andfl — b,ominmb. 

Moreover, those quantities to which the sign + is pre- 
fixed are called positive (or itffirmative') ; and those to 
which the sign — is prefixed, negative. 

The sign X signifies that the quantities betrveen which 
it stands are to be multiplied together. Thus ax b denotes 
tliat the quantity a is to be multiplied by the quantity 
6, and expresses the product of the quantities so multi- 
plied i aud axbxc expresses the product arising by 
multiplying the quantities a, h, and c, continually to- 
gether ; thus, likewise, a + bxc denotes the product of 
the compound quantity a+h by the simple quantity 
c; and a + b + cxa — i+txa + c represents the 
product which ai'ises by multiplying the three com- 
pound quantities n + i-fc, a — A + c, and n + c con- 
tinually together j so that if a was 5, b 4, and c 3, xhea 
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a + c be l2x*X 8,] 



would a + it ■{ 
wliich is 384. 

But when quantities denoted \iy single letters are 
to be ntulliptitd together, tlic sign X is generally 
omitted, or only understood j and so a/i is made to 
signify the same as axb; and alic the same as li x ^ 
X f. 

It is likewise to be observed, that when a quantity is 
to be multiplied by itselt, or raised to any powei ' " 
usual metliod of notation is to draw a line over the givt 
quantity, and at the end tliereof place the exponc 
of the power. Thus a ■+ b]" denotes the same as a H 
X a-^b, viz. the second power (or square) of a + l> con- 
sidered asoTie quantity' : thus, also. a6 + hc^ ^ denotes the 
same as ai -f- be x ai + ic x *"* + be, viz. llic third power 
(or cube) of tlie quantity ab + be. 

But, in expressing the powers of quantities repre- 
sented by single letters, the line over the top is com- 
monly omitted ; and so a ' comes to signifj' the same 
fa aa OY ax «, and h ' the aame as bbb or b x b X b: 
whence also it appears that « ' i ^ will signify the same 
as anbbb ; and a'c" the sanw as aaaaacc ; and so of 

llie note . (or a full point), and the word into, arc 
likewise used instead of X, or as marks of multiplica- 
tion. 

Thus a-\-b . « -f r and a-\-b into « -H c, both aignily 
the same thing as o + 6 x a + c, namely, the product of 
a + bbya + c. - 

The sign -i- is used to signify that the quantity f 
eitding it is to be divided by the quimtitij -which co. 
after it ■■ thus c- i-b aig oJlies that c la to be divided V 
bi and a + b-i-a — c, that a+b is to be divided I 

Also the mark ) is sometimes used as a note of div 
sion ; thus, a + b) ab, denotes that the quantity ab i 
to be divided by the quantity a+b; and so of others 
But thf division of ijgebrriic quantities is most com 
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4 Of Notation. 

monly expressed by writing down the divisor und^r the 

dividend with a line between them, in the manner of 

c 
a vulgar fraction. Thus — represent? the quantity 

o ■ 

arising by dividing c by ^ ; and denotes the quan- 

fl— ■ c 

tity arising by dividing a + ibya — c. Quantities thu5 
expressed are called algebraic fractions; whereof the 
upper part is called the numerator, and the lower the de- 
nominator, as in vulgar fractions* 

The sign V is used to express the square root of 

any quantity to which it is prefixed: thus V25 signi- 
fies the square root of 25 (which is 5, because 5 X 5 is 

2 5) ; thus also Vad denotes the square root of ab ; and 

ab -^bc -i ^ ^^ ^ ^ ab +bc ^ 

— -— denotes the square root of — i — , or or 
a a 

the quantity which arises by dividing ab + bc by d; 

but — (because the linp which separates the 

d 

numerator from the denominator is drawn below V ) 
signifies that the square root of ab + be is to be jftrst 
taken, and afterwards divided by d: so that if a was 2, 

i 6, c 4, and d 9, then would — ^ be or — ; 

d 9 9 

but \/2 — -—^ is Y — , or V4, which is 2. 
^ d 9 

The same mark \/, with a figure over it, is also used 
to express the cube, or biquadratic root, £sPc. of any 
quantity : thus V64 represents the cube root of 
64 (which is 4, because 4x4x4 is 64), and i^ab + cd 
the cube root of ab + cd ; also vT6 denotes the 
biquadratic root o f 16 (w hich is 2, because 2 x 2 x 2 x 
2 is 16); and Vab + cd denotes the biquadratic root 
of ab + cd; and so of others. Quantities thus ex- 
pressed are called radical q(iantitie$, or surds ; where- 
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of those consisting of one term only, as v^ and Vai:,^ 
sire called s'tmple surds ; and those consisting of severaij 
tenns, ormembers, as Va'— 6* and va* — 6* + it, com- | 
pound surds. 

Besides this way of expressing radical quantities, 
{which b chiefly followed) there are other methods 1 
Ibade use of by different authors ; but the most com- r 
modiouBof aU, and best suited to practice, is that, where I 
the root is designed by a vulgar fraction, placed at the | 
end of a line drawn over the quantity given. Ac- I 
COiiding to this notation, the square root is designed by J 
die fraction \, the cube root by ^, and the biquadratic! 
rootbyi, yc. TTius a7^''P''C8s^s the same thing witlll 
Vo, viz. the square root of a; and a'-f-rt^"]'i 
same as' Va" +ab, tliat is, the cube root of a' +ai^ 
also g ^T denotes the square of the cube root of a ; an 
a + 2 |i the seventh power of the biquadrntic root i 
tt-^x; and so of others. But it is to be observed, tlial, 
when the root of a quantity represented by a single 
letter is to be expressed, tlic line over it may be ni 
glected i and so n' will signify the same as a|', and I 
the same as bp ox \'b. The number, or fraction, !:_ 
which tlie power, or root of any quantity is thus designee!! 
K called its index, or exixinent. 

T/ie mark = (called the sign of equality) is used lO' I 
signify that the quantities staruiing on each side of it are J 
equal. Tlius 2 -f- 3 = 5, shows that 2 more 3 is equal to J 
5; and A- = « — 6, shows that »,' is equal to the difference J 
ti a and b. 

The note : : signifies that the quantities between tohich ] 
it stands are proportioned : as, a : ft ; : t : </, denoiesJ 
that a is in the same proportion to />, as r is to d; or that J 
if a he twice, thrice, or fom- times, tfc. as great aa 
then accordingly c is twice, thrice, or four times. iSr, 
great as d. 
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To what has been thus far laid down on the signi^- 
cation of the signs and characters used in the algebraic 
notation, wc may add what follows, which is equ^y ne- 
cessary to be miderstood. 

When any quantity is to be taken more than once, 
the number is to be prefixed, which shows how many 
times it is to be taken : thus 5a denotes that the quan- 
tity a is to be taken five times ; and Zbc stands for three 
times /'(■, or the quantit y which arises by multiplying Ac 
by 3 : also rVa* +A= signifies that Va* +A* is to be 
taken seven times; and so of others. 

The numbers thus prefixed are called coeiEcients ; 
and that quantity which stands witliout a coefficient is 
always understood to have a unit prefixed, or to be taken 
once, and no more. 

Tl»05c quantities arc said to be hie that are expressed 
by the same letters under the same powers, or which 
differ only in their coefficients ; thus Zbc, Sic, and 8ic- 
are Hie quantities ; and the same is to be understood of 

- and ry ^t£. But unliie quan- 
tities are those which are expressed by different letters, 
or by the same letters under different powers : thus 2a6, 
2ahc, 5a/>^, and 36«* are all unliie. 

When a quantity is expressed by a single letter, or by 
several sin^e letters joined together in multiplication 
without any sign between them, as a\ or 2ab, it is called 
a simple qliantiQ'. 

But tlial quantity which consists of two or more such 
simple quantises, connected by the signs + or — , is called 
a compound quantity- ; thus a — 2ab + 5abc is a compound 
quantity; whereof the sim/j/c quantities a, 2ab, and 5abc 
arc called the terms or members. 

The letters by which any simple quantity is expressed 
may be ranged according to any order at pleasure, and 
yet the signification continue the same : thus ab may 
be written ba ; for ab denotes tlie product of a by b, and 
ba the product of i by a ; but it is well known, that 
when two numbers are to be multiplied together, it 
matters not which of them is made the maltiplicsmd; 
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nor which the miiltipliei-, the product, either way, j 
coming out the same. In like manner it will appear | 
tliai afic, acl), bac, bca, cab, and cba, all express the s 
thing, and may be used indifferently for each other, as 
will be demonstrated further on ; but it will be aome- 
times found convenient, in long operations, to place the 
several letters according to the order which tney have 
in the alphabet. 

Likewise the several members or terms of which any 
qaantity is composed may be disposed according to any 
order at pleasure, and yet the signification be nowise 
affected thereby. Thus a — 2a6 + 5a*fi may be written 
o + 5a*/i. — 2aA, or — '2ab + a + Sa'h, Stc. i for all these i 
represent the same thing, v'tz. the quantity which remains, 
when, from the sum of a and Sa'b, the quantity 2ab is dc- I 
ducted. 

Here follow some examples wherein the several forms ] 
of notation hitherto explained are promiscuously i 
cemed, and where the signification of each is expressed I 
in numbers. 

Suppose a = 6, 6 = 5, and c = 4 ; then will 
a* +3ai — c» = 36+90 — 16= no, 
. 2aJ — 3a' 6 + c» = 432 — 540 + 64 = — 44, 
n= Xa + h — 2«6c= 36x11 —240 = 156, 

a^ 216 
_!! L c' = + 16 = 12 + 16 = 128, 



V3(/c4-c'»(or2ac + c' li) = V'64 = 8 (for 8 X S = 


= 641 






f;+ =3 +— = 7, 








a-»—\-b^~ac 36—1 35 „ 




2o — vV+flC 12 — 7 5 ' 




VA' — aL+V2flt+[' = l+8 = 9, 





V^* ~~ac + Viae + c' = V25 — 24 + 

This method of explaining the signification of quan- 
tities I have found to be of good use to young begin- 
ners ; and would recommend it to such as are desirous 
of making proficiency in the subject, to get a clear idea 
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ofwhat has been thus far delivered, befoi^ they proceed 
farther. 



SECTION 11. 



Of Addition. 

ADDITION, in algebra, is performed by connecting 
the quantities by their proper signs, and joining into one 
sum such as can be united : for the more ready effecting of 
which, ot)serve the following rules. 

1**. If in the quantities to he added^ there he terms that 
•are like^ and have all the same sigri^ add the coefficients of 
those terms together^ and to their sum adjoin the letters 
common to each term^ prefixing the common sign. 

Thus 5 a And 5a + Th Also 5 a— 7 h 

added to Sa added to Ta^Sh added to 7a — 3h 



-makes Sa. makes 12a + 10^. makes 12a— 10^. 

Hence f^s/ah + 7\/^ . , - f^h 3d 

I « ,— ,— And the J — — — 

likewise <^ ^\^ah + 2\/hc gum of { ^ ^ 

the sum of leVah + Whc XJt _ t^ 

will be llVa^+18V^ 



willbe It _ 1^ 



a 



The reasons on which the pr^eding operations are 
grounded will readily appear by reflecting a little on the 
nature and signification of the quantities to be added : 
for, with regard to the first example, where 3a is to be 
added to 5a^ it is plain that three times any quantity 
whatever, added to five times the same' quantity, must 
make eight times that quantity: therefore 3a, or three 
times the quantity denoted by a, being added to 5a^ or 
five times the same quantity, the suiii must consequently 
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a*'. Whm^ in the quantities to be added^ there are like 
terms^ whereof some are ajffirmative and others negative^ 
add together the ajffirmattoe terms (if there be more than 
one^j and do the same by the negative ones; then take the 
difference of the two sums (not regarding the signs) by 
subtracting the coefficient of the lesser from that of the 
g^r eatery and adjoin the letters common to each; to which 
difference prefix the sign of the greater. 

Examples of this rule may be as follows. 

1. 12a — 5^. 2. — 3ab+5bc 

— 3a +2b + 7ab-^^9ac 
Sum 9a — 3b Sum 4ab — 4fbc 

3. 6ab + 12bc^ Scd 4. SVab-^YVJc^ Sd 

— Tab— 9bc + 3cd 3Vab + sVbc — 12d 

— 2ab— Sbc + l^cd 7\^ab + 3Vbc + 9d 

Sum -^ 3ab — 2bc + 7cd Sum 15V ab + 4Vbc + 5d 
5. 1 2a^c — 1 6abd + 25acd — 72bcd 

16abc + 12abd+ 20acd^lsbcd 

— 13abc — 26abd^ 15acd+ 12bcd 
%2ahc -f 1 ^abd — lOacd — 1 ebcd 

Sum 47a^c — 1 2abd + 20acd^^ 94:bcd 



make 8a, or eight times that quantity. From whence, as 
the sum of any two quantities is equal to the sum of all 
their parts, the reason of the second case, or example, is 
likewise obvious. But as to the third, where the given 
quantities are 5a ~ 7b and 7a — 3^, we are to consider, 
that, if the two quantities to be added together had beejn 
exactly 5a and 7a (which are the two leading terms), the 
sum would then have been just 12a; but, since the for- 
mer quantity wants 7b of Sa^ and the latter 3b of 7a, 
their sum must, it is evident, want both 7b and 3b of 12a j 
and therefore be equal to 12a — 10^, that is, equal to 
what remains, when the sum of the defects is deducted. 
And, by the very same way of arguing, it is easy to con- 
ceive that the sum which arises bv adding any number 

C 
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6. 



cc 



5a See ^ fbc - lab -f cc 

-7- + 7%J 9V 

a ^ a ^ a 

b a ^ a ^ a 

^ 13a , 4cc ^ fbc „ lab-^-cc 

Sum -7- H 5\l 3\l — -L— 

o a a ^ a 

In the last example, and all others where, fractional 
and radical quantities are concerned, every such quan- 
tity, exclusive of its coefficient, is to be treated in 
all respects like a simple quantity expressed by a single 
letter. 

3^. When^ in the quantities to be added^ there are terms 
7vithout others like to them, write them down with their 
proper signs. 

Thus <2 + 2^ And aa-^bh 

added to 3c -f ^ added to a-^b 

makes a + 2b + 3c+d makes aa + bb + a + b 
Here follow a few examples for the learner's exercise, 
wherein all the three foregoing rules take place promis- 
cuously. 

1. 2aa + 3ab -f 8cc + d^ 
Saa — Tab •{• Sec — d^ 
— 2aa + Afab -f- 3cc -f 30 

Sum Saa * + 16cc + d^ — dl + 30. 



of quantities together, wiU be equal to the sum of all the 
affirmative terms diminished by the sum of all the ne- 
g^ive ones (considered independent of their signs) : from 
whence the reason of the second general rule is apparent. 
As to the case where the quantities are unlike, it is plain 
that such quantities cannot be united into one, or other- 
wise added than by their signs : thus, for example, let a 
be supposed to represent a crown, and b a shilling ; then 
the sum of a and b can be neither 2a nor 2^, that is, nei- 
ther two crowns nor two shillings, but one crown pltis one 
shilling, or ^ + i. 
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8Va;c + ISVfla — xx — BVaa + 4!xx 
OVax — 7\/aa — xx ■}- lOx^aa + 4xx 

Sum 19\/a;c * +14Vaa+4xx 

3. 2a* — 3ab + 2b^-^ 3a* 

4c^ ~ 2^3 + 5a^+ 100 
20a^ + 16a*— be — 80 

Sum 13a* + 22a^ + 3^^ +a^— c^ + 20 — be. 



SECTION III. 

Ojr Subtraction. 

SUBTRACTIOi^^ in algebra^ is performed by change 
big all the signs of the subtrahend (or eoneeiving them to 
be ehanged)^ and then conneeting the quantities^ as in addi- 
tion. 

Ex. 1. From 8a +Sb Ex. 2. From 8a + 5b 

take 5a + Sb take 5a — 3b 

Rem. 3a + 2b. Rem. 3a + 8^. 

Ex. 3. From 8a — 5b Ex. 4. From 8a—- 5b 

take 5a + 3b take 5a — 3b 

Rem. 3a — 8^. Rem. 3a — 2b. 

In the second example, conceiving the signs of the 
subtrahend to be changed to their contrary, that of 
3^ becomes + ; and so the signs of 3^ and 5b being 
alike, the coefficients 3 and 5 are to be added together, 
by case 1 of addition. The same thing happens in the 
third example ; since the sign of 3^, when changed, is — , 
and therefore the same with that of 5b. But, in the fourth 
example, the signs of 3b and 5^, after that of 3b is chang- 
ed, being unlike, the difference of the coefficients must be 
taken, conformable to case 2 in addition. 



12 Of Subtraction. 

Other examples in subtraction may be aswfollows : 

From Sl,Oax + 5bc^7aa From 7s/ax_+ 9"^ by 

take 1 Zax — ^bc — 5aa take — SVax-^-l^y/by 

Rem. %ax + ^bc — 2aa. Rem. 1 '^s/ax — Zs/b y. 

From 6\/aa — xx + loi/a^ — ^ — ry ^ 

take 9Vaa — :ca: + 15%/a3 ^x^ — 9V — 

Rem. — 3\/aa — :c^+25i/^I3_Jc3+2V"^ 
From 7a^ — —+&J^ + d 

c ^ c 

. ^ 8a lax , , 

take a^+ iJ—+b ^ 

c ^ c 

n ^ « 13a ^ fax J , 

Rem. 6a* f-rv f-fl^ — b. 

c ^ c 

In this last example, the quantity a^ in the subtrahend 
being without a coefficient, a unit is to be understood ; for 
Ifl* and a* mean the same thing. The like is to be ob- 
served in all other similar cases. 



The grounds of the general rule for the subtraction 
of algebraic quantities may be explained thus: let it be 
here required to subtract 5a — 3b from 8a + 5b (as in ex. 
2). It is plain, in the first place, that if the affirma- 
tive part 5a were alone to be subtracted, the remainder 
would then be 8a + 5^ — 5a ; but, as the quantity actu- 
ally proposed to be subtracted is less than 5a^ by 3^, too 
much has been taken away by 3^ ; and therefore the true 
rei^ainder will be greater than 8a + 5i — 5aj by 3b ; and 
so will be truly expressed by 8a + 5^ •— 5a -|- 3^ : where- 
in the signs of the two last terms are both contrary to what 
they were given in the subtrahend ; and where the whole, 
by uniting the like terms, is reduced to 3a + 8^, as in the 
example. 
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SECTION IV. 

Of Multiplication. 

BEFORE I proceed to lay down the necessary rules 
for midtiplying quantities one by another, it mscy be pro- 
per to premise the following particulars, in order to give 
the learner, a clear idea of the reason and certainty of such 
rules. 

First, then, it is to be observed^ that when several 
quantities are to be multiplied continually together^ the re* 
suit, or product, -will come out exactly the same, multiply 
them according to what order you will. Thus aX b X c^ 
a X c X b, b X c X dy ^c. have all the same value, and 
may be used indifferently: to illustrate which we may 
suppose a = 2, ^ = 3, and c = 4 ; then will aX ^X c^ 
2X3X4 = 24; axcx6 = 2x4x3 = 24; and bxc 
Xa = 3x4x2 = 24. 

Secondly. Jf any number of quantities be multiplied 
continually together, and any other number of quantities 
be also multiplied continually together, and then the two 
products one into the other, the quantity thence arising will 
be equal to the quantity that arises by multiplying all the 
proposed quantities continually together. Thus will abc X 
de ■=. a Xo X c X d X e ; ^o that, if a were = 2, ^. = 3, c = 4, 
d:=. 5, ^ = 6, then would abc X ^<p = 24 X 30 = 720, and 
«X^XcXfl^Xe = 2x3x4x5x6= 720. The ge- 
neral demonstration of these observations is given below 
in the notes. 



The following demonstrations depend on this prin- 
ciple, that if two quantities, whereof the one is n ttm£S as 
great as the other (n being any number at pleasure^, be 
multiplied by one and the same quantity, the product, in 
the one case, will also be n times as great as in the ether. 
The greater quantity may be conceived to be divided 
into n parts, equal, each, to the lesser quantity ; and 
the product of each part (by the given multiplier) will 
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The multiplication of algebraic quantities may be con- 
sidered in the seven following oases. 



be equal to that of the ssdd lesser quantity ; therefore the 
sum of the products of all the parts which make up the 
whole greater product, must necessarily be n times as 
great as the lesser product, or the product of one sin^e 
part, alone. 

This being premised, it will readily appear, in the first 
place, that b x d and a x b are equsd to each other : 
for, b X a being b times as great as 1 x « (because the 
multiplicand is b times as great) it must therefore be equal 
to 1 X a (or a) repeated b times, that is, equal to a x ^, by 
the definition oj* multiplication. 

In the same manner, the equality of all the variations, 
or products, abc^ bac, acb^ cab^ bca, cba (where the num- 
ber of factors is 3) may be inferred : for those that have 
the last factors the same (which I call of the same class) 
are manifestly equal, being produced of equal quantities 
multiplied by the same quantit}'^: and, to be satisfied 
that those of different classes^ as abc and acb^ are like- 
wise equal, we need only consider, that, since ac X b 
is c times as great as ez X ^ (because the multiplicand is c 
times as great) it must therefore be equal to a X ^ taken c 
times, that is, equal to a x b X c^ by the definition of mul- 
tiplication. 

Universally. If all the products, when the number 
of factors is w, be equal, all the products, when the 
number of factors is n + 1, will likewise be equal : 
for those of the same class are equal, being produced 
of equal quantities multiplied by the same quantity: 
and to show that those of different classes are equal 
also, we need only take two products which differ in 
their two last factors, and have all the preceding ones 
according to the same order, and prove them to be 
equal. These two factors we will suppose to be repre- 
sented by r and *, and the product of all the preceding 
ones by / ; then the two products themselves will be 
rtpresented by prs and psr^ which are equal, by case 2.- 
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I". Simple auantities are multiplied together by multi- 
fttying the t:oefficienta one into the other, and to the pro- 
duct annexing the quantity which, according to the me- 
thtd of notation, expresses the product of the species; pre- 
-fixmg the sign + or — , according as the signs of the given 
auantities are like or imUic. 
Thus 2a Also 6tib And 1 laeff 

mult, by 31/ mult, by 5r mult, by 7ab 

makes Qab. makes ZOabc. makes 77aabdf. 



Thus, by %vay of illuatration, abcde will appear to be 
= abced, S(c. For, the fonner of these being equal to 
every other product of the class, or temiination c (by 
h^'pothesis and equal multiplication), and the latter equal 
to eveiy other product of the class, or termination d ; it 
is evident, thcrelore, thai all the products of different 
classes, as well as of the same class, arc mutually equal to 
each otlier. 

So far rtlates to the firet general observation : h re- 
mains to prove that {ibt:d Jc pqrst \s=ax f> X c xdx pX 
f Xr xsx *• In order to which, let abed be denoted by 
Jl-, then v/iM abrd X Pyrst be denoted by x X pqrst, or pqrsl 
X X (by case 1), that is, by px q X r X s X tX x ; which 
iseqiialloaXji'XyX rXsxt, or ax^XcxdxpXq 
X rx s xt,by the preceding demonstration. 

The reason of rule 1 depends on these two general \ 
«bsei"Vation3 : for it is evident from hence, that 2(i > 
(in the first example) is =2xax3xb = 2x 
S X " X i = 6x«X^ = (ictli: and, m the same 
maimer, li adf x 7ob (in the third esamplc) appears 
to be = II Xa JC d xf X 7xaXb = UX7X 
ax b X d xf= 77 X aabdf = 77 aabdf. But the . 
grounds of die method of proceeding may be odier- 1 
wise explained, tlius; it has been observed that e 
(according to the method of notation) defines the pn 
duct of the species u, b (in the first example), therefore 
the product of a by ib, which must be diree times as 
great (because the moitiplJer is here three times as grgatjj 
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In the preceding examples, all the prodBtcts are affif" 
mativej the quantities given to be multiplied being so ; 
but, in those that follow, some are affirmative^ and others 
ne^ative^ according to the different cases specified in the 
latter part of the rule ; whereof the reasons wiU be ex- 
plained hereafter. 

Mult. + 5a Mult. — 5a Mult. — 5a 

by — 6^. by " + 6b by ~ 6^ 

Prod. — ZOab. Prod. — ZOab. Prod. +ZOab. 

Mult. + 7 Vox Mult. — 7a\/ aa + xx 

by '^sVcy by — 6b>/aa — yy 



Prod. — 35 X \^ax X V^cz/. Frod^-iA^abx^aa+xxxVaa-yy 

In the two last examples, and all others where radi- 
cal quantities are concerned, every such quantity may 
be considered, and treated in all respects as a simple 
quantity, expressed by a single letter ; since it is not the 
form of the expression, but the value of the quantity that 
is here regarded. 

2°. A fraction is multiplied by multiplying the nume- 
rator thereof by the given multiplier^ and making the pro- 
duct a numerator to the given denominator. 

^. a . ac . Sac ^ , , 6aacd 

Thus -r X c makes —- ; also -—. X ^aa makes — --. ; 
boo b 



will be truly defined by 3a6, or ab taken three times : but 
since the product of a by 3^ appears to be Zab^ it is plain ' 
that the product of 2a by Sb must be twice as great as 
that of a by 3^, and therefore will be truly expressed by 
6ab. Thus, also, the product of the species ah and c, in 
the second example, being abc by bare notation, it is evi- 
dent that the product of ^ab by c will be truly defined by 
6a^c, or acb six times taken, and Consequently the product 
of 6ab and 5c, by 30a^c, or 6abc taken five times, the mul- 
tiplier here being five times as great. 

The reason of rule 2® may be thus demonstrated : let 
the numerator of any proposed fraction be denoted by A, 
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-, X 7Vax makes ■' ■ : lastly^ 



3°. Fractions are muitiplied into one another by tnulti- 
pitfing the numerators together for a neio numerator-, and 
the denominators together for a new denominator. 

rj^ a c ac %af> Sad XQuHd 

^"'^ 7 " 7 = Q- -E " ir =_-5r ■ 

Zlxy 3a\^a _ 63ajfyv^ — .5aV;c — 2a _ 

V^ _ 8ft ~ 8£V^ ' 36c ** * ~ 
lOa's/jr . and ^"^^ SWm + xx _ 

abbe ' ^ \^__*^ "^ 

iSab X y^xif X Van +xx 
a+zxvZb 



the denominator by B, and the given multiplicator by C : 

then, I say, tliat — - is equal to -- x C. For, since — - 

denotes the quantity which arises by dividing AC by B, 

and — the quantity which arises by dividing A by B, it is 

evident that die former of these two quantities must be 
C times as great as the latter, because the dividual is C 
timca as great in die one case as in die trtlier; and there- 
fore must be equal to the latter C times talien, that ia, 

-— must be equal to — x C, as was to be shown. 

The reason of rule 3° will appear evident from 
the preceding demonstration of rule 2". For, it be- 
ing there proved that — x C is equal to — — , it is ob- 



vious that - 



1 be only the D part of 



AC 



be- 
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4^ Surd families under the same radical sign are mul- 
t'tpUed like rational quantitieH, only the product must jtonrf 

tmdcr the same radical sign. _ 

Thus, VT X V5" = V35 ; Vfl X VA = Vni ; 
i/rfc X i'W = I'iSabcd; 3V^ X S^fr^ = ISVnic; 
2aV2cij X Sbi/sax ( = 6n6 X V^t-y X v^5a*) 
, rai /e-v 5',- }l3d 



= fiaiv'lOac.iry ; and - 



former multiplier C ; but ^^j '* ^° equal to the D 



because its divisor is D times 



B 



therefore these two quantities, 
same part of one and the same 



1. r AC 

a'5 great as that ot —— : 

A C 

quantilj', must necessarily be equal to each Other ; tuhich 
luns to be proved. 

As to rule 4° for the multiplication of similar ra- 
dical quantities, it may be explained thus : suppose 
VA and VIJ to represent the two given quantities to 
be multiplied together; let the former of them be de- 
noted by a, and the latter by b, that is, let the quan- 
tities represented by a and b be such, that aa may be = 
A, and Ai = B; then the product of v'A by VB, or 
of a by i, will be expressed by ni, and its square by 
ab X ab: but ab x ab \i = a x b x a X b = aa X bb (by 
the general observations premised at the beginning of 
this section) ; whence the square of the product is like- 
wise ti-uly expressed by uu x bb, or its equal A x B : and 
consequently the product itself by v'A x B, that is, by 
the quanti^ which, being multiplied into itself, produces 
A X B. 
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5°. Powers, or roots, of the same quantity are vuilriplicd I 
together by adding their exponenU: but the exponents 
here understood are those defined in p. 5, where roots are 
rqmsented as fractional powers. 



. Thna,*- 


xx>;,- 


xi; 

'■' + 


+ 2| 

a„d,» 


XX = A' 


+ ZZ 


^■< 




Xan + z 


j1*+i = c+,|s. 


a„4 



In the same manner, the product of v'A Jc ^B ' 
appear to be VAB : for if v'A be denoted by a, and ' 
Vff by /r ; or, which is tht same thing, if aaa = A, and 
bbb=B; then will Va x Vb"= ax* (or ab) and 
its cube = ab X a6 )i a/t =: aaa X bbb =. AB (by the 
aforesaid observations) ; whence the product itself will J 
evidently be expressed by \'A 11. 

* The grounds of these operations may be thus 
explained. First, when die exponents are whole num- 
bers, as in example 1, the demonstration is obvious, 
from the general observations premised at the begin- 
ning of the section: for, by wh.ll is there shown^j 
x* X a^, or XX X XXX is = * X -v X v X v X -v = a' (btf J 
notation). Bui in the last example, where the expo- 
nents are fractions, let c -f- yy be represented by x ; 
that is, let tlie quantity ,r be auch, diat -v X s.- X ^ X 



a- X *■ X »■, or .r" 
be cJipressed by 
shown, a' X x^ 



Tiaybe equal to c +?/; so shall c -^ y\' 
t'i because, by what has been already 
is = x" : and in the satne manner 



will +^ P be expressed by .\ 
likewise = «*. Therefore 

*-' X x^ = jc' = the fifth power of r -J- y 
f + y"j», f,y 7iofation. 



because x^ x x^ X x^ 's 
■hich is 
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6°. A compound quantity is mullipiied by a simple one, 
by multiplying every term of the multiplicand by the mul- 
tiplier. ., 

Thus a + 2i — 3c Also a2 — Sa^/x + 7(> 
miUt. by 3n mult, by 8£ 



makes 3fl* + Sui — 9ac; makes 8aV — 4 0gcV.Y + 5&hc ; 
And 5«*— 8fl6+6QC — 7fc+126»— 9c» 

mult, b y Zahc 

makes 15ct'6o — 24u*6'c+l 8u^ftc* — 21a4*c'+36«*^<^--27a*(''- 



To explain the reason of the two last rules, let it be 
first proposed to multiply any compound quanlit3', aa 
a + A ^ c — d, by any simple quantity J"; and, I say, 
the product will be af + bf — cf — df. For the pro- 
duct of the affii-roativc terms, a + i, will he of ■\- bfy 
because to multiply one quantity by another is to take the 
multiplicand as many times as there are units In th« 
multiplier, and to take the whole multiplicand {a + i) 
any numher of times [f^y is the same as to take all its 
parts ((J, 6) the same number of times, and add them 
together. Moreover, seeing a + b — c — d denotes the 
excess of the affirmative terms {a and i) above the 
negative ones (c and rf), therefore, to multiply a + A — 
c — d by J", is only to take the said excess j times j but 
f times the excess of any quantity above another is, 
manifest^, equal to / times the former quantity, minus 
J times the latter; but f times the former is, here, 
equal to of + bf (by what has been already shown), 
andy times the latter, for the same reason, will be equal 
to cf+df, and therefore the product oi a J^-b — c — d 
by / is equal to af -^ hf — cf — df; as was to be 
proved. Hence it appears, that a compound quantity is 
multiplied by a simple affirmative quantity, by multi- 
plying ever}* term of the former by the latter, and con- 
necting the terms thence arising with the signs of the mul- 
tiplicand. 
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7". Compound quantities ore TTiuitiplied into one another 
by multiplying every term of the muuipixcand by each term 
of the multiplier, successively, and connecting the several 
products tlms arising with the signs of the multiplicand^ if 
the multiplying term be affirmative-, but •with contrary sigm, 
if negative. 



Thus the product of 
multiplied by 



Sa + 3x 

3a + 2x 



will be 



{15HO+ 9ax 
+ iOnx + 6.f.i 
which contracted by unit- f 
ing the like terms, is X 



15aa + \0ax + C.v.v. 



But to prove that the method also holds good when both 
ihe quantities are compound ones, let it be now, pro- 
posed to multiply A — B by C — D ; then, I Bay, the pro- 
duct will be truly expressed by AC — BC — AD -f- BO. 
For, it has been already observed, that to multiply one 
quantity by another is to take the multiplicand ys 
man)' times as there are units in the multipHci" ; and, 
therefore, to mutiply A — B by C — D is only to 
take A — B as many times as there are tmits in C -^ D : 
Now (according to the method of multiplyinij com- 
pound quantities) I first take A— -B, C limes (or multiply 
by C), and the quantitj' thence arising will be AC' — 
BC, by Tohcit is demonstrated above. But I was to 
have taken A — B only C — D times ; therefore, by this 
first operation, I have taken it D limes too much ; 
whebce, to have the true product, I ought to deduct 
D times A — B from AC — BC, the quantity thus 
found ; bm D times A — B, by what is already proved, 
ia equal to AD — BD ; which subtracted from AC 
— BC, or written down with its signs changed, givcd 
the true piWuct, AC — BC — AD + BD, as ruas to 
be demonstrated. And, universally, if the sign of any 
proposed term of the multiplier, jn any case what- 
ever, be aiSrmative, ii is easy to conceive that the re- 
quired product will be greater than it would be if Uicit 



of 
by 
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Likewise the product 

a — b 

\ —a^b — t^h"- 



Which, by striking out the terras that destroy < 
ttnother, becomes a* — b*. 



were no such term, by the product of thai term itito 
the whole multiplicand ; and therefore it is, that this 
product ii to be added, or written down with its proper 
signs, which are proved above to be those of the multi* 
pUcand. But if, on the contrary, the sign of the 
term by which you multiplj- be negative ; then, as 
the required product must be less than it would be if 
there were no such term, by the product of that term 
into the whole multiplicand, this product, it is manifest, 
oug^t to be subti-acted, or written down with contrary 
signs. 

Hence is derived the common rule, that like sig-ns pro- 
dace +, andunliie sig'm, — . 

For, first, if the signs of both the quantities, or terms, 
to be multiplied be affirmative, and therefore /iii', it is 
plain that the sign of the product must likewise be affir- 

Secondly, also, if the signs of both quantities be nega- 
tlve, and therefore still Hie, that of the product will be 
affirmative, because contrary to that of the multiplicund., 
bij what has been Just now proved. 

Thirdly, hut if the sign of the multiplicand be affirma- 
tive, and tliat of the multiplier negative, and therefore 
unlike, the sign of the product will be negative, because 
contrary to that of the mvltiplicand. 

Lastly, if the sign of the multiplicand be negative, and 
that of the multiplier affirmative, and therefore still unlike, 
the sign of tlie product will be negative, because the same 
-iuith that of the multiplicand. 

And these fo\ir arc all the cases diat can possibly hap- 
pen with regard to the variation of signs. 
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Other examples in multiplication, for the learner's ex- 
ercise, may be as follows ; from which he may, if he please, 
proceed directly to division, by passing over the interven- 
ing scholium. 

1. Multiply 
by 



x^ — xy +y^ 

x^ + oc^y + x^y^ 
— 0(^y — x^y^ — xtf 

. 9. 4 ■ 



product 

2. Multiply 
by 



X 



A # 



•— x'y ~ xy^ 

+ ^/ + xy^ + y^ 

+ x^y^ * +y\ 



2a^ — Zax + 4x^ 

5a^ — eax — 2y^ 

lOa^— ISct^x + 200^:^2 

— \2a^x + 18aV — 24^ax^ 
— ^x^ + Qax^ 

product 10a* — ^7(^x + Z4<i^x^ — l^ax^ 



^x^ 
%x*. 



3. Multiply 3a 
by *''» 



2a 



2b 
4fb 



+ 
+ 



2c 
5c 



6aa — • 4fab + Aac 

— 12a^+ ^bb — 8^c 
+ 15ac — \Obc + lOcc 

product 6aa — 1 6ab + 1 9ac + 9bb — 1 8 Ac + 1 Occ. 



4. Multiply 
by 



a^—2ab + b^ 



b^ 



— 2a^b + 60^^ — 6a^b^ + 2ab^ 

+ a^^ — 3c^b^ + 3ab^ — 



+ a^^ — 3c^b^ + Zab^ 

product a« — Sct^b + lOc^b^ — IQc^bi^ + Sab^ 

m 



1' 
b^ 



SCHOLIUM. 



' The manner of proceeding, in referring the reasons 
of the different cases of the signs to the multiplication 
of compound quantities, may perhaps be looked upon 
as indirect, and contrary to good method^ according to 
which, it may be thought that these reasons ought tv 
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have been given before, along with the inilcs ibr simple 
quantities, as this is the way chat almost all authors on the 
subject have followed. 

But, however indirect the method here pursued may 
seem, it appears to me the moat clear and rational ; and 
I believe it will be found very difficult, if not impossible, 
without explaining the rules for compound quantities 
first, to give a learner a distinct idea how the product 
of two simple quantities with negative signs, such as 
— i and — c, ought to be expressed, when they stand 
alone, independent of all other quantities: and I can- 
not help thinking farther, that the difficulties about the 
signs, so generally complained of by beginners, have 
been much more owing to the manner of explaining 
them, this way, than to any real intricacy in the sub- i 
ject itself J nor will this opinion, perhaps, appear ill 
grounded, if it be considered that both — a and —b, 
as ihey stand here independendv, are as much im- 
possible in one sense, as the imaginary siu'd quantities 
V — b and V — c ; since the sign — , according to 
the established rules of notation, shows that the quan- 
tity to which it is prefixed is to he subtracted ; but, to 
subtract something from nothing is impossible, and the 
notion or supposition of a quantity less than nothing, 
absurd and shocking to the imagination : and, cer- 
tainly, if the matter be viewed in this light, it would 
be very ridiculous to pretend to prove, by any show of 
reasoning, what the product of — b by — r, or of 
V — 6 by V — c, must be, when we can have no 
idea of the value of tlie quantities to be multiplied. 
ii, indeed, we were to look upon — b and — c as real 
quantities, the same as represented to the mind by b 
and c (which cannot be done consistently, in pure alge- 
bra, where magnitude only is regarded), we might- then 
attempt to explain tlie matter in the same manner that 
some odicrs have done ; from the consideration, that, 
as the sign — is opposite in its nature to the sign -f-, 
it ought therefore to have, in all operations, an oppo- 
site effect ; and, consequently, that sis the product, when 
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the Bign + is prefixed to the muiilpiier, is to be. added, ap,, 
on ibe contrar\-, the product, wheu the sign — is prefixeiJ 
ought u> Ije subtracted. fl 

But this way of arguing, however reasonable it mnrV 
appear, seems to carry but very little of science in it|l| 
and to fall greaUy short of the evidence and conviction 
of a demonstration: nay, it even clashes with first , 
•principles, and the more established rules of notation { 
according to which die signs + and — are relative only 
to the magnitudes of qu^ilities, as composed of dific- 
rent terms or o^tembcrs, and not to any future opera- 
tions to be performed by them : besides, when we af«_ 
told that the product arising from a negative multiplier 
is to be subtracted, we are not told what it is to be e(^>^ 
jtracted from; nor is there any thing from whence it can 
, be subtracted, when negative quantities are indepcndent-1 
ly considered. And, farther, to reason about opposite J 
effects, and recuj- to sensible objects and popular con^i- i 
derations, such as debtor and creditor, Es'c. m order to 
demonstrate the principles of a science whose object is 
abstract number, appears to me not well suited to the 
nature of science, and to derogate from the dignity of 
the subject. 

It must be allowed, that, in ihe application of alge- I 
bra to different branches of mixed mathematics, wheroJ 
the consideration of opposite qualities, effects, or posi- ' 
tions can have place, the usual methods have a better 
foundation; and the conception of a quantity abso- 
lutely negative becomes less difficult. Thus, for cx- 
ale, a line may he conceived to be produced out, 
ways, from any point assigned ; and the part on 
the one side of that point being taken as positive, the 
Other will be negative. But the case is not the same in 
abstract number, whereof the beginning is fixed in 
nature of things, from whence wc can proceed only oi»rl 
way. 

There can, therefore, be no such things as ncgS- ' 
live numbers, or quantities absolutely negative, in pure 
algebra, whose object is number, and where every 
l^^tiplication, division, tfc. is a multiplication, divi- 



26 Of Multiplication. 

sion, &fc. of numbers, even in the application thereof; 
for, when we reason upon the quantities themselves^ 
and not upon the numbers expressing the measures of 
them, the process becomes purely geometrical^ whatever 
symbols may be used therein, from the algebraic notation ; 
which can be of no other use here than to abbreviate the 
work. 

However, after all, it rtiay be necessary to show upon 
what kind of evidence the multiplication of negative 
and imaginary quantities is grounded, as these some- 
times occur, in the resolution of problems : in order 
to which it will be requisite, to observe, that, as all our 
reasoning regards real^ positive quantities, so the alge- 
braic expressions, whereby such quantities are esdii- 
bited, nuist likewise be real and positive* But, when 
the problem is brought to an equation, the case may 
indeed be otherwise ; for, in ordering the equation, so 
much may be taken away from both sides thereof, as to 
leave the remaining quantities negative ; and then it is, 
chiefly, that the multiplication by quantities absolutely 
negative t^es place. 

Thus, if there were given the equation « — ■- = c, 

in order to find x j then, by subti:acting the quantity a 

from each side thereof, we shall have — -- = c — a; 

b 

which multiplied by — i, according to the general rule^ 
gives AT = — c6 + a^; that is, — -• by —3 will give 

+ X \ c by — ^, — c6 ; and — a by — - ^, +abi which 
appear to be true ; because the products being thus ex- 
pressed, the same conclusion is derived, as if both sides 
of the origpbal equation had been first increased by 

7. — c, and then multiplied by b ; where both the mul- 
b 

tiplier and multiplicand are real, affirmative quantities, 

and where the whole operation is, therefore, capable of 

a clear and strict demonstration: but then it is not in 

consequence of any reasoning I am capable of forming 
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V 

about — -- and — i, or about + c and — by considered 

indqiendently, that I can be certain that their product 
ought to be expressed in diat manner. 

So, likewise, if there were given the equation a — 

-— = c ; by transposing a, and taking the square root 
b 

f Ja 

on both sides, we shall have y— ^ = Vc — a; and 

this multiplied by V — b, will give Vx^ (or x) =: 

V — cb + ab: which also appears to be true, because 
the result, this way, comes out exactly the same as if 
the operations for finding x had been performed alto- 
gether by real quantities: but, notwithstanding this, 
it is not from any reasoning that I can form about the 

/ x^ 
multiplication of the imaginary quantities y T 



and V — by &c. considered independendy, that I can 
prove their product ought to be so expressed ; for it would 
be very absurd to pretend to demonstrate what the pro- 
duct of two expressions must be, which are impossible 
in themselves, and of whose values we can form no idea. 
It indeed seems reasonable, that the known rules for the 
signs, as they are proved to hold good in all cases what- 
ever, where it is possible to form a demonstration, should 
also answer here : but the strongest evidence we can have 
of the truth and cert^nty of conclusions derived by means 
of negative and imiginary quantities, is the exact and con- 
stant agreement of such conclusions with those determin- 
ed from more demonstrable methods, wherein no such 
quantities have place. 

In the foregoing considerations, the negative quan- 
ties —-6, — c, &c. have been represented, in some 
cases, as a kind of imaginary or impossible quantities ; 
it may not, therefore, be improper to remark here, that 
such imaginary quantities serve, many times, as much 
to discover the impossibility of a problem, as imaginary 
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surd quantities : lor il is plain, that, in all questions re- 
lating to abstract numbers, or such wherein magnitude 
only la regarded, and where no consideration of pou- 
tion, or contrary values, can have place ; I aay, in all 
such cases, it is plain that the solution will be altogether 
as impossible, when the conclusion comes out a negative 
quantitj', as if it were actually affected with ;iu imagi- 
nary' surd; since, in the one case, it is required that a 
number should be actually less than nothing ; and, in 
the other, that the double -rectangle of two numhera 
should be greater than the sum of their squares ; both 
which aie equally impossible : but, as an instance of 
the impossibility of some sort of questions, when the 
conclusion comes out negative, let there be given, in 
a right-angled triangle, the sum of the hypothenuse 
and perpendicular ^ a, and the base = b, to find 
the pei^pendicular ; then, by what shall hereafter be 
shown in its proper place, the answer will come out 

., and is possible, or impossible, according as the 

quantity is aflirmative or negative, or as a is 

greater or less than b ; which will manifestly appear from 
a bare contemplation of the problem : and the same thing 
might be instanced in a variety of other examples. 



2a 



SECTION V. 

^ Of Dtvision. 

DIVISION in species, as in numbers, is the converse 
of multiplication, and is comprehended in the seven fol- 
lowing cases. 

1°. When one simple quantity is to be divided by an- 
other, and alt the factors of the divisor are also found in 
the dtisidtnd, let those factor she all cast off or e^pungedi and 
Ihen the remaining factors of the dividend, joined together-, 
■will express the quotient sought. But it is to be observed, 
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that, both here and in the succeeding cases, the same rule 
is to he regarded, in relation to the signs, as in multipli- 
cation, 'Az. that like signs give +, and unlike^ — . It may 
also be proper to observe, that, when any quantity is to be 
divided by itself, or an equal quantity, the quotient will 
be expressed by a unit, or 1. 

Thus a-^a gives 1 j and 2ab -h 2aJ gives 1 ; 

moreover, Saitrf-i-ac gives ibd; 

and 164f -;- 8i gives 2c : for here the dividend, by 
resolving its coefficient into two factors, becomes 2X8 
X * X c i from whence casting off 8 and b, those common 
to die divisor, we have 2 x c, or 2c. In the same manner, 
by resolving or dividing the coefficient of the dividend by 
that of the divisor, the quotient will be had in other cases : 
Thus, aO aAr, divid ed by 4c, gives Sab; and — Blab 
Vx^X^^xx + yy, divided by — i7a\^xij, gives + 3i 
y/xx + yy. 

3°- But if all t/ie factors of the divisor be not foUTtdin 
the dividend, cast off those (if any such there be) that are 
common to both, and xurite dg-am the remaining factors of 
the divisor, joined together, as a denominator to those of 
the dividend; so shall the fraction thus arising express 
the quotient sought. But if, by proceeding thus, all the 
[actors in die dividend should happen to go tiff, or va- 
nish, then a tmit will be the numerator of the fraction re> 
quired. 

Thus, abc, divided by bed, gives -: 

And 16fl'i-v^, divided by Sabcx-^, gives — '— : 



The first rule, given above, being exactly die con- 
verse of rule 1° in the preceding section, rcqiures no 
other demonstration than is there given. The second 
rule (as well as those thai follow nerealter upon frac- 
tions) depends on this principle, that, as many times 
as any one proposed quantity is contained in another, 
just so many times is the half, third, fourth, or any other ! 
assigned part of the former, contained in the half, third, 
fcurth, or other corresponding part of the latter; :ind 
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Likewise, QVaWxy^ divided by 9c?\^xy^ gives — : 
• a 

And QabVay^ divided by 16a*^ay, gives — . 

3^. One fraction is divided by another^ by multiplying' 
the denominator of the divisor into the numerator of the 
dividend for a new numerator^ and the numerator of the 
divisor into the denominator of the dividend for a new de^ 
nominator. 

Thus, -, divided by -;, gives 7- : 
d be 

A, Sax J. .- J- 6ic . 3Sadx 

Also, , divided by — -* ffives — ; — : 

'3c' ^ 7d'^ 18bcc 

And — -, divided by , gives --• 

$x' ^ 3x^^ 25ab^x 



just so many times, likewise, is the double, triple, qua* 
druple, or any odier assigned multiple of the former, con- 
t£uned in the double, triple, quacfruple, or odier corre- 
sponding multiple ^of the latter. The demonstration of 
this principle (though it may be thought too obvious 
to need one) may be thus: let A and B represent any 
two proposed quantities, and AC and BC their equimul- 
tiples (or, let AC and BC be the two quantities, and A 

AC A 

and B their like parts) : I say, then, that -rj— = — : 

AC 

for the multiple of —-^ by BC is manifestly = AC ; 

• BC 

A A 

and -- X BC, the multiple of — by the same BC, is = 
B B 

(^by rule 2 in multiplication) = — rr— (yid, p. 14 

and 15) = AC : therefore, seeing the equimultiples of the 
two proposed quantities are the same, the quantities them- 
selves must necessarily be equal. 

The second rule, given above, is nothing more than 
a bare application of the principle here demonstrated ; 
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But, in cases like this last, where the two numerators, 
or the denominators, have factors common to both, the 
conclusion will become more neat by first casting off such 
common factors* ' 

Thus casting away ab out of the two numerators, 

and X out of both the denominators, we have — to be 

5 

divided by — ; whereof the quotient is — -: in the 

3 256 

12ac^ itacx Sc^ x • Sc^d 

same manner, — —. -^ r-n ^r — - -=- -, gives — ~ : 

' lObb 5bd ' 2b (t ^ 2bx 

and /^ ^ H ^^r-^» o^^ t "=" — r^ gives -— -. 

5c lObc 1 2b^^ 7a 

When either the divisor or the dividend is a whole 
auanttty^ instead of a fraction, it may be reduced to the 
form of a fraction, by writing a imit or 1 under it. 



since, by casting off the factors common to the dividend 
and divisor (as directed in the rule), it is plain that we take 
like parts of those quantities : therefore the quotient arising 
by dividing the one part by the other will be the same as 
that arising by dividing one whole by the other. 

As to rule S*', wherein it is asserted that -rr "^ t\ = oTt^ 

it is evident that AD and BC are equimultiples of the 

AC A . 

given quantities ~ and ~ ; because -— x BD is (by rule 

2° in multiplication) = -^ = AD, and ^ x BD = 



= CB : whence it follows that the quotient of 

A C . 

— divided by -- will be the same with that of AD di- 
B D 

AD 

vided by BC ; which, by notation, is -5775 as was to 

BC 

be shown. The grounds of the note subjoined to this 

rule are these : by casting away all factors common 



V 
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> . ,Lf Sa^/>\ ,...,, 9** - ISa'l/if 

And Sa'o for I, divided by , gives ^, 

^ 1 / ' 3y 9xx 

4". Surd quantities, under the same radical yi^n, are 
divided by one another like rational quantities, only the 
quotient must stand under the given radical sign. 

Thus, the quotient of Vwi by VF" is v'f/ : 

That of Vx&xxy by i^i^ is t aV: 

m. of Jil" by Ji» i, j!°i*, or J*. 

And that oiCaWlOacxy by aov'Scy is 3i^^3tt»r. 

5°. Different poivers, or roats^ of the same quantity are 
dividedone by another, by subtracting the exponent of the 
divisor from that of the dividend, and placing the remainder 
as an exponent to the quantity given. But it must be ob- 
served, that the exponents here understood are those de- 
fined in p. 5 ; where all roots are represented as fractional 
powers. It will likewise be proper to remark further, 
that, when the exponent of the divisor is greater than that 
of the dividend, the quotient will have a negative exponent, 
or, which comes to the same thing, the result wiU be a 
fraction, whereof the numerator is a unit, and the deno- 
minator the same quantity with its exponent changed to 
an affirmative one. 

Thus, s', divided by x', gives x^ : 

And a + 2]', divided by c-f-z^^gives a-i-z^' : 

Likewise, arl, divided by .-c*, gives x^ : 



to the two numerators, we take equal parts of the quan* 
titles i and, by throwing off the factors common to both 
denominators, we take equimultiples of those parts. 

The two preceding rules, being nothing more than 
the converse of the 4th and 5th rules in multiplication, 
are demonstrated in them: though, perhaps, the case 
in rule 5, where the exponent comes out negative, may 
stand in need of a more particular explanation. Accord- 
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Moreover, c+y\ , divided by c + 1/ P , gives C'-i-uY • 
Lastly, A?^, divided by ar*, g^ves x , or — . ^y •-•yo 

•^ - 

6°. il compound quantity is divided by a simple one ky 
dividing' every term thereof by the given divisor ^ 

Thus, aor^) Zabc + \2abx — 9acd} (c + 4;c — 3a : 
Also,— 5flc)15a«i«—12acy«+5cw/>(— 3^^+12^— ~; 

and so of others. 

7°. £w^ i/'Me divisor^ as well as the dividend^ be a cofh- 
pound quantity y let the terms of both quantities be disposed in 
order ^ according to the dimensions of some letter in them^ as 
shall be judged most expedient^ so that those term>s may stand 
first wherein the highest power of that tetter is involved^ and 
those next where the next highest power is involved^ and so 
on: this being done, seek how many times the first term of 
the divisor is contained in the first term of the dividend^ 
rvhichy when founds place in the quotient^ as^in division in 
vulgar arithmetic^ and then multiply the zvhole divisor 
thereby y subtracting the product from the respective terms of 
the dividend; to the remainder bring down^ with their pro r 
per signs^ as many of the next following terms of the divi- 
dend as are requisite for the next operation ; seeking again 
horv often the first term of the divisor is contained in the 
first term of the remainder^ which also xvrite down in your 
quotient^ and proceed as before^ repeating the operation till 
all the terms of the dividend are exhausted^ and you have 
nothing remaining. 



ing to the said rule, the quotient of x^ divided by x^ was 

— 2 1 

asserted to be ;c , or — . Now, that this is the true 

x^ 
value is evident; because 1 and x^ being like parts of 
x^ and oc^ (which arise by dividing by ;c^), their quotient 
will consequently be the same with that of the quantities 
themselves. 

F 



34 Of Dtvmon* 

Thus, if it were required to divide a^ + Sa^x + 5ax^ 
+ x^by a + x (where the several terms are disposed ac- 
coi:ding to the dimensions of the letter a), I first write 
down the divisor and dividend, in the manner below, 
with a crooked line between them, as in the division 
of whole numbers; then, I say, how often is a con- 
tained in a*, or what is the quotient of c^ by a; the 
unswer is a*, which I write down in the quotient, and 
multiply the whole divisor, a + x^ thereby, and there 
arises o? + a*x\ which subtracted fro\p the two first terms 
of the dividend, leaves Ata^x ; to this remainder I bring 
down + Sax^^ the next term of the dividend, and then 
seek again how many times a is contained in Atd^x ; the 
answer is Asoxy which I also put down in the quotient, 
and by it multiply the whole divisor, and there arises 
Asa^x + AiOx^^ which subtracted from Asa^x + 5ax^ leaves 
ax^y to which I bring down at*, the last term of the 
dividend, and seek how many times a is contained inax^y 
which I find to be jc* ; this I therefore also write down 
in the quotient, and by it multiply the whole divisor ; and 
then, having subtracted the product from ax^ + ^^i find 
there is notihinjB; remains ; whence I conclude, that the re- 
quired quotient is truly expressed by a^ + Aiox + x^. See 
the operation* 

a + ;c) a» + Sa^x + 5ax^ + x^ (a^ + ^ax + x^ 
a^ 4- a^x 

4a^x + '^(zx^ 
4a^x + 4ax^ 



aX^ -f-AT^ 

ax^ -j- x^ 

"o oT 



In the same manner, if it be proposed to divide a^ — * 
oa^x-^^XOa^x^^^Kkt^x^ +Saoc^ — x^ bya» — 2ax+x^^ 
the quotient will come out a^ — 3fl*:v + 3«tf* — ;t'*, as 
will appear from the process! 



^ 
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— 3a*y+ Mx^ — ^a^x^ 

**mmmmm» i ii ■ ■■ i i . i . ., 



4- Zc^x^ — 6fl V + 3fly * 



O 



So, likewise, if a* •— x^ be divided by a — ;c, the quo- 
tient will be a* + <^x + a*;c^ + ax^ + a:* ; as by the work 
will appear. 

a^^ x) e^ -^ x^ (p^ ^a^x -^-a^of^ +aoc^ -J^ x^ 

€t^X X'^ 



a^x — a^x^ 

a^x^ .— . x' 
^x^ — a^x^ 



a^x^ — x^ 

c^x^ — ax* 

ax* — pc' 
ax* -^^x 



5 



Moreover, if it were required to divide a® — 3a*x^ + 
Sc^x* — x^ by a* — . 3a^x -f 3ax^ — x^^ the process will 
stand thus : 

a^ — Se^x+\cfi — Sa^x^ + Sc^x*' — x^(a^+S(^x+Sax^+x^ 
Sax^'-^x^Jc^ — 3a'x +Sa*^,^ — a^x^ 



+3a*Ar— 6a*;c*+ c^x^ + Sc^x* 
+ 3a^x — 9a*x^ +9a^x^ — 3c^x* 



+3a*x^'^8a^x^4Sc^x* — x^ 
+ 3a*x^^a ^ X ^ +9c^x* — 3ax^ 

+a^x^ — 3a^^i* -I- Zax' — xl^ 

+a^x '^>— 3<a^:y^ + 3ax^^^x ^ 

O^ oT' 



40 Of hwolution. 

c^ + 3a*i + 3a6* + 6^ the cube, or third power. 
a +» 

0^ + 30^^+ 3a2^+ abi^ 
+ fl3^+ 3g^^+ 3a^^ +b^ 

a^ + 4a^^ + 6a*4* + 4aA* + ^*, the fourth power. 

a 4-^ 

a* + 4a*^ + 6^^^ + 4a*^^ + a6^ 

+ a^h+ 4g^^+ 6fl»^^+ 4a6^ +h^ 
a^ + 5a*^ + lOa^i* + lOa^^a ^ 5fl^4 ^ ^5^ the 5th power, 
fl-fi 

4<fi + 5a^^ + 10a*** + lOa^^ + 5a»4* + a** 
+ a^*+ 5g^y + 10g^<^ + lOfl^*^ + 5g*^ + *^ 

il« + 6a^6 + 15a^^ + aOa^A* + 15a«*^ + ^a¥ + *% the 6th 
or required power of « + *. 

So, likewise, if it be required to involve or raise a — ^ 
to the sixth power, the process will stand thus : 

a —b 

a — b 

II " -* 

a* — ab 

— ab + l^ 
gt — 2ab + ^ 

a* — 2a*~+ J^, second power.' 
a — ^ 

— fl^* + 2fl*^ ~ b^ 

c^ .— 3a'* + Zal^ — *3, third power. 
a — b 

— a3*+ Sa^b^— Salr^ + b* 

a^ — 4^^* + 6«*** — 4flA2 -J- **, fourth power. 

a — b 

a5_4a4^+ 6a3*2 — 4fl2|^3 + a** 

— g^*+ A^b^— 6aH^ + 4<ab^ ~ b^ 

fl* — 5a** + lOc^b^ — 10a**3 + 5ab^ — *% fifth power, 
a — * 



I 
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^6 — 6a*^ + \S(&b^ — 20a'^^ + 15fl*^* — ^ab^ + 6*, the 
sixth power xAa'-^b\ and so of any other* 

But there is a rule, or theorem, giv^ by Sir ^haxxc 
Newton^ demonstrated hereafter, whereby any power 
of a "binomial a + by or a — i, may be expressed in 
simpde terms, without the trouble of those tedious mul- 
tiplications required in the preceding operaddns ; which 
is thus: . V 

JLet n denote any number at pleasure 5 then the nth- 
power of 2L + b will be fl^ + noT b ^ + — . 

»— *»9 . «•»— l.n — 2 «i-«,, ' n.n— l.n— '2.72 — 3 
a ir-j ■ a b^ + 



• 



i . 2 . 3 1.2.3.4 

^ + 1.2.3.4.5 '' ^ ^ 

And the nth power of a — b will be expressed in the very 
same manner, only the signa of. the second, fourth, sixth, 
fc?c. terms, where the odd powers of b are involved, must 
be negative. 

An example or two will show the use of this general 
theorem. 

First, then, let it be required to raise a + b to the third 
power. Here n, the index of the proposed power, be- 
ing 3, the first term, a», of the general expression, is 

equal to a' ; the second na b =z Sc^b ; the third 

n.n-1^ ^^y U,3^y thefourdi^'^~^'^~^> 

1.2 1.2.3 

^-»4s ^ p. ^ the fifth n.n^l.n^2.n-3 

'• 1.2.3.4 

^^^b^y &c. = nothing*. Therefore the third power ofa + b 
i» truly expressed by a^ + Sd^b + Sab^ + ^. 

Ag^, let it be required to raise d + ^ to the sixth 
power; in whiph case the index, n, being 6, we shall, 
by proceeding as in the last example, have <3(* ^ ^, 

"* F6roneortiiBfactorg,lIl2 aaiO. Ep 

4 

G 
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: f,(^b. 



.n — I 



"*i» = \sa*^, &c. andl 

consequently, a + 6*]° = a* + ea** + 15a*6* + 20a'A* 
+ \5a^b* + 6a6* + 6^ ; being the very same as was above 
detcrihincd by continual multiplication. 

Lastly, let it be proposed to involve cc + xy to the 
fourth power. 

Here a must stand for cc, b for xy, and n for 4 ; then, 
by substituting the^e values, instead of a, b, and n, the 
general expression will become c* + 4f,vy + Gcfi^^_ 
+ 4c'x^i/' 4- x*y*, the true value sought. 

From the preceding operations it may be observed, 
that the uncise, w coefficients, increase till the indices of 
the two letters a and b become equal, or change values, 
and then return, or decrease again, according to the same 
order : therefore we need only find ibe coefficients of the 
firsthalf of the terms in this manner, since from these the 
rest are given. 



SECTION VII. 



Of Evolution. 

// EVOLUTION, or the extraction of roots, being directli/ 
the contrary of involution, or raising of powers, is per- 
formed by converse operations, viz. by the division of iadi- 
cet, as involution was by their multiplication^ 

Thus the square root of js*, by dividlng^the exponent 
by 2, is found to be x^ ; and the cube root of y, by di- 
.viding the exponent by 3 , appe ars to be x^: m oreover, 
the biquadratic root of a -J- .v ) ' will be a + x'Yi and 

the cube root of aa + xx'l^ will be aa + xx |t. 

In the same manner, if the quantity given be a IractioDf 
or consist of several factors multiplied together, its root 
will be extracted, by extracting the root of each particular 




Thus the square root of a^b* will be ab -, that of 



sM' 



9ax fl 



; and that of - 



-r. 



16 x^^^* 



4xa 

will be aa — xx\ ; 
biquadratic root aa- 



: moreover, the square r 



tof a 



cube root aa — w^^*"; and 

xx\' ; and so of others. All 

which being nothing more than the converse of the ope- 



rations in the preceding section, require no other demon- 
stration than what is there given. 

Evolution of compound quantities is performed by the 
following rule. 

First, place the several terms, -whtreaf the given quan- 
tity is composed^ in order, according to the dimensions of 
some letter thereifi, aa shall be judged most commodious; then 
let the root of the frst term be found, and placed in the 
quotient ; zvhich term being subtracted, let the first term of 
the remainder be brought down, aiid divided by tivice the 
^rst term of the quotient, or by three times its sqicare^Cr 
four times its cube, &c. according as the root to be ex- 
' traded is a square, cubic, or bifvadratic one, &c. and let 
the quantity thence arising be also ivritten down in the^uo- 
\ tient, and the whole be raised to the second, third, or fourth, 
I hic, power, according to the aforesaid cases, respectively, 
and subtracted from the given quantity ; and, if any thing 
remain, let Che operation be repeated, by always dividing 
thejirst term of the remainder by the same divisor, found 
as above- 

Suppose, for example, it were required to extract the 
square root of the compound quantity 2ax + a* -f- V ; 
then, having ranged the terms in order, according to 
the dimensions of the letter a, the given quantity wi}! 
stand thus, a* + 2ax + **, and the root of its first 
term will be « ; by the double of which I divide 2ax, 
the first of the remaining terms, and add +x, the 
quantity tlience arising to a, already found, and so have 
d + X in the quotient ; which being raised to the second 
power, and subtracted from the given quantity, ^lothin^. 
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remams ; ^ therefore a + x is ih^ square root required* 
See the operation. 

c^+2ax+x^(a + x 
2a) 2ax ^ 

a^ -4- 2ax + jc*, second power of a + ^- 

o 

In like manner, if the quantity a^ — 2c^x + ^(fo^ 
^•^^ 2ax^ + AT* be proposed, to extract the square root 
thereof; the- answer will come outfi**— flw + ^, as ap* 
pears by the process. 

a^ — 2(^x + 3c^x^ — 2ax^ +oc^{a^ — ax + x^ 
2(^)^2a^x 
a^ — ^ 2c^x -^ fl^y^, second power of a* — ax* 

2a*) 2€^5^^ first term of the remainder. 
fl4 _ 2flr3.v 4- 3a*:^ — 2a:x^+JC^, square of fl* — a^+^ 

^>*i*i— il l III » III II oil I 

O 

Again, let it be required to extract the cube root of 
a^ — 6a*;c + \2ax* ~ 8^*, and the work will stand thus : 

a^ — 6a*i + 12aAr* — 8;c^ (a«— 2y 

g3 — ^c^x + \2ao^ — 8^^, cube of a — 2x. 


Lasdy, let it be required to extract the biquadratic root 
of 16:<^--i-96:v«j/ +216jc^2/*-— 216;c^j/* +81y% and the 
process will stand as follows : 

16:^* — ^^x^y + 2i6x^y* — 216xy^ + Sly* (2x — Sy 
32y3) — 96x^y 

J6^* — 96x^y + 216x^y*j--216xy^ +Bly^. 
O Q 

\ 

And, in the same manner, the root may be deter- 
mined in any other case, where it is possible to be ex- 
tracted ; but, if that cannot be done, or if, after all, there 
be a remainder, then ,the root is to be expressed in the 
manner of a surd, according to what has been already 
shown. As to the truth of the preceding rule, it is 
tbo obvious to need a formal demcmstration, every ope* 



/ 
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zation being a proof of- itself. I shall onty add here, . 
that there are other rules beside^ this, for Extracting 
the roots of compound qtiantities, ivhich sometiines. 
bringout the conclusions radier more expeditiously; but 
as these are can&ted to particular cases, and woidd take 
up a great deal of room to explain in 4 manner suf- 
ficiendy clear and intelligible, it seemed more eligible to 
lay down the vrhole in one easy general method, Iham to 
discourage and retard the learner by a muldplicity of 
rules. However, as ^e extraction of the square root is 
much more necessary and useful than the rest, I shall 
here put down one single example thereof, wrought ac- 
cording to the common method of extracting the square 
nx>t, in numbers : which I suppose the reader to be ac- 
quainted with, and which be will fend more expeditious 
Qmn the general rule explained above.. 

Sxamp. a* +4a'x + 6ii'x^ + 4axr' +x* (c^ + 2ax + )e*_ 






2a»+4<»r+x*) +2a'x' +4ax^ + x* 

■\-2a*x' +4ax^+x* 



SECTION VIII. 



. Of the Seduction of Fractional and Radical Qftaitr- 
titles. 

THE reducdon of fractional and radical quantities is 
of use in changing an expression to the most simple and 
commodious form it b cap^le of; and that, either by 
brin^g it to its least terms, or all the members thereof^ 
if it be compounded, to the same denominaUcm. 
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A fraction is reduced ta its least terms by dtviSng 
both the numerator and denominator by the neatest com^ 
mon divisor • 

Thus, T-1 by dividing by A, is reduced to - : 

be c - 

And —rr^ ^7 dividing by ab^ is reduced to -7- : 

abb , b 

Moreover, 7- will be reduced to — , or 4^ : 

Sab 1 

And -= will be reduced to — . 

72a^;^Vxy 6a 

Thus, also, 2^j » ^Y dividing every term of 

^e numerator and denominator by 2a, is reduced to 
6a — *- 3 

2a 

And 1 , by dividing every term 

oa^x + 4faxr ^ o < 

by 2axj is reduced to — ^ : 

3a + 2x 

T«*i a^ + 3a^b + 3ab* +b^ , ■,- .j- r ^t ,, 
^^"^^^ a»+3^ + 2A« ' ^y '^'^'^"S both the 

numerator and denom^inator by the compound divisor 

... 1 J* «* +2ab + bi 

a + by IS reduced to -I — • 

a 4*26 

But the" compound divisors, whereby a fraction can 
sometimes be reduced to lower terms, are not so easily 
discovered as its simple ones ; for which reason it may not 
be improper to lay down a rule for findmg such divisors. 

Firsty divide both the numerator and denominator by their 
greatest simple divisors^ and then the quotients one by the 
other (as is taught in case 7, section 5), always dh- 
serving to make that the divisor which is of the least di- 
mensions ; andy if any thing remainy divide it by its great- 
eit simple dipisoty ^^d then divide the last corftpmnd dir 
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t/'isor by the quantity thence arising ; and if any thin^ yet 
remain, divide it Ukeivise by its greatest simple divisor, and 
the last compound divisor by the quantity thence arising; 
proceed an in this manner till n/ithing remains; so shall the 
last divisor exactly divide both the numerator and denomi- 
nator, ivithout leaving any remainder. 

Note. If, after you have divided any remainder by hs 
simple divisor, you can discover a compound one which 
will likewise measure the same, and is prime to the divi- 
sor from whence that remainder arose, it will be conve- 
nient to divide also thereby. And, \i in any caae it should 
happen that the first term of the divisor does not exactly 
measure that of di^ di^-idend, the whole dividend may be 
multiplied by any quantity that shall be necessary to make 
the operation sncceed. 

Mx. 1. Let it be required to reduce the fraction 
Se^-^10a'b + 5(^b^ . , . , 

-rr- „ ,,, ■ „ I, — ",, to Its lowest terms, or to find 



s^b -f. 2e^b^ + 2ab^ + b* 
the greatest common measure of its numerator and de- 
nominator. Here, dividing first by the greatest simple 
divisors, Sa^ and b, we have a* -+• 2a6 -f b', and a' + 
^d*b + 2(j4" + b^ : and if the latter of these be divided by 
die former, the work will stand tlius : 

(js + 2ab + b') fl' + 2a'b + Sab* + i' (_a 
a^+2a^b+ a^ 
where the reminder b + a(r^ -(- b^ ; which bS- 

ing divided by &, its greatest simple divisor, gives 
a + b; by this divide a' + 2ab -f i', and the quotient 
will come out a + b, exacdy i therefore the last divisor, 
a + b, will exactly measure both quantities, as may be 
proved thus : 

(? 4- 5) 5a* + lOa'b + Sc^b^ {Sa* + Sa^b 

5a>+ Si^b 

5a*b + 5a^b-i 
Sfi'b + sa^b^ 



4/9^ Rtductwtdf 

&+V) €?b + 2<2*4« + 2a4» +** (iPft + eii* 4-A5 

* 

In both wkith c^b&es nothing remains ; therefore the 

fraction riven will be reduced to --« — i- 7^. 

Sx. 2* Let it be proposed to reduce the fradtioxt 

to its lowest terms: and then the 



work will stand as follows : 

c? — c^x — 00^^0(^)0^ +0+ O +0 — o(^{a'\'X 

^ . g* -— c^x »- >- > Q^ji^ + ax^ 

c^x -f. a?^v3--ayt3— :r* 

4- 2a»je + O — 2xt 
(f\^ • — ax^ 



ii.ii i n 



„— C^X 4. + AT^* 

— a*^ + O +x^ 
Hoi O Q 

From whence it appears that c^+0 — ;c^, or a^ — a:^^ 
will measure both o*^— at* and o^ — ^^.— .o^f^ -|. x^ ; and, 
by dividing thereby, the fraction proposed is reduced to 

a^^x* 



These operations are founded on this /principle, 
thcd -whatever quantity measufes the whoky and one part 
of another y must do the like by the remaining' part. For 
that quantity^ whatever it be, ii^hich ipieasures both 
the divisor and dividend, in die first example, must 
evidently measure a* + 2c?b + at^ (being a multiple of 
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Example $• In the same maimer the fraction 
:xi^ ^^ 3ax^ — Scfix^ + ISa^x — 8a* .„ , , , 

x^~ax^-8c^x + 6af j-wiB be reduced to 

5f* — Sax + 4a^ c ^i. 
^ • See the process. 

X ' oa 

o^>.^^x^.'-^c?x+6a^)x* — 3ax^ — 8c^x^+l Sc^x—Sa^(x--^2a 

:v*— ax^ — 8a^0(^+ 6c^x 

— 2ax^+ O +11^€i^x — 8a* 
'^2ax^+2a*x^ •ht6c^x—12a^ 

remsdnder — 2a^x^ — Ata'^x — 4a*; 

which divided by — 2a*, gives x^ + 2ax •— 2a* for the 
next divisor. 
x^ + 2ax — 2a*) x^ — a;t^ — 8c^x'^ 6a^ (x — 3a 

x^ + 2ax^ — 2c?x 

— Sov* — 6a*^ + 60^ 

>— 3ay* — 6a*A? + 6a^ ^ 



A;8+2aa:— 20*)^?*— .30:^— 8a*A^+l So^^tv— 8a*(;v*— 5aA;+4a* 

y* + 2aA^ — ^2a*;c* 

— Sax^ — 6a*;c2 + 18a^Ar 
— 5a;c^— 10a*A^ + lOa^A? 



+ 4a*Ar* + 8c^x^'^8a^ 
+ 4a*;c*+ 8a^A; — 8a* 



O O 



Now if, by proceeding in this manner, no compound 
divisor can be found, that is, if the last remainder be 
only a simple quantity, we may conclude the case pro- 
posed does not admit of any, but is already in its lowest 



the former) : whence, by the principle above quoted, 
the same quantity, as it measures the whole dividend, 
must also measure the remaining part of it, ai* + b^ : 
but, the divisor we are in quest of being a compound 
one, we may cast off the simple divisor i*, as not for 
our purpose : whence a + i appears to be the only com- 
pound divisor the case admits of: which, therefore, must 
be the common measure required, if the example pro- 
posed admits of any such. 

H 
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terms* Thus, for instance, if the fraction proepoaed 

^ere to be ^■ T j T „ 7 i ; it- is plain by 

c^ + ax+o^ ' ^ 

inspection, that it is not reducible by any simple divisor j 
but to know whether it may not, by a compound one, 
I proceed as above, find find the last remainder to be iba 
simple quantity 7xx: whence I conclude that the frac- 
tion is already in its lowest terms* 

Another observation may be here made, in relation 
to fractions diat have in them more than two different 
letters. When one of the letters rises only to a single 
dimension, either in the numerator or in the denomi- 
nator, it will be best to divide the said numerator or de- 
nominator (whichev^ it is) into two parts, so that the 
said letter may be found in every term of the one part, 
and be totally excluded out of the other ; this being 
done, let the greatest common divisor of these two parts 
be found; wluch will, evidently, be a divisor to the 
whole, and by which the division of the other quantity 
is to be tried; as in the following example, where the 

^ . , oc^ + ax^ + bx^ — %BL^x + bax — 2*a*. 

traction given is — — ^^ « ■ = • 

XX — bx + ^ax •— 2ao 

Here the denominator being the least compounded, and 

b rising therein to a single dimension only, I divide the 

same into the parts x* + 2ax^ and — ^^ — 2ah ; which, 

by inspe ction, appear to be equal to x + 2a x x^ and 

X + 2a X — b* Therefore at -f 2a is a divisor to both 
the par ts, and likewise to the whole, expressed by 

X + 2a X X '^bf so that one erf these two fectors, 
if the fraction given can be reduced to lower terms, 
must also measure the numerator: but the former 
will be fbimd to succeed, the quotient coming out 
x^ — ax -^^ bx '^ abj exactly: whence the fraction it- 

sell 18 reduced to ■ ' ■ . ■■; which is not xt- 

a?— b 

ducible farther, by :v — i, since the division does not 

terminate without a remainder, as upon trial will be 

found. 
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Havk^ insisted largely on die reduction of fractioluf to 
tibeir kautt terms, lare npw come to consider dieir reduc- 
tion to the same denominator. 

Fractions are reduced to the same denomincUor by muUu 
pfying the mimerator of each into all the denominators y ex^ 
cept its ovniy for a new corresponding' numerator, and all 
the denominators continually together, for a common deno* 
mhtator. % 

Thus, -7- Jind -^i^riU be reduced to— -and ---;» 
b d bd hd 

a c J e adf cbf , bde 

_, -^ and ^, to ^, ;^, and^; 

J 9,ax J Sbx 9 6a* X , Sbxcd , 

and — p, and , to -, and ; and 

cd 3a ^acd 3acd 

80 of others* 

But when the denominators have a common divisor, 

the operation will be more simple, and the .conclusion 

neater, if, instead of multiplying the terms of each 

fraction by the denominator of the other, yeu only 

multiply by that part which arises by dividing by the 

comrnxdi divisor. As, if there were proposed the frac- 

tions — r and — r; then, the denominators having the 
ad cd ^ 

factor d common to both, I multiply by the remaining 

factors a and c ; whence the two fractions will be 

reduced to — , and — ^ (where d remains as before, 
acd acd 

nothing having been done therewith). By the same 

method — =7- and — 7-7 are reduced to , , and 
Sabc \abd "-ZQabcd 

ZSbcoc^ - 6a%^cix , 7c\^aa 4- xx tSaWax 

: and I , and ^ to ■ 

SOabcd 5 be Zab ' ISabc 

l$abc 

But, as has been before hinted, the principal use of 
this sort of reduction is to transform compound quan- 
tities to the most commodious forms of expression -, 
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which, for the general part, are more easily managed 

^whether they are to be added, subtracted, multiplied, or 

divided) when all their members are brought to the same 

denomination* 

{I c • 
Thus the compovmd quantity -r + '-y will be trans- 

o a 

f, - da ^ kc ad 4- be r . . • j » -. 

formed to -- + -- or to — rr^i ^^r it is evident, 
oa bd bd 

that the quotient which arises by dividing the whole, is 
equal to the quotients of all the parts, by the same di- 
visor* 

In the same manner will — — — - be = r-r 

b d oa 

- 2xy 3a: c 2ocybd + ISaaxd — - Saabc 

Saa b d Saabd 

, "Idx , ^x ' b .„ , iidx + ab 

also, 1- b^ or 1- - will be = ; 

a a \ a 

J 2a^ ^ab -^aa — ab ab A- aa 

and T + «= ^ — 7 = -^• 

c— ^ a — b a — 

c? a^ 

So likewise, by reduction, f. 2« 

•^ a — X a + x 



•11 L a^Xa + xA-a^xa — x — 2ax a +^ X a — x 
will be = ■■ .. ' . — — 1 

a^^ X X ^ "i-x 

^ ^ a Vxt/ + a 

5xy + SaVxu + lOa^ — Sax , . , 

— ^ _ ; and so m other cases; 

aVxy + a^ 



The reason of the two kinds of reduction hitherto 
explained, is grounded oh this obvious principle, that 
the equimultiples, or like parts of quantities, are in the 
same ratio to each other, as the quantities themselves ; or, 
that the quotient which arises by dividing one quantity 
by another, is the same that arises by dividing any part or 
multiple of the former, by the like part or mmtiple of the 
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Besides these^ there are yet two other sorts of reduc- 
tion which authors have treated of under the head of 
fractions ; which are, the reducing" of a whole qiumtity to 
an equivalent fraction of a given denomination^ and a com' 
pound fraction to a simple one bf the same value. Nei- 
ther of these, indeed, are of any great use in the solution 
of problems ; however, it might be improper to leave tliem 
entirely untouched. 

1°. A whole quantityiis reduced to an equivalent frac- 
tion by multiplying it by the given denominator^ and writ- 
ing the multiplier underneath the product^ with a line be- 
tween them, 
/iHius the qoaiitliy a, xcduccd to. die denominator ^, 

nh 

will be -—, and the quantity c + ^, to the denominator 



a-^b a-^'b 

2°. A com^pound fraction is reduced to a simple one of 
the same value by multiplying the numerators together for 
a new numerator^ and the denominators together for a nexv 
denominator. 

But by a compound fraction here, we are not to un- 



latter: for, in reducing to the lowest terms, it is plain, 

that, instead of the whole numerator and denominator, 

we only take that part of each which is defined by the 

greatest common measure ; whereas, in reduction to 

me same denominator, we, on, the contrary,, make use of 

equimultiples of those quantities ; since, in multiplying 

any numerator into all the denominators, except its own, 

we multiply it by the very same quantities by which its 

denominator is multiplied. 

The rule for reducing a compound fraction to 

a simple one, may be explained thus. It is plain 

c 1 

that the part of — defined by — , which arises by 

d b 

dividing by ^, will be equal to t-> (the divisor here 

bd 
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derstand one consisting of several ten&s, connected toge« 
tfaer by the signs -f and -^ (which is the general definitKst 
of a compound quantity), but such a one as esqnressea a 
given psfft of some other fraction* 

Thus — of — will be equal to — , and the -r 
3 5 ^ 15* T 

part of -- will be = 7-,. 

" d bd , 

Of the Reduction of Radical Quantities. 

TTie reduction of surd quskndtic^ llkd that of fradions, 
may be either to the least terms, or to the same denomi* 
nation. 

A radical quantity is reduced to its feast terms by resoh- 
ing it into factors^ and extracting the root of that which is 
rationaL 



Thus, V28 is reduced to ^4 X V7 ; which, by 
extracting the square root of 4^ becomes 2 V 7 ; also 
Vd^b is reduced to Va* x ^b; which, by extrac ting 
the root of a% becomes aVbi likewise, Va^^^c^, or 

^^^1^ is reduced to %/^ x i^b^i or ab^b^z 

¥4f€^x — 4a*A?* - , , /4a* 

mcfireover, \l - ■ ' v o ' ■ i* reduced to v— r- x 
^ b (r ^ c* 

fax — x^ 2a tax — xr^ ^^Ji^a^x'^ 4- ' \6a^x^ 



being b times as great) ; therefore the part of -y de- 

fined by — -, being a times as great as that defined by -^^ 

c ac 

must be truly expressed by 7-^ x « , or its equal 7-% > as -was 

to be shown^ 



\ 

tr 



» itduced to \l > ,^ X V' > , , or i~. X 



U • ^ ' — r— » ^^^ SO <>f any other: all which iH 

^ cr — 2ox 

cTident from case 4 of multiplicatien, and cdse 3 of invo- 
lution* But it is to be observed, that, in resolving ^any 
espression in this manner, the factor out of which the 
root is to be extracted, is sdways to be taken the greatest 
the case will admit of. It also may be proper to take no- 
tice, that this kind of reduction is chiefly useful in the 
addition and subtraction of surd quantities, and in uniting 
Ae terms of compoimd expressions that are commensuraUe 
to each other, where the irrational part, or factor, after 
reduction, is the same in each term* 

Thus, VTs + V32 is red uced 10^3^2 + 4VT, or 

7\/F; and VSa* + VsOc^ — V72^ is reduced to 

2a\/T + 5av/2~ 6<a V 2 = a\^ 2. Moreover, by re- 

auction, <y + y — —— becomes = y + 



20 



20 ^^20 ^20 ^20 



And3a\/4a*A^ + Sx^ + S x\^9a + 18a^-^ becomes 
GaxS^a^ + 2x^ + 9axVa^ + 2x^ = ISaxX^c^ +2x^. 

« 

Surd quantities^ under different radical signs, are reduced 
to the same radical sign, by reducing their indices to the 
kast common denominator. 

Thus (^ and a% reduced to the same radical sign, 

win become c? and cr (for the indices are here \ and 
I, and these are equivalent to | and |, where both have 

the same denominator). In the same manner, 2"]* and 
Z^ will become 2^ andTs]^, orTj^ andTJ^. And^ 

universally^ A*^ and B« will, when their exponents 
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JUS 
are reduced to d\e same denominalioii, become "KY^ 

and WT' 

The principal use of this sort of reduction is, when quan- 
tities under different radical signs are to be multiplied or 
divided by each other. 



That the reduction of a radical quantity to another of a 
different denomination, by an equal multiplication of the 
terms of its exponent, makes no alteration in the value of 
the quantity, may be thus demonstrated. 



m 



Let A " be any quantity of this kind ; then, the terms 
of its exponent being equally multiplied by any number 



mr 



r, I say, the quantity A**^, hence arising, is equal to the 
given one A**. 



1 



For, if X be assimied = A"^, or, which is the same 
thing, if the value of x be such, that :v"^ = A ; then the wth 
root of x^ being x^ {by case 2 of section 6) and the nth 

rootbf A being A" {by notation)^ these two quantities 

of and A** must, likewise, be equal to each other: 
jmd, if they be both raised to the wth power, the equa- 
lity will still continue ; but the nth power of the former 
(a?**) is = x?*^"^ (by case 2 of involution) ; and the wth 

1 m 

power of the latter (A") is A« (by notation); there- 

m • 1 

fore x"^ is = A *" . But, x being = A"^ , we have 

mr mr tn 

x^ = A**^, by notation; and consequently A*^ = A" ; 
which was to be proved. 
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Thus, Vly multiplied by i^lO, or T]*, into lol^^ 

will give 125]^ X 100"|^, or 12500l^ : also, Vax into 

va*;r, or a^^ into a*Ac p, will give o^a::* |^ x a*:v*l^, 

or a^;v* p : and Vcjc, divided by ^a^x will give 

fl^A.'^"!^ ~xl^ . -, 

1, or -—j . Lastly, 2x, multiplied into VSawp, 

will give Vla^ X \^3aXy or Vl2ax^. 



SECTION IX. 

Of Equations* 

AN equation is, when two equal quantities, differently 
expressed, are compared together, by means of the sign 
= placed between them. 

Thus, 8 — 2 = 6 is an equation, expressing the equa- 
lity of the quantities 8 — 2, and 6 : and :v = a + ^ is an 
equation, showing that the quantity represented by x is 
equal to the sum of the two quantities represented by a 
and^. ' ^ 

Equations are the means whereby we come ^t such 
conclusions as answer the conditions of a problem j where- 
in, from the quantities given, the unknown ones are deter- 
mined ; and this is called the resolution or reduction of 
equations. 

Reduction of Single Equations. 

Single equations are such as contain only one un- 
known quantity ; which, before that quantity can be 
discovered, must be so ordered and traijsformed, by the 
addition, subtraction, multiplication, or division, £sPc. 
of equal quantities, that a just equality between the two 
parts thereof may be still preserved, and that there may 
result, at last, an equation, wherein the unknown qua^r 

I 
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tity stands aldtie on one side, and all the known ones on 
the other. But, though this method o'iF ordering an equa- 
tion is grounded upon setf-evident principle^, yet the ope- 
rations are sometimes a litde difficult to manage^ in the 
best manner; for which reason the following rules are 
subjoined* 

1^ Any term of an equation may be trCm^posed to the 
contrary side^ if its sign be changed^. 

Thus, if ;c + 6 = 16 ; then will jc == 16 — 6, thsft: is, 

a: = 10 : 
And, if :^ — ^4 = 8 ; then will :v = 8 + 4, or ^ = 12 : 
Also, if 3;c = 2;c + 24 ; then will 3x — 2xz=, 24, that 

is, a: = 24 : 
Again, if 5x — 8 s= 3:^ + 20 ; then will Sx ^^ Zx ■= 

20 + 8, or 2x = 28 : 
Lastly, if ax + ^x— • e + ^— tfx =y — g -^hx'^^kx , 
then, by transposition, ax -{^ bx --^ ex — /ix + kx z=:f — 
g + C'^d; where all the terms affected by x (the un- 
known quantity) stand now on the same side of the equa- 
tion, ' 

2\ If there be any quantity by which all the terms of the 
equation are multiplied^ let them all be divided by that 
quantity ; but if alt of them be divided by any quantity^ let 
the common divisor be cast away* 

Thus, the equation ax z=: ab is reduced to x :=: b ; 
also, 10;c = 70 (or 10 X ^ = 10 X T) is reduced to 
Af = 7 ; and x^ = ax^ -f. bx^ is reduced j^ = a + ^ : 



* The reason of this rule is extremely evident ,* since 
transposing a quantity thus is nothing more than sub- 
tracting or adding it on both sides of the equation, ac- 
cording as the sign thereof is positive or negative. Thus, 
in the equation x + 6ss:16 (which, by transposition, be- 
comes JK" = 16 — 6 =r 10), the number 6 is subtracted JFrom 
bbth sides ; and in the equation x — 4=8 (which, by 
transposition, becomes ^ == 8 -f- 4 = 12), the number 4 is 
added on both-sides. 



Moreover (by the latter part of the rule)^ — = 7- b re- 

duced to ^.;=A; and -^ =: — ^ ? — 7, to ax^^Sfv^ 

c c 

— acx^ ; which, if the whole be divided by ax^j wiU be 

farther reduced to ;c = A — c. 

3». ^ there be irreducible fracttans^ let the whole equa- 
tion be mmttpliedby the product of all their ^denominators^ 
OTy which is the same things let the numerator of every term 
in the equation be mukipltedby all the denominators, except 
its own, supposing such terms (if any there be^ that stand 
fvithovt a denominator, to have a unit subscribed* 

X X 

Thus, the equation x + f- — = 11, is re- 

duced to 6x + 3:;^ + 2;c ==: 66'j and x -f — -J-- = 12 + 

o 

X — 3 

— - — ^ to 40x + %x + 16 ;= 480 + 5«? — - 15: so, 

likewise, « = is reduced to a^c — c;c =z ax 

a c 

J ax ex , ' , 

4- ao ; and r + a =^ -- to aox + crb + abx = acx 

^ a + x b ^ • , 

+ cx\ 

4**. If, in your equation, there be an irreducible surd, 
wherein the tininown quantity enters, let all the other terms 
be transposed td the contrary side (by rule 1) j and then, 
if both sides be involved to the power denominated by the 
surd, an equation will arise free from radical quantities ; un- 
less there happen to be more surds than one, in which case 
the operation is to be repeated. 

Thus, V ;c + 6 = 10, by transposition, becomes V x 
(s= 10 — 6) = 4 ; which, by squaring both sides, gives 
A? = 16. 

So, likewise, Vaa + xx — c = ^, becomes y^aa + xx 
= c + ;v ; which, squared, gives aa + xx ^:z cc + 2cx 

+ xx^ or fta^-'-cc :=: 2cx (bu rule l). The reasons of 
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this, as well as of the two preceding rules, depend on self> 
evident principles : for, when the equal quantities, on each 
sid^ of an equation, are multiplied or divided by the same, 
or by equal quantities, or raided to equal pofwcrs, the quan^ 
titles resulting must necessarily be equal. 

5°. Havings by the preceding rules (if there be occasion) ^ 
cleared your equatio?} of fractional and radical quantitieSy 
and so ordered it^ by transposition^ that all the terms, -where" 
in the unknown quantity is found, may stand on the same 
side thereof let the whole be divided by the coefficient, or the 
sum of the coefficients^ of the highest power of the said un-- 
known quantity : and then, if your equation be a simple 
one (that is, if the first power, or the quantity itself, be 
only concerned), the work is at an end ; but if it be a qua- 
dratic or cubic one, &?c. something further remains to be 
done ; and recourse must be had to the particular me- 
thods for resolving these kinds of equations, hereafter t© 
be considered in their proper place. 

I shall here subjoin a few examples for the leamer^'s 
^exercise, wherein all the foregoing rules occur promis- 
cuously. 

£x. 1. Let Sx — 16 = 3a: + 12 : then (by rule 1) 
5a: — 3<v = 12 + 16, or 2a: = 28 : whence (by rule 5) 

AT = = 14. 

2 
Ex.2. Let 20 — 3^ — ^^8 = 60 — 7xi then, — 3^ + 7;a? 
= 60 -r- 20 -f- 8, that is, 4x = 48 J and consequendy a: =i 

4 . 
Ex. 3. Let ax — b:=zcx -{-dy then ax * — cx:=z d+b. 



d + b 



or a — cx^ = d + b ; and therefore 'x = — --— (by 

a '■^ c 

rule 5). . . 

Ex. 4. Let 6ac^ — 20a? = 16a: -f 2a:^ : then, dividing by 
2a: (according to rule 2) we have ^x — 10 = 8 + :v r whence 
3a: — ;c = 8 + 10, that is, 2:c = 18 ; and therefore x =: 

2 -^' 
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Eie* 5. Let Zax^ -^aboc^ = aoc^ + 2acx^ : here, dividing 
the wholft by a^, we have Sx -^b = «r + 2c ; therefor© 
^ ^ » J 2c + b 

'2 

Ex. 6# Lett 1 = 21 : then (by rule 3) 4:v + Zx 

252 
=^ 252 j and dierefore a: = -—- = 36« 

7 

£;tf, r. Let ^^^ + ^ii^ =^ 16 — ^^±1 : then 12a: + 12 
2 3 4 ^ 

+ 8:v + 16 = 354 . — 6;c — 18 : whence 26a: = 338, and 

338 ^„ 

X=: = 13. 

26 
Ex* 8. Let a — — = c : then ax ^-^ bb -rz ex -, whence 

X 

ax-^cx z=z bb^ and x = 



a — c 



Ex. 9. Let h -7- H = d: then, icA^ + acx + 

a b c 

abx = abed J or be + ac + ab X ^ =^ abcd\ and consequent- 
ly ;)c = r r (by rule 5). 

•^ bc + ac + ab^ ^ 

ao^ -4- tzc^ ■ 

Ex. 10. Let «a: + i* = 7- : then, ax -{^h^ x 

a+ X 

a -f ;c= fl^ + ac^^ that is, a^A: + ab^ + ax^ + b^x = 
ax^ + ac^ ; whence a^x + ax^ + ^^^ — ao(^ = ac^ — 
a^, or /z^;v + ^^;c = ae^ — «**; and therefore x = 
a^-'-^ab^ 

aa '\' bb* 

Ex. 11. Let f. — = 1 : then a* + a^ + ^at 

a + a: at 

= a:r + :vAf J whence — a-a: + Ja^ = ^^ab\ which, by 

changing all the si^s (in order that the highest power 

of X may be positive), gives xx — bx ^=. ab. But the' 

same conclusion may be otherwise brought out, by firsts 

changing the sides of the equation ax + <7^ + ^^ = ^^^ 
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+ XX \ which thereby becoming ax + xx z=z ax '\^ ab + ixy 
we thence get xx-^-bx -rz ah^ the same as before* 

Ex. 12. Let ^ + 12 = 17i then — = 5, 
_ 3 3 

and s/5x = 15 ; whence (J)y rule 4), 5x = 225, and 

therefore x = = 45. 

5 



Ex. 13. Let Vl2jf ;c = 2 + V^ : then (6j/ rw/i? 4) 
12 + ;v = 4 + W X + :v; whence, by transposition, 
8 = 4V X ; and, by division, 2 = V ;c ; consequently, 

4 = AT. 

2d:* 

Ex. 14. Let :c + s/a^ +. ^^ ,= -^ , Herfe (by 

rule ^ X X Va* + :x:^ X a^ + y ^ = 2fl* ; whence x X 

Va^ + x^ = a* — ^, and X* X «* + ^* == a^ — 2a^x^ 
+ x^ [by rule 4), that is, aV ^ ^ ~ ^4 — ^2^ ^ .^ j 

1 « a^ €^ 
therefore Sa^:^^ = a*, and at = —^ == --. 

2a 



JEx. 15. Let V;c + Va + ;c = . — . Then 

V a + ;v 

V'a;c + jc;v + a + :v = 2a, or v a;^ + ;c:v =s: a — at ; whence 

c^ a 
ax4'XX = a* — 2a:v + x^^ and ;v = ■--. = -—. 

^ 3^J5 3 . 



JE:;c. 16. Let i^x^ — o^ = :c — c: then, by cubing 

both sides, x^ — c^ = x^ — Scx^ + 3c^x — c^ ; whence 

(^ c* 

3ca2 — Sc^x = a^ — c^, and x^ -^cxrz ^ by divid- 

, 3c 3 

ing the whole by 3c. 

Ex. 17. Let s/aa + xx = y^b^ + x^ ; then, by raising 

both sides to the fourth power we have aa + xx]^ = b* + 
x^^ that is, a^ + 2a^x^ +x^z=zb^ +x^; and consequently 
b^ — a^ b^ \ 2 
20^ 2aa * 
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Ex . 18* Let X = yg * + x \/bb '\^xx — a. Here x-^-a 

= V*^ + ^ ^^^ "i- ^^ 5 which, squared, gives ;v^ + 2ax' 
+ ^ = a^ -f- ;)ir s/hb + atjv, or :c^ + aav = x y/hb + a*;!? ; di- 
vide by x^ so shall 5^ + 2a = V^A + xx j this squared again 
pves x^ + 4tf 5^. -f- 4fl* = ^^ + »Y^ ; whence Aax = ^^ •— 4a', 

and therefore ^ = — — a. 

4a 

Of the Extermination ofUnknoxtm Quantities^ or the 
reduction of two or more equations to a single one. 

It has been shown above, how to manage a single 
equation ; but it often happens, that, in the solution of 
the same problem, two, three, or more equations are con- 
cerned, and as many unknown quantities occur pro- 
miscuously in eachj« of them ; which equations, before 
any one of those qlumtities can be known, must be re- 
duced into one, or so ordered and connected, that, from 
thence, a new equation may at length arise, affected with 
only one unknown quantity. This, in most cases, may be 
performed various ways, but the following are the most 
general. 

1**. Observe which of all your unknown quantities is the 
least involved^ and let the value of that quantity be found 
in each equation {by the methods already explained)^ looking 
upon all the rest as known ; let the values thus found be put 
equal to. each other {for they are equals because they all ex- 
press the same thing) ; whence new equations will arise^ 
out of which that quantity will be totally ^excluded; with 
these new equations the operation may be repeated^ and the 
unknown quantities exterminated^ ^ne by one^ till^ at lasty 
you come to an equation containing only one unknown quan^ 
tity. 

2°. Or, let the value of the unknown quantity^ which 
you would frst exterminate^ be fourui in that equation 
wherein it is the least involved^ considering all the other 
quantities as known ; and let this value, and its powers, be 
sitbstitutedfor that quantity and its respective powers in the 



64 0/^ Equations. 

Other equations ; and^ with the new equations thus arising^ 
repeat the operation^ till you have omy one unknown qtum- 
tity and one equation. 

3\ Or, lastly, let the given equations, be multiplied or 
£vided by such numbers or quantities^ whether knoxvn or 
unknown, that the term which invokes the highest power of 
the' unknown quantity to be exterminated, may be the same 
in each equation ; and then by adding, or subtracting the 
equations, as occasion shall require, that term will vanish, 
^md.a new equation emerge, wherein the number ofdimen^ 
sions ( if not the number of unknown quantities^ will be di-^ 
minished. ^ 

But the use of the diflFerent methods here laid down 
will be more clearly imderstood by help of a few exam^ 
pies. 

EXAMPLE I. 

I 

•■ 

Let there be given the equations ;v + ^ = 12, and Sx + 
3y = 50 ; to findx and y. 

According to the first method, by transposing y and Zy, 
we get pp = 12 — y, and 5;e = ^0 — Zy \ from the last 

of which equations, x = 2.. Now, by equating 

5 

these two values of x, we have 12 — v = ^ ; 

and therefore 60 — 5y = 50 — 3y : from which y is 

given = — = ^ ; and x (= 12 — y = 12 . — 5) = 7. 

According to the second method, x being, by the first 
equation, = 12 — y, tlus value must therefore be substi- 
tuted in the second, that is, 60 — Sy must be written in the 
room of its equal Sx ; whence will be had 60 -— 52/ -(- 3y 

= 50 : and from thence y = — :=z 5,as before. 

But, according to the third method, having multiplied 
the first equation by 5, it will stand thus, 5a: -f- 5^ == ^ ; 
from whence subtracting the 2d equation, Sx + 3y = 50, 
there remains - - 2y = 10^ 

whence y^Sy ^tiU the same gs before* 



. I 
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The first of these three ways is much used by some 
authors ; but the last of them is, for the general part^ 
the most easy and expeditious in practice, and is, for 
that reason, chiefly regarded in the subsequent exam- 
ples* 

EXAMPLE 11. 

^^^\ 2x—2y^ 20. 

Here the second equation being multiplied by 4, in or- 
der that the coefficients of y in both equations may be the 
same, we have 12a: — 8y = 80. 

Let this equation and the first be now added to- 
gether ; whence y will be exterminated, there coming 

_i 204 
out 17x=z2(H; from which x = =12: therefore, 

ir ' 

. . r ^ ,. r 124 — 5;c 124 — 60- 64. 
by the first equation, y (= — = — ^ = — ) 

= 8. 

EXAMPLE IIL 

\^. f 5x — 3v= 90 

Given, i o I ir icr> 

l^ 2ac + 5z/ = 160. ^ 

Here multiplying the first equation by 2, and the second 
by 5, in order that the coefficient of x may be the same 
in both, there arises 

10a: — 6j/=?: 180 
' lOx- + 25y = 800. 

By subtracting the former of which from the lattet* we havfe 

Sly = 620: hence y = = 20; and so, by the first 

*n. ■ 

. 90 + Sy 90 + 60. ^^ 

equation, x (= 1— -^ = 1- — ) = 30^ 

5 5 

But die value of x may be otherwise found, inde- 
pendent of the value of y ; for, by multiplying the first 
equation by 5, and the second by 3, and then adding them 
together, y will be exterminated, and you will get 25x + 

930 

6x = 450 + 480 ; whence x = = 30, the same as be- 

31 ' 

fore. 



Given. <{ 
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EXAMPLE IV. 

[-^+^ = 16 

L 5 9 

Here our equations, cleared of fractions^r will be 

3a: + 2j/ = 96 
9a:— 5j/ = 90. 
And, if from the triple of the former the latter be sub- 
tracted, we shall have e>y + 5y:=i 288 — 90, that is, l\y 

96 II 2t/ 
= 198 5 whence j/ = 18 ; and x (= ^—2.) = 20. 

EXAMPLE V. 



Given 



jo 4 

Here 4a? — 96 = 2z/ + 64, and 

12Ar + 12y + 20x — 480 = Z6y — 15a: + 1620 j 

which, contracted, become 

4a; — 22/= 160, and 

47a*— 18 j^ = 2100: from the last of which subtract 

j9 times the former; so shall 11a: = 2100 — 1440 = 

4a: -— 160 
660 ; therefore x = 60, and y (= = 2^* — 80) 

= 40. 

EXAMPLE VI. 

Let < X + z^l4t>i to find Xy j/, and z. 

(.t/+2=15j 

By subtracting the first equation from the second, in 
order to exterminate a-, we have z — 2/ = 1 ; to which 
the third equation being added, j/ will likewise be exter- 
minated, there coming out 22 = 16, or 2 = 8 ; whence y» 
(= 2 — 1) = 7 i and ;c (= 13 ~ J/) = 6. 



a 
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EXAMPLE VII. 




3 4 



X y z 



LeeJZ^ + JL+:L = 47 



Here the given equations, cleared of fractions,, becomp 

12;v + By + 62 = 148« 

20;c + t5y + 122 == 2820 

SOx- + 242/ + 2O2 = 4560, 

Now, to exterminate 2:, let the second of these equations^ 

be subtracted from the double of the first ; and also the 

triple of the third from the quintuple of the second ; 

whence is had 

4x + 2/ = 1*56 

lO^v + 32/ = 420 : 

48 
from which 12*' — IOat = 468 — 420, and x r=: — =24* 

2 
Thei«fore^(=156— 4^) = 60; and2(=115^fc:l^) 

= 120. 
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r;^ + 100= y+ z 
^^^ <y +100=:2x + 2z 
tz + 100 = 3;c + Sy. 
To the double of the first let the second equation be 
added ; so shall the Ares, on the contrary sides, destroy each 
other, and you will have 300 + y = 2i/ + 42, or 300 = 
y + 42. Moreover, to the triple of the first let the third 
equation be added, whence will be had 2 + 400 = 6^ + 32, 
or 400 = 62/ + 22. 

Now, if from the double of this last equation the 
former, 300 = j/ + 42, be subtracted, there will come 
Av" 500 

•^ out 500 = 112/; and, consequently, y = — = 45^Y> 



68 ' t)f Equations. 

therefore z (= ^^ "" ^ = 7S ■—% = 75 — tUS) 

4 4 

63j\; and AT (= J/ + 2 — 100 = 109y\ — 100) = 9-^. 



EXAMPLE IX. 

I^et^^v — y = 2, andA:^ + 5^ — 6y=120; to extermi- 
iiate X. 

By the former equation, :^ = y + 2 ; which value being 
substituted in the latter {according to the second general 

method) it becomes y +^ X y + S X y + 2 — 6y = 120> 
that is, y^+2y + Sy + 10 — 6t/ = 120, or j/^ + y = 110. 

EXAMPLE X. 

Let there be given x + y:=ay and x^ + y^ :=:b ; to ex-' 
terminate x» 

Here, by the first equation, :vr = a — y \ and therefore 

x^ = o^HyY ; which value being written in the other equa- 
tion, we have a — y'Y + y^z=zb^ that is, a* — 2ay + y^ + y^ 

=: b ; and therefore t/* — oy = • 

EXAMPLE XL 

'Given ir. , l "^ lY^o exterminate y, 
ifxy+gx + hyz=ki ^ 

Multiply the first equation by f^ and .the second by a, 

and subtract the latter product from the former ; whence 

you will have bfx — - agx -f- cfy — ahy = df — ak ; which, 

,. . . , ,. . . . df- — (ikA-ascx — bfx 
by transposition and division, gives y r=:^ — '^ — r^^— . 

Let this value of i^ be now substituted in the first equa- 
tion, and there will arise 
adfx^-^aHx + c^gx^ — abjx^ + cdf — cak -f- cagx — cbfx , 

cf—ah ■'■ 

he =i di which, multiplied by cf — oA, and contracted, > 
gives ag — bfx x^ + df — ak +cg ^^ bh X ^ ^ ck -^ hd. 
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EXAMPLE XII. 

Supposing ax^ + Ja; + c = 0, and fx^ +^^ + h = ; to 
exterminate x. 

Proceeding here as in die last example, we h2Lve fbx 

+ fc'-^ agx — ah = Oj and, from thence, x = ^^ *^ . 

^ . /^ — g.g' 

Whence, b\'^ substitution, a x *^^ ' • H — '^ - 

jl, — agY J^ — ^f 
+ c = O. This, by uniting the two last terms, and diyid- 

^u i_ 1 L • a/i-^fcV 'bh — eg _ 
mg the whole by a, gives ^ -^ + —- ^ = O ; con- 

Jh—a g\ JO — <ig 

sequently, ah —f^ -hj ^ — ag x bti — c^ = O. 

After the same manner x may be estpunged out of the 
equations ax^ + ho^ + c^ + ^ = 0, and fo^ + gx + A = O, 
&c. But, to show the use of the above example, sup- 
pose there were given the equations iy* J^yx^-^y^ =0, 
and x^ + Zxy -— 10 = : then, by comparing the terms 
of these equations with those of the general ones, ao^ + 
^a: + c = 0, and \/3c* + ^a? + A = ; we have a = 1,^ 
h z=z y, c — — y^^ f — \, g =2 3t/, and h = — lo/ 



which values being substituted in the equation ah — fc 



+f^ -*- ag X bh — eg = , it thence becomes — 10 + z/z/ 

+ y — 3t/ X — 10^ + 3y^ =r O, that is, 100 -— 20y^ + y^ 
+ 20y^ — 6y^ = ; or, 100 = Sy^ ; whence y may be 
found, and from thence the value ^of x also^ 



SECTION.X. 

Of Proportion. 

QUANTITIES of the same kind may be compared 
together, either with regard to their differences, or ac- 
cording to the part or parts that one is of the other, call- 
ed their ratio. The comparison of quantities according 



< 
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to their differences, is called arithmetical; but, according 
to their ratios, geometricaL 

When, of four quantities, 2, 6, 12, 16, the difference of 
the firstand second is equal to the difference of the third 
and foilPlh, those quantities arc said to be in aHthmetical 
proportion. But, when the ratio of the first and second 
is die same with that of the third and fourth (as in 2, 6, 
10, 30), then the quantities are said to be in geometrical 
proportion. Moreover, when the difference, or the ratio, 
of every two adjacent terms (as well of the second and 
third, as of the first and second, tsPc.) is the same, then the 
proportion is said to be continued: thus, 2,4, 6, 8, &fc. is 
a continued arithmeticaj proportion ; and 2, 4, 8, 16, i^c. 
a ccaitinued geometrical out. These kinds of proportipns 
are also called progressions, being carried on according to 
the same law throughout. 

Arithmetical Proportion. 

THEOREM I. 

Of any four quantities^ a^ i, c, d^ in arithmetical pro* 
gression^j the sum of the two means is equal to the sum of 
the two extremes. 

For since, by supposition, b — a is zizd^i^ c, therefore 
is ^ + c = ^+ <7, by transposition. 

THEOREM II. 

I?t any continued arithmetical progression (5, 7, 9, 1 1, 
13, 15) the sum of the two extremes^ and that of every other 
two terms equally distant from them^ are equal. * 

For since, by the nature of progre'ssionals, jjie second 
term exceeds the first by just as much as its corresponding 



* Although, in the comparison of quantities according 
to their differences, the term proportion is used ; yet, the 
word progression is frequently substituted in its room, 
and is, indeed, more proper ; the former term being, in 
the common acceptation of it, synonymous with ratio-^ 
which is only used in the other kind of comparison. 
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term, the last but one, wants of the last, it is manifest, 
that, when these corresponding terms are added together j 
the excess of the one will make good the defect of the other, 
and so their sum be exacdy the same with that of the two 
extremes : and in the same manner it will appear, that 
the sirni of any odier two corresponding terms must be 
equal to that of the two extremes^ 

When the number of terms is odd, as in the progres- 
sion, 4, 7, 10, 13, 16, then the sum of the two extremes 
being double to the middle term, or mean, the sum of any 
ether two terms, equally remote from jthe extremes, must 
likewise be double to the mean* 

THEOREM IIL 

In any continued arithmetical progression^ a^a + d^a-^^ 
2dy a + Sdy a + 4^, &?c. the lastj or greatest term^ is equal 
4o the first y or least ^ more the common difference of the terms 
drawn into the number of all the terms after the frst^ or 
into the uiihole nurjtber of terms ^ less one. 

For, since every term, after the first, exceeds that pre- 
ceding it, by the common difference, it is plain that the 
last must exceed the first by as many times the common 
difference as there are terms after the first ; and therefore 
must be equal fo the first, and the common difference re- 
peated that number of times. 

THEOREM IV. 

The sum of any rank or series of quantities^ in continued 
arithmetical progression (5, 7, 9, 11, 13, 15), is equal to 
the sum of the two extremes multiplied into half the number 
of terms. ^ 

For, because, by the second theorem, the sum of the 
two extremes, and that of every two other terms equally 
remote from them are equal, .the whole series, consist- 
h)g of half as many such equal sums as there are terms, 
will therefore be equal to die sum of the two extremes 
repeated half as many times as there are terms. The 
flame thing also holds good, when the number of terms is 
odd, as in the series 8, 12, 16, 20, 24 ; for then the mean, 
or middle term, being equal to half the sum of any two 
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terms equally distant from it, on contrary sides, it is ob- 
vioui that the value of the whole series is the same, as if 
every term thereof was equal to the mean, and there- 
fore is equal to the mean (or half the sum of the two 
extremes) mi4tiplied by the whole number of terms ; or 
to the whole sum of the extremes multiplied by half the 
number of terms. 

Geometrical Proportion. 

THEOREM I. 

If four quantities^ «, h^ c, d (2, 6, 5, 15), he in" geome- 
trical proportion^ the product of the txvo meansy bc^ will be 
equttl to that of the two extremes ^ ad. 

For, since the ratio of a to ^ (or the part which a 

is of i) is expressed by ---, and the ratio of c to <f, in like 

b 

c • ' 

manner, by — ; and since, by supposition, these two ration 

are equal, let them both be multiplied by W, and the pro- 

a c 

ducts , X bd and —rXbd will likewise be equal ; that is, 
bd 

"-r- = — -J-, or ad = cb (by case 2, sect. 4). 
o d ^- 

THEOREM II. 

I 

If four quantities^ fl, A, c, d^ be such that the product of 
ttvo ofthem^ ad^ is equal to the product of the other twOy be-, 
then are these quantities proportional. 

For since, by supposition, the products ad and 6c arc 
equal, let both be divided by bd, and the quotients 

T-, (-;-) ^^^ r-r I-t) will also be equal; and therefore 
bd ^ b / bd \ dl 

a\b\\c\ d. 

THEOREM III. 

If four quantities y Oy by c, flf (2, 6, 5, 15), be proportion^ 
^ly the rectangle of the meanSy divided by either extreme^ 
ivillgive the other extreme. 
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For, by the second theorem, aa? = ^c (2 x 1^5 = 
6 X 5), whence, dividing both sides of the equation by 

a (2), we have ^ = — . (15 = j. Hence, if the 

two means and one extreme be given, the other extreme 
may be found. 



THEOREM IV. 

The products of the corresponding terms of two geome- 
trical proportions are also proportional. 

That is, liai b '. \ c : d<f and ei f \ : g : h; then will 

ae : bf: : eg : dh» 

a c e p* 

For — = --., and — = -—i ^y supposition ; whence 
b d J h 

— X -jc = -T X 4-» ^y equal multiplication j and conse- 
o J d n 

ae cs* 
quently — - = ^ (by p. 18) ; that is, ae : bf : : eg: diu 
bj dh ♦ 

Hence it follows, that, if four quantities be proportional, 

Aeir squares, cubes, £s?c, will likewise be proportional* 



THEOREM V. 

If four quantitiesy a, i, c, d (2, 6, 5, 15), be proportional^ 
'1. mversely, b : ai : d: c (6 : 2 : : 15 : 5) 

2. alternately, a: c : i b :J(2 : 5 . : : 6 : 15^ 

3. cotnpoundedly, a:a+b::c:c+d [2 :8 :: 5:20) 
4; J 4. dividedly, a:b — <z::c:^— c (2 : 4 : : 5 : 10) 
^ '^ 5. mixedly, b+aib'-^aiid+cid — c (S : 4 : : 20 : 10) 

6. by multiplication, ra: rb::c:d (2r : 6r : : 5:15) 

7. by division, -^ : — : : c : d (— : — : : 5 : 15) 

r r r r 

Because the product of the means, in each case, is equal to 
that of the extremes, and therefore the quantities are pro- 
portional, by theorem 2. 



fl 
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THEOREM VI. 

If three numbers^ a, b^ c (2, 4, 8), be in contimted propor- 
tion^ the square of the first ruill be to that of the second as 
the first number to the third; that is^ c^ i b^ : : a i c* 

For, since a : b : : b : c, thence will ac = bb^ by theorem 
1 ; and therefore aac = abb^ by equal multiplication ; con- 
sequently a^ : ^^ : : a : c, by theorem 2. 

In like manner it may be proved, that of four quantities 
continually proportional, the cube of the first is to that of 
fhe second as the first quantity to the fourth, 

THEOREM VIL 

In any continued geometrical proportion (1, 3, 9, 27 j 81, 
£s?c.) the product of the two extremes^ and that of every 
other two termSy equally distant from them^ are equal. 

For the ratio of*^ the first term to the second, being the 
same as that of the last but one to the last, these four terms 
are in proportion ; and therefore, by theorem 1, the rect- 
angle of the extremes is equal to that of their two adjacent 
terms ; and, after the very same manner, it will appear^ 
that the rectangle of the third and last but two is equal to 
that of their two adjacent terms, the second and last but 
one ; and so of the rest. Whence the truth of the propo- 
sition is manifest. 

THEOREM VIIL 

The sum of any number ofquantities^ in continued geome* 
irical proportion^ is equal to the difference of the rectangle , 
of the second and last terms ^ and the square ofthefirst^ di- 
vided by the difference of the first and second term^s. 

For, let the first term of the proportion be denoted 
by «, the common ratio by r, the number of terms by 
72, and the sum of the whole progression by x : then it 
is manifest that the second term will be expressed by « x r, 
or ar ; the third by ar X r, or ar^ ; the fourth by ar^ X r, 
or ar^j and the wth or last term by ar"""*; and there- 
fore the proportion will stand thus : a + ar + ar^ + ar^ 
• . . • + ar«~* + ar^'^^ = cci which equation, mul- 
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tlplied by r, gives ar+ar^ + flrr^+«r* .••••• +ar^^^ 
+ ar" = rx ; from which the first equation being sub- 
tracted there will remain — a + ar^ = r^ — ^ ; whence 

= :; 1 = ; as 

was to be demonstrated^ 
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SECTION XL 



TTie Application of Algebra to the Resolution of 

Numerical Problems. 

WHEN a problem is proposed to be solved algebrai- 
cally, its true design and signification ought, in the first 
flace, to be perfectly imderstood, so that, if needful, it may 
ie abstracted from all ambiguous and unnecessary phrases,, 
and the conditions thereof exhibited in the clearest light 
possible. This being done, and the several quantitieck 
therein concerned being denoted by proper symbols, let 
the true sense and meaning of the question be translated 
from the verbal to a symbolical fi^rm oi e3q)ression ; and 
the conditions, thus expressed in algebraic terms, will, if 
it be properly limited, give as many equations as are ne- 
cessary to its solution. But, if such equations cannot be 
derived without some previous operations, which fre- 
quendy happens to be the case, thei\ let the learner ob- 
serve this ride, viz. let him consider what method or pro- 
cess he would use to prove, or satisfy himself in, the truth 
of the solution, were the numbers that answer the condi- 
tions of the question to be given or affirmed to be so and 
so ; and then, by following the very same steps, only using 
unknown symbols instead of known numbers, the question 
will be brought to an equation. 

Thus, if the question were to find a number, which 
being multiplied by 5, and 8 subtracted from the pr©- 
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duct, the square of the remainder shall be 144 ; then^ hav* 
ing put a:= Sj 6 = 8, and c = 144, suppose the number 
sought 

to be - - - • 4 

then 5, or a times that number "I ^-. 
will be ' I >JO 



(or) X 

ax 



ax-^b 
a^x^^2axb-i'l^. 



from which 8, or 6, being sub- 1 ^^ 

tracted, there remains j 

which squared is - - 144 

Therefore c^x^ — 2axb + i^ is = c (or 144), according 
to the conditions of the question. In the same manner 
may a question be brought to an equation when two or 
more quantities are required. 

After the conditions of a problem are noted down in 
algebraic terms, the next thing to be done is to consider 
whether it be properly limited, or admits of an indefinite 
number of answers ; in order to discover which, obser\ e 
the following rules. 

RULE I. 

When the number of quantities sought exceeds the nurn- 
bet^ of equ£itions given^ the question^ for the general part^ 
is capable of innumerable answers. 

Thus, if it be required to find two numbers (* and y) 
with this one single condition, that their sum shall be 100, 
we shall have only one equation, viz. x + yz=z 100, but two 
unknown quantities, x and j/, to be determined ; therefore 
it may be concluded that the question will admit of innu- 
merable answers. 

RULE IL 

But ifjthe number of equations^ given from the conditions 
of the question^ be just the same as the number of quantities 
sought^ then is the question truly limited. 

As, if the question were to find two numbers, whose 
sum is 100, and whose difference is 20; then, x being 
put for the greater number, and y for the less, we shall 
have X +yz=. 100, and at — j^ = 20 : therefore, there 
being here two equations and two unknown quantities,, 
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the question is truly limited ; 60 and 40 being the only 
two numben^ that can answer the conditions thereof. 

RULE im 

When the number of equations exceeds the number of 
quantities sought^ either the conditions of the problem are 
inconsistent one with another^ or what is proposed in gene- 
ral terms can only be possible in certain particular cases. 

But it is to be obsen^ed, that the equations understood 
here, as well as in the preceding rules, are supposed to 
be no ways dependeiit upon, or consequences of one ano- 
ther. If this be not the case, the question may be either 
unlimited or absurd, or perhaps both, at the same time 
that it seems truly limited ; as will appear by the follow- 
ing example : 

Wlierein it is required to find three numbers, under 
these conditions, that the sum of once the first, twice 
the second, and tliree times the third, may be equal ta a 
given number b ; that the sum of four times the first, 
five times the second, and six timesf the third, may be 
equal to a given number c ; and that the sum of seven 
times the first, eight times the second, and nine times 
the third, may be equal to a third given number d. Now, 
the three numbers sought being respectively denoted by 
►V, y^ and z^ the qu€;stion, in algebraic terms, will stand 
thus : 

^ + 2y + 32 = i 
4.r + 52/ + 62 = c 
7x + Sy + 9z'=^d. 
Heie, there being three equations, and just the same 
number of unknown quantities, one might conclude the 
question to be truly limited: but, by reflecting a little 
upon the nature and form of these equations, the con- 
trary will soon appear ; because the- last of them includes 
no new condition but what is comprised in and may be 
.derived from the other two ; for if from the double of 
the second the first equation be taken away, the value 
of 7x + ^y + 92 will from thence be given = 2r —^ b. 
Hence it is manifest, that giving the value of 7x + 8y 
+ 92, in the third equation, contributes nothing to-. 



78 The Application of Algebra 

wards limiting the problem ; and that the problem itself 
is not only unlimited, but also impossible, except when d 
is givei^ equal to 2c — - b. 

Having laid down the necessary rules for bringing pro*- 
blems to equations, and for discovering when they arc 
truly limited, it remains that we illustrate what is hither- 
to delivered by proper examples. 

Arithmetical Problems. 

PROBLEM I. 

To find that number^ to -vdhich 75 being added^ the sum 
shall be the quadruple of the said required number* 

Let the number sought be represented by - ^ x\ 

then will its quadruple be denoted by - AiX\ 

whence, by the conditions of the question, :v + 75 = 4a: ; 
this equation, by transposing x^ becomes .7S:=zZx\ 

75 

from whence, dividing by 3, we have x -=: — = 25, 

which is the number that was to be found ; for it is pljun 
that 25 + 25 X 3 = 25 X 4 = lOO, 

PROBLEM IL 

What number is that^ which being added to 4, and also 
multiplied by 4, the product shall be the triple of the sum ? 

Let the number sought be denoted by - x; 

so shall the sum be denoted by - . .v + 4, 

and the product by - - - 4jv : 

whence, by the conditions of the question, Ax = ;v + 4 
X 3 J that is, 4.T = 3;c + 12 ; from which, by transposi- 
tion, ;c = 12. 

PROBLEM IIL 

To find two numbers such^ that their sum shall be 30, and 
their difference 12. 

If X be taken to denote the lesser of the two numbers ; 
then, by adding the difference 12, the greater number will 
be denoted by ;c + 12 ; and so we shaJl have 2x + 12 = 
30, by the question. 

From which equation, 2iv = 30 •— 12 = 18 ; and con- 
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18 
scquently, a: = — = 9 ; whence the greater number 

{x + 12) is also given = 21., 

PROBLEM IV. 

To divide the number 60 into three such parts^ that the 
first may exceed the second by 8, and the third by 16, 

Let the first part be denoted by x ; then the sepond will 

hQ X — 8, and the third x_ — 16: the aggregate of all 

which, or 3;i: — 24 is = 60^ by the question* 

84 
Hence t^x = 60 + 24 = 84, and x z=z — = 28 : so that 

3 

. 23, 20, and 12 are the three parts required. 

PROBLEM V. 

The su^ of 660/. was raised^ for a certain purpose^ by 
four persons^ A, B, C, and D : whereof B advanced twice 
as much as A; C as much as A and B ; a?idD as much 
as B and C : what did each person contribute P 
Let the sum or number of pounds advanced by 1 

A be called | ^J 

then will the number of B's pounds be denoted by 2x ; 

that of C's by - - - Sx ; 

and that of D's by - . - 5x ; 

\ the sum of* all which is given equal to 660/. that is, ll.v 

=: 660: from \Vhence x = = 60. Therefore 60, 120, 

11 ' ' 

180, and 300/. are the respective sums that were to be dq- 

termined. 

PROBLEM VL 

A certain sum of money was shared among' five persons ^ 
A, B, C, D, and E ; whereof B received 10/. less than A ; 
C 16/. more than B ; D 5/. less than C ; E 15/. more than 
D : moreover it appeared that the shares of the two last 
together were equal to the sum of the shares of the other 
three : what was the whole sum shared-) a7id hoxv 7nuch did 
each receive ? 
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Let X denote the shafe of A : 

then <^ "" t f ^wiU be the share of \ X" 

?c + 16j LE ; 

and therefore 2.v + 17 = 3a: — 4, by the question : from 
whence, by transposition, 21 = ac* ; so that 21, 11, 27, 22, 
and 37/. are the several required shares ; amounting, in the 
whole, to 118/. < 

PROBLEM VII. 

To find three numbers dn these conditions^ that the sum 
of the first and second shall be IS ; of the first and third 
16; and of the second and third 1 7. 

If the first number be denoted by x ; then it is plain, 

by the question, that the second will be represented by 

15 — x^ and the third by 16 — x. But the sum of these 

two last is given equal to 17; that is, 31 — 2;c =17; 

whence, by transposition, 14 = 2:v ; and consequently x = 

14 
• — = 7. Hence 15 — .r = 8, and 16 — ;c = 9 ; which are 

2 ' 

the other two numbers required. 

PROBLEM Vin. 

To find that number^ which being doubled^ and 16 sub- 
tracted from the product^ the remainder shall as much eX" 
ceed 100 as the required number itself is less than 100. 
"" The number sought being denoted by x^ the double 
thereof will be represented by 2^; from which subtract- 
ing 16, the remainder will be 2^—16; and its excess 
above 100 equal to 2x — 16 — 100 : therefore 2x — 16 
— 100 = 100 — Xy by the question ; whence Zx = 216 ; 

and consequently x = -^ = 72. . 

3 

PROBLEM IX. 

To divide the number 75 into two such parts that three 
times the greater may exceed seven times the lesser by 15* 
Let the greater part be = ^; then will the lesser 
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part = 75 *^x^ and we shall have 8;c -^ 15 = 75 — • ;v 
X 7 ; or, wkich is the same thing, Zx — 15 = 525 — - 7x : 
from whence 10;v = 5^0, and consequently x = 54. 

PROBLEM X. 

Two persons^ A aW B, having received equal sums of 
money ^ A owf o/* hia paid away ilSL and 1^ of his 60/. awe? 
^Aen i^ appeared that A had just twice as much money as B : 
what money did each receive ? 

Suppose X to denote the sum received by each per- 
son ; then A, after paying away 25/. had x — 25 ; and B, 
after paying away 60/. had x — 60 : hence x — 25 = 2x 

— 120, by the question; and therefore 120 -— 25 = 2;e — Xj 
that is, 95 = X. 

PROBLEM XL 

To find that number xvhose \ part exceeds its \ part by 
12. 
Let the number sought be represented by x ; then will 

X X 

= 12, by the conditions of the problem ; which 

equation, by multiplying everj*^ numerator into all the de- 
nominators except its own, gives 4:v — 3pc = 144, that is, 

V ^— ^ A.A. 

»V — a> X. "X' X'. 

PROBLEM XIL 

What sum of money is that whoee ^ part^ ^ part^ and ^ 
part J added together^ shall amount to 9^ pounds ? 

If X be the number of pounds required, then will 

X X X 

1 1 = 94 : from whence, by reduction, 20x + 

3 4 5 

15:c + 12jc = 94 X 60, that is, 47;v = 94 X 60 ; and there- 
fore ;^ = 2 X 60 = 120. 

PROBLEM XIIL 

In a mixture of copper^ tin^ qndlead^ one half of the whole 

— 16lb. was copper ; one third of the whole — 12lb. tin; 
and one fourth of the whole + 4lb. lead: what quantity of 
mch was there in the composition f 

M 
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L€t X denote the weight of the whole : 



2 



then will < 



/copper^ 



X \ 

-^ 12 ^be the weight of the <^ tin, 

u 



-+ 4 
^4 J Llead ; 

and, if all these be added together, we shall have 
1 ^ .^ »^ 24 = Xj In/, the question^ Hence, by 

reduction, 12.v + Sx + 6x -^ 576 = 24^; therefore 

576 
2x = 576, and a? = -— = 288. So that there were 128lb* 

of copper, 84lb. of tin, and 76lb« of lead. 

PROBLEM XIV. 

What sum of 7noney is that^ from which SL being suh- 
tracted^ two-thirds of the remainder shall be 40/. ? 

Let X represent the required sum ; then, 5 being sub- 
tracted, there will remain x — 55 two-thirds of which 

^ 2x — . 10 
will be a: — 5 X f j or 4 and so, by the question^ 

C^^ JQ 

we have = 40 : whence 2x — 10 = 120 : and 

3 

v = ^ = 65. 



PROBLEM XV. 

• 

What number is thafj which being divided by 12, the 
quotient', dividend^ and divisor^ added all together^ shall 
amount to M^. 

Let X = the required number j so shall 

1- :v + 12 = 64, by the conditions of the question. 

Whence x + 12a: = 52 >c 12, or 13.v = 6^4 ; and coqse- 

1 624 .„ 
qucntly x = = 48. 
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PROBLEM XVI. 

To find two numbers in the proportion of 2 to 1, so that^ 
if^ be added to eachj the two sums thence arising shall be 
in proportion as Z to 2. 

Let X denote the lesser number ; then the greater will 
be denoted by 2x ; and so, by the question^ we shall have 
Qx + 4 : ^ + 4 : : 3 : 2. From whence, as the product 
of the two extremes of any four proportional numbers is 
equal to the product of the two means (see section 10, the-* 

or em 1), we have the fbllowing equation, viz» 2^? + 4 X 2 

= a; + 4 X 3, that is, 4:c + 8 = 3^ + 12 : whence a^ :±: 4, 
and 2:v = 8 : which are the two numbers that were to be 
found. 

PROBLEM XVIL 

A prize of2000L was divided between twopersonsj whose 
shares therein were in proportion as 7 to 9 : what was the 
share of each ? 

Ifx = the share of the first, then that of the second will 
be 2000 — X ; and we shall have x : 2000 -Mx : : 7:9. 

Hence, by multiplying tiife extremes and means, 9x = 

14000 — 7x ; from which x is found = = 875/. 

16 

and 2000 — A? = 1125/. 

PROBLEM XVIIL 

A bill ofl2Ql» was paid in guineas and moidoresj and the 
number of pieces of both sorts was just 100 ; to find how 
many there were of each. 

If ;v = the number of gui^as, then will 100 -— a? be 
the number of moidores : therefore the number of shil- 
lin gs in the gu ineas being 21x^ and, in the moido res, 27 

X IQO — x^ we have 2\x + 27 X lOO — x = 120 
X 20 = the shillings in the whole sum: hence, by 
multiplication, 21. v + 2700 — 27 x = 2400; and x sc 

-:-=:50. 
6 



BA The Application ef Algebra 

PROBLEM XIX. 

A labourer engaged to serve 40 days^ on these conditions^ 
that-for every day he worked he was to receive 20 pence ^ but 
that for every day he played^ or was absent^ he was to forfeit 
8 pence ; now^ after the 40 days were expired^ it was found 
that he had to receive^ upon the whole ^ ^SO pence: the ques^ 
tion is^ to find how many days of the forty he worked j and 
how many he play ed* 

Let the number expressing the days he worked be re- 
presented by X \ then the number of days he played will 
be expressed by 40 -7- :v : moreover, since he was to re- 
ceive 20 pence for every day he worked, the whole num- 
ber of pence gained by working will be 20:^ ; and, for 
the like reason, the number of pence forfeited by play- 
ing, or being absent, will be 8 X 40 — j^, or 320 — 8.v ; 
which deducted from iOx^ leaves 28a: — 320, for the sum 
total of what he had to receive : whence we have this 
equation,. 28^ — 320 = 380: from which 28:^=380 + 

320 = 700, and consequently x = — = 25, equal to the 

number of da||B he worked ; therefore 40 — 25 = 15 will 
jf be the number of days he played. 

PROBLEM XX. 

A farmer would mix two sorts of grain^ viz. wheats 
worth 4fS, a bushel^ with rye^ worth 2s. 6d* the bushel^ so 
that the whole mixture may consist oj 100 bushels^ and be 
•worth Zs* 2d. the bushel: now it is required to find how 
many bushels of each sort must be taken to make up such a 
mixture* 

Let xhe number of bushels of wheat be put = ^v, and 
the number of bushels of ry« will be 100 — jc : but the 
number of bushels multiplied by the number of pence 
per bushel, is equal to tne number of pence the whole 
is worth ; therefore 48:e is the whole value of the wheat, 

and 30 X 100 — .v, or 3000 — 30;c, that of the rye ; 
and, conseqlientiy, 48;c -|- 3000 — 30ac, the sum of these 
two, the whole value of the mixture: which, by the 
question^ is equal to 100 X 38, or 3800 pence: hence 



to the Sesohtion of Problems. SS' 

we have 48x + 3000 — 30:v :^= 3800; and therefore 

800 
AT = — = 444^ the number of bushels of wheat; 

whence the xmmber of bushels of rye will be 100 —-44|^ 

PROBLEM XXI. 

A farmer sold to one man 30 bushels of wheat and 40 
of barley^ and for the whole received 270 shillings ; and to 
another he sold SO bushels. of wheat and SO of barley^ at the 
same prices^ and for the whole received 340 shillings : now 
it is required to find what each sort of grain was sold at per 
bushel. 

Let X and y be respectively the number of shillings 
which a bushel of each sort was sold for ; then, from the 
conditions of the question, we shall have these two • equa- 
tions, viz* 

ZOx + 40y = Sro, 

SQx + 30y = 340 ; 

from four times the second of which subtract three times 

550 
the first, so shall llOa^ = 550 ; and consequently x = 

= 5 : moreover, by subtracting 3 times the second, from 
5 times the first, you will have llOy = 330, and therefore 
_ 330 _ 

""^llO"^ 



p, ("30X5+40X3 = 270, 
^^ 1 50 X 5 + 30 X 3 = 340. 



PROBLEM XXIL 

A son asking lijs father how old he was^ received the 
following reply: My agt^ says the father .^ 7 years ago^ was 
just four times as great as yours at that time ; but^ 7 years 
hence J if you and Ilive^ my age will then be only double of 
yours : it is required to Jind from hence the age of each 
person. 

Let X represent the age of the son seven years be- 
fore the question; then the age of the father, at that 
time, was 4;^, by the conditions of the question ; and, if 
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each of these ages be increased by 14, it is plain that 
A" + 14 and 4^^ + 14 will respectively express the two 
ages 7 years after the time in question ; whence, again, 

by the problem, we have 4cc -f 14 => 2 X a: + 14 ; from 
which ;c = 7, and 4x' = 28 ; therefore 7 + 7 = 14, and 
28 + 7 = 35, are th e two ag es required. 

For /3^-y= ^^4~7 x4, 
I 35 + 7 = 14 + 7X2. 

PROBLEM XXIII. 

A gentleman hired a servant for 12 months^ dnd agreed 
to allow him 20/. and a livery^ if he staid till the year zuas 
expired; but at the end of 8 months the servant rvent 
away J and received 12L and the livery^ as a proportional 
part of his wages : the qtcestion w, what was the livery 
valued at? 

Let X be the value sought ; then 20 + ^ will be the 
whole wages for 12 months, and 12 + :c the part thereof 
which he received for 8 months. 

But the wages being in the same proportion as the 
times in wluch they are earned, or become due, we there- 
fore hav e, as 12 : 8 : : 20 -f ;)c : 12 -f- x* ; whence 12 X 

12 -f X = 8 X 20 + X, or 144 + 12;c = 160 + 8x (by 
ihecr. 1, p. 72), consequently 12x — 8a: = 160 — 144, 

and V = — = 4/. 
4 

PROBLEM XXIV. 

Four persons^ A, B, C, D, spent txventy shillings in comr 
pany together ; xvhereof A proposed to pay -J, B ^, C |, 
and D \ part ; but^ when the money came to be collected^ 
they found it was not sufficient to answer the intended pur- 
pose : the question then is, to find fiQw much each person 
must contribute^ to make up the whole reckonings supposing 
their several shares to be to each other in the proportion 
above specified. 

Let X be the ^harje of A ; then it will be, as 

J : ^, Of 4 : 3 : : A^ : — ±= the share of B ; and, as 
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^ : ^, or, as 5 : 3 : : x : — = the share of C ; also, as 

i| : Y> or, as 2 : 1 : : :v : — = the share of D. 

3x Sx X 
Therefore, by the questioUj x -^ 1 +— = 20; 

whence ^x + 30;^ + 24jc + 20x = 800, that is, 114cc 

800 
= 800 ; and consequently x = --~ = 7-^, the share of 

114 

3;c 
A J therefore ( — ) that of B will be = 511 : that of C 

4 

(^) « 4K ; and that of D (|.) = 3|f 

PROBLEM XXV. 

A market-woman purchased a certain number of eggs at 
2 a'penm/j and as many at 3 a^penny, and sold them all out 
txgatn at the rate of 5 for trm pence^ and lost four pence by 
so doing : what number of eggs did she buy and sell P 

Let X be the number of eggs of each price, or sort ; 

' X 

then — will be the number of pence which all the first 

X 

sort cost, jsmd -— the price of all the second sort; but 

the whole price of bodi sorts together, at the rate of 
5 for two pence, at wWch they were sold, will be 

.— -, for ins 5 : 2 : ; fix (the whole number of eggs) : — ; 

A, XX 4^1? , 

hence, Sy the fuestion^ — + -r- — • — = 4 ; wl^ence 15 x 

-f* 10;t! — ^ 24x' = 120, and therefore a? = 120. 

„ 120 . 120 240 ^ ^^ . ^^ 0/5 4 
For -— + — — X 2 = 60 + 40 — 96 = 4. 



PROBLEM XXVI. 

A composition of copper and tin, containing 100 cubic 
ThcheSy being xveighed, its weight wasfoxmd to bs 505 ounces : 
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hoxv many ounces of each metal did it contain^ supposing the 
weight of a cubic inch of copper to be 5^ ounces^ and that cf 
a cubic inch of tin 4^? 

Let X be the number of ounces of copper ; then 
505 — X will be the number of ounces of tin, and we shall 
have 

5J : 1 (cubic inch) : : x : — inches of copper, 

4 J : 1 (cubic inch) : : 505 — x : ^ — inches of tin.*^ ' 

Therefore, — + — — = 100, by the question^' 

Whence 4^ X at + 5| X 505 — x^S^X^X 100, that js, 
irxv 21X505— a; , _ 21 XlTX 100 . _ 21 X 17X25 ^ 

4 "*" 4*""^"" 4x4 ^"" 4 * 

which, by rejecting the common divisor, becomes 17x 

+ 21 X 505 — Ic = 21 X 17 X 25 = 8925, or 17x — 21je. 

= 8925 -^ 10605 = ~ 1680. From whence ;c*= — -— 

4 . 

= 420 ; and 505 — x :=. 85 i which are the two numbers ' 

required. 

The same otherwise. 

Suppose a; to be the number of solid inches of cop- 
per ; then the number of inches, of tin being 100 — a:, 

we, have 5| X -v + 4J X 100 — x = 505, that i% 
Six +425 — 41a: = 505, or iv = 505 — 425 == 80; 
which, multiplied by 5|, gives 420, for the ounces of 
copper. 

PROBLEM XXVIL 

A shepherd^ in time of war^ fell in with a party of sol- 
diers ^ who plundered him of half hisfoci^ and half a sheep 
over.; afterwards a second party met him^ who took half 
^ what he had Icft^ and half a sheep over ; and^ soon dfter 
this^ a third party met him^ and used him in the same man- 
ner; and then he had only five sheep left : it is required to 
find what number of sheep he had at first. 
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Let y (as usual) be the jjiunjiber sought; then, ac- 
cording to the questiop^ Ae number pf ^eep left, after 
being plundered the first time, wil^ be e^tpressed by 

i, or • "^ ■ ; die half of which is ; from 

X — — 1 X •— 3 

whence Sjubtracting |, the rema.inder, ( > ^) - - > 

wiH Jbe the number of sheep left ^tcr being plun- 
deced the se;cond time : in ]l^e manner, if from 



8 



rt 



(the hs^f of -r- =■) you again take |, there will re- 

mjun — ^, or — ^ — , the number of sheep remain- 

,8 8 * 

ing at Ijist. Hqnce we have — ^^ = 5 ; therefore ^ — 7 
° 8 

?t; ^, and ^ =.47» 



PROBLEM XXyilL 

The difference of two numbers being given, equal to 4, 
and the difference of their squares ^ equal to 4K); to find the 
numbers. 

Let the lesser number be x ; then, the ^iffe^rence bc- 
ine 4, the greater must consequently be :v + 4, and its 
. square xx + ^ + 16, from which xx^ the square of the 
tesser being taken away, the difference is Sx 4^ 16 : there- 
fore &v + 16 = 40 ; which, reduced, gives a? = 3 ; whence 
X + A ^ 7 ; therefore the two required numbers are $ 
and 7* ^ 

All the problems hidierto delivered are resolved by a 
numeral exegesis^ wherein the unkno^v^l quantities only 
are represented by letters of the alphabet ; which seem- 
ed necessary, in order to strengthen the beginner's 
idea, at setting tOUt, and lead, him on by proper gra- 
dations : but it is not only more masterly and elegant, 
but also more useful, to represent the known, as well 
^ the riijQknown quantities, by algebraic symbols; ^since 

N ■ 
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from tlicnce a general theorem is deriv^ed, whereby 
all odier questions of the same kind may be resolved. 

As an instance hereof, let the last problem be again 
resumed ; then the given difference of the required 
• numbers being denoted by «, the difference of their 
squares by b^ and the lesser number by x ; the greater 
will he X + a^ and its square x^ + 2xa + a^ ; from 
which x^^ the square of die lesser number, being de- 
ducted, there' remains 2xa + a^ :=: b : whence, if aa 
be subtracted from both sides, there will remain 2ax = 

b — aa; this, divided by 2a, gives x =z ; and 

consequently, x + a =2 j . Hence it appears, 

that, if the difference of the squares be divided by 
twice the difference of the numbers, and half the dif- 
ference of the numbers be subtracted from the quotient, 
the remainder will be the lesser number; but if half 
the difference of the numbers be added to the quotient^ 
the sum will give the greater number. Thus, if the dif- 
ference (a) be 4, and the difference (^) of the squares 

40 (as in the case ^ove) ; then ( — ") the difference 

2a 

of the squares, divided by twice the difference of the 
numbers, will be 5 ; from which subtracting (2) half 
the difference of the numbers, there remains 3, for the 
lesser numj^er sought; and by adding the said half dif- 
ference, you will have 7 =? the greater number. In the 
same manner, if the difference of the two numbers had 
been given 6, and the difference of their squares 60, the 
numbers themselves would have come out 2 and^ 8 : and 
so of any other. 

PROBLEM XXIX. 

. HamngtgiV€7i the sum of two numbers^ equal to 30, and 
the difference of their squares^ equal to 120 5 to find the 
numbers. 

Put cr = 5o, ^ = 120, and let x be the lesser num- 
ber sought, th^n the greater will be n — at; whose 



I 
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square is oa -— 2ax + x^ ; from which the square of the 
lesser being subtracted, we have a^ — 2ax = b ; this re- 

duced gives x^ the lesser number, = — = 13. 

Therefore the greater (a — x^ will be = a ^ — f- 

-—• = — + — = ly. But if the ereater number 
2a 2 2a ^ 

had been first made the object of our inquiry, or had be^n 

put = Xj the lesser would have been a — x, and its square 

a? — 2ax + :c^, which, subtracted from ^, leaves 2ax — a^ 

h n 

= ^ ; whence 2ax = ^ + a*, and x -=. \ = 17, th^ 

2a^ 2 . ' 

same as before. 

PROBLEM XXX. 

If one agent A, alone^ can produce an effect e, in the 
time o, and another agent B, alone ^ in the time b ; in how 
long time will they both together produce the same effect ? 

Let the time sought be denoted by x^ and it will be, 

ex * 

as a : ;^ : : ^ : — , the part of the effect produced by A : 

a 

ex ^ 

(theor. 3, p. 72) also, as ^ : ;f : • ^ • -t"> ^^ P^^' P^^" 

■ ex ex 

duced by B : therefore f- —- = ^. Divide the whole 

a b 

X X 

by e, and you will have — •{.—-= 1 ; and this, re- 

a b 

nh 

duced, gives x = r. After the same manner, if 

a + b 

there be three agents. A, B, and C, the time wherein they 

will altogether produce the given effect will come out = 

abc 

ab '\- ac + be* 

Example, Suppose A, alone, can perform a piece of 
work in 10 days; B, alone, in 12 days; and C, alone, 
in 16 days: then all three together will perform the 
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dame piece of work In ^-^ day^i tor, iii this cd^, a bciiiiK 
= 10, ^ = 12, c = 16, it is piain that r- 

^10 X 12 + 10 X 16 + 12 X 16-^ "* 

PROBLEM XXXI. 

Two travellers^ A and B, *e^ out together from the same 
placey and travel 'both the same way s A goes 28 miks the 
ifirst day J 26 the second^ 24 the thifd, and so »n, decreasing 
two rhiles every day; but B travels uhiformbf 20 miks 
every day : now it is required to find how many miles ^ach 
person must travel before B comers up again with A ? 

Let X = the number of days in which B overt^es 
A : then the miles travelled by B, in that time, will be 
20y ; and those travelled by A, 28 + 26 + 24 + 22, 
fcf c. continued to x terms ; where the last tenn {by 
section 10, theorem 3) wiU be equal to J&8 — 2 X x — 1, 
or SO — ^v ; and tfierefore the sum of die Whole pro- 

gre^sion equal to 28 + 30 — 2x X |«S or 29^ -^x^ (by 
theorem 4). Hence we have 20%' = 29x — x^ ; whence 
20 = 29 — ^, and i^ = 9 : therefore 2b ix 9 = i 80 i^ the 
di^tanc^e which was to be found* 

PROBLEM XXXIL 

To find three numbers^ so that \ dftheftfst^ \ of the se- 
condy and \jOf the thira shall be equal ?o 62 ; \ of the 
Ursty \ of ike s^ond^ and \ cf the fhtrdj 6^ual to 47 ^ 
and \ of the first ^ ^ of the second^ and \ of the thirds equal 
to 38. 

Put a = 6^, A = 47, and c = 38, and let the numbers 
^ught be denoted by :v,^ y, and2;.yien the conditions of 
the problem, expressed in algebraic terms, will stand 
thtis : 

2 ^ 3 ^ 4 ' 

3 4^5 ' 

^ . y ^ ^ 

4 5 6 
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Which, cIa«redt>ffnu:tiiott6, become 
6x + 42/4- SZdki 13d, 
20x + ISy + 12« =fc 60t, 
15a: + 122/ + 10« :i= 60tk 
And, by subtracting the second of these equations 
from the quadtuple of tl^ fint, in oilier to exterminate 
t^ we have Ax +y:±4%a*^ 60i ; moreover, by taking 
3 times the third from 10 times the first, we have 15x + 
4y = 120a — IfiOc; this, subtracted from 4 times the 
last, leaves x xc 7'2ti -^ 240^ + l«Oe ace 34 ; whence 

y (48a«- 60* — 4:v) = 60, and a (}^ — 6:y ~ 4y^ 

= i2a 

'?l. + ^ + l^=12+20 + 30=62, 
2^34 ^ ^ ' 

24 60 ISO 
For<;-j+- + — = 8 + 15 + 24==.47, 

24 . 60 120 ^ , ^« . «^ a»*. 
"T + T + -r-= 6 + 12+20=5B. 
.4 5 6 

PROBLEM XXXIII. 

A gentleman left a sum of money to be divided among' 
four servants^ so that the share of the first was ^ of the sum 
of the shares dfthepther three; the share Jcf the jfecand^ of 
the tuinofihe adker three; «ndthe sharetfthe third ^ of 
ihe 9um of the tther three ; ^md it ^ims alsa found thm the 
"ahtare of the first exceeded that nf'ihe last % 14/. -• the ques- 
tion is^ what zoos the whole sum^ and what was the share of 
each 'person? 

Letlhe^harestteTepre^emedby^ar,^, 2, and«, respec- 
tively, and let a t=: 14 ; Aen, iy l9ie question^ we shall 
have 

X 4-2 -fM 

y = 3 ' 

X +y + u 

4 ' ^ 
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Which equations, cleared of fractions, become 

Sy = x + z + Uy 

42 = AT + y + 1/, 

Now, if X be added to the first, y to the second, and 
z to the third, we shall get (x + y +z -^u) =: 3x=z4y 

= 52 ; and from thence 2 = — , and z/ = — : which 

5 ^ 4 

values being substituted in the first equation, we have 

Sx Sx \ ^x 

2a: = --- + — + z^ortt= ; but, by the fourth 

4 5 20 

equation, w = a; — a; therefore ^t* — cr =: — -, anj 

a; = =40: consequently y (— ; = 30, 2 (— ) =24, 

and w (at — 14) = 26 j and the. whole sum (^x + y + z 
+ tt) = 120/. 



PROBLEM XXXIV. 

To find four numberstsuch that the first together with half 
the secondj mau be 357 (a)y the second with \ of the third 
equal to 476 (J), the third with \ of the fourth equal to 
595 (c)y and the fourth with ^ of the first equal to T14f (d). 

The required numbers being denoted by x, y, 2, and w, 
and the conditions of the question expressed in algebraic 
terms, we have the four following equations : 

x + Y + ^^ 

2 + — = C, 
4 

X t 

uA = ^ 

5 .. <,• 
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. From the first whereof we get x = a — * ^ ; and 

from the 4th, x=z5d — 5u; whence a^^— ="5rf — 5w* 

2 ' 

and y =:2a — 10<5^ + lOu; but, by the second, y^b — 

— ; therefore 2a — 10d+ lOu =z b , and z = 2b 

3 3 

— 6a + 30^ — 30u; but, by the third, 2 = c — ii ; 

• . . 4 

whence 3^ — 6a + SOd — 30t^ = c — — , and 12^ — 

4' 

24a + 120</^— 120u = 4c — z/ ; consequently u = 

126 — 24a + 120^ — 4c ^^^ , . w 

. —-- =676; whence 2 (c — — \ 

119 ^ 4J 

= 426, 2/ (= 6 — ~) 1=' 334, and .v (= a ~ i!-) = 190. 

Otherzvise* 

Let the first of the required numbers be denoted by x 
{as above) ; then, the sum of the first and ^ the second 
being given equal to a, it is manifest that ^ the second 
must be equal to a, minus the first, that is = a — ^, and 
therefore the second number = 2a — » 2x: moreover, the 
sum of the second, and ^ of the third, being given = b ; 
it is likewise evident, that -J of the third must be equal to 
bj mimes, the second, that is = 6 — 2a + 2Xj and conse- 
quently the third number itself = 3b — 6a + 6^ : in the 
same manner it will appear that i of the fourth number 
^z c — 3b + 6a — 6x ; and consequently the fourth 
number itself == 4c = 12i + 24a — 24a: : whence, by the 

question^ 4c — 126 + 24a — 24«' + — = fl?^ and therefore 

^ -Sd + HOc-eoB + UOa^ ^^ ^^ ^^^^^^ 

119 

PROBLEM XXXV. 

To divide the number 90 (a) into four such parts^ that 
if the first be increased by 5 (6), the second decreased by 
4 (c), the third muUipHed by 3 (^, and the fourth di- 
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v'tdedby 2 (f), the result^ in each case^ shall be exactly the 
same* 

Let x^ yy Zy and u be the parts required ; then, by the 
question^ w€ shsdl have these equaUons, viz. 
x + y + z+u=:ay and 

X + b^zy-'^C^zdz =: — . 

e 

Whence, by comparing dz with each of the three 

Other ^qual values, suocessiveJLy, x sc dz '->- if, y i^ 4iz 

+ Cj and u = dez; all which being substituted for 

ijb^ir equals, in the iir^t equation, we theo&e ^t ^2 -^ 

b + dz+c + z+ dez = a; whence dez + 2dz + z, 

- - a A- b "^ c r™ 

2= fl + ^ _ c, and 2 = ■ ^ J — 3-= 7. Th^re- 

de + 2a + 1 

fore X {= dz — J) = 16 j y (= ^fe + c) = 25 ; and 
2/ ( = dez ) = 42. 

PROBLEM XXXVL 

If A and B together ^ can perform a piece of work tit 
8 (rt) days ; A cti^ C together in 9 '(^) days^ and B cn^ 
C in 10 (c) Y^* ; how many days xuiil it take each person^ 
alone, to perform .the same work f 

Let the tiiree numbers sought te xepre$ented by a% 
y, and 2, rcapeotively: then it will be, as ,x (days): a 

(days) : : 1, the whole wodc, : — -, the part thereof 

X 

performed by A in a dap; and, 03 ^ : .a : : 1 : — , th^ 

y 

part performed by B, in the same time; Whepce, by the 

question^ — 4.-^ s= 1 ;(the v^hole work). And, ?hjr 

proceeding in the very same manner, we shall have 

these two other equations, viz. 1^ + -^ = 1, and 

X z 

c c 

1 = 1 : let the first of these three equations be 

y z . ^ 

divided by a, the second by *, and the third by c, and 

vou will then have 
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PC y a 
111 

jc 7i b^ 

which added all together, and the sum divided by 2, give 

V — .-I = h— T-< ; fronoL whence each of 

X y z 2a ^b^2c 

the three last equations being successively subtracted, wfe 

get 

J^_ 1^ 1 1 _ — he + ac + ab 

2:"" 2a 2b 2c ^ 2abc ' 

^ _ JL^ 1 1 __ ^c -— ac + fl:^ 

y '^ 2a 2b 2c y 2a^c ^'^» 

1 1,1 1 be + ac — ab „ 

— z=L — J — = : ■■■. Hence 

X 2a 2b 2c 2ahc 

, 2abc I 1440 \^^ 

— be + ac + ab — 90 + 80 + 72 ^^ 

— 2fl^c _ 1440 __ 3 

^"^c — ac + a^ ""90 — 80 + 72 ~ ^^' 
2a^c 1440 



34 



^ ^ ^c + ac — a^ ^ 90 + 80 — 72 "" ^^* 

Otherwise. 

Let the work performed by A in one day be de- 
noted by X : then his work in a days will be ax^ and in 
b days it will be bx ; therefore the work of B in a days 
will be 1 — ax-y and that of C, in b days, 1 — bx^ by 
the conditions of the problem ; whence it follows 
that the work of B, in one day, will be expressed by 

1 — " ax 1 "~~ bx 

, and that of C, in one day, by - — r-^- ; but 

a o 

the sum of these two last is, by the question^ equal to — 

w 

part %i the whole work, that is, -»+-r — ^S-v = — ; 
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n 1,1 1 be + aC'-^ab % ^ ^t 

wnence x z=z h— r"" — == " "t > equal to the 

2a 2b 2c 2abc ^ 

work done by A in one day; by which divide 1 (the 

2€ibc 
whole), and the quotient, 7 • -, will give the re- 
quired number of days in which he can finish the whole. 

PROBLEM XXXVII. 

To find three numbers on these conditions^ that a fimea 
thejirst^ b times the second^ and c times the thirdy shall be 
equarto a given number p ; that d times the Jirsty e times 
the second^ and f times the thirds shall be equal to another 
given number q ; and that g times the Jirsty h times the 
second^ andk times the thirds shall be equal to a third given 
number r. 

Let the three required numbers be denoted by vV, z/, and 
15, and then we shaU have 

ax -[^ by '\' cz r=i py 
dx + ey +Jz =: q, 
gx '■\' hy -^ kz •=:^ r. 
From d times the first of which subtract a times the se- 
cond, and from g times the first subtract a times the third, 
and you will have these two new equations, 
viz. /% — ^^^+^^2 — 0/2: = ^/^ — «jr, 
\bgy-r^ahy +cgZ'-^akz=:zgp'^ar ; 
or, which are the same, 

bd—aexy + cd — afxz^^dp — aq^ 

Mid, bg — ahxy + cg — akx z=gp — ar. 
Multiply the first of these two equations by the coeffi- 
cient of y in the second, and vice versa^ and let the last 
of the two products be subtracted from the former, and vou 

.will next have cd — afx bg — ah X^ — bd — ae X eg — ai 
X 2 = ^^ — ah X dp — aq -rr-bd — ae X gp — ar ; an d 
therefore z = ^g-ohxdp-a q-bd~ae x gPj:::ar . 

cd-^afxbg — ah'-^bd — aeXcg-^^ak 
whence x and y may also be found. 



to the Smktion of Problem. 101 

angle of the first into twice the second; and the thirds 
the square of die second : from whence it is manifest^ 
that, if the first and second terms of the square be given 
or expressed,* not only the remaining term, but the root 
itself, will be found by the method above delivered. 

But now, as to tne ambiguity taken notice of in the 
third form, where o(^ •— 2ax = — . ^, or :v^ — 2ax + 
€1* = a* p— i^ ; the square root of the left-hand side may 
be either ir — ^, or a^^^x (for either of these, squared, 
produces the same quantity) ; therefore, in the for mer case , 

x=, a^ y/cF—W^ and, in the latter,^ x:=^a — s/a^ — ^ ; 
both which values answer the conditions of the equation. 
The )Bame ambiguity would also take place in the other 
forms, were not the root Qc) confined to a positive va- 
lue. 

When the highest power of the unknown quantity hap- 
pens to^be affected by a coefficient, the whole equation 
must be divided by that coefficient ; and if die sign of that 
power be negative, all the signs must be changed before 
you set about to complete the square. 

All equations whatever, in which there enter only 
two diffisrent dimensions of the unknown quantity, where- 
of the index of the one is just double tb that of the other, 
are solved like quadratics,' by completing the square : 
thus, the equation oc^ + 2ao(^ = ^, by completing the square, 
will become x^ + 2ax? +€^ = b + c? \ whence, 

by extracting the root on b oth sides, ;c^ + a = V/^ + a^ ; 

t herefore x ^ = \/ b +.a* — a, and consequentiy x = 

^\/b + a^ — a. 

These things being premised,'^we now proceed to ^;he re- 
solution of problems. 



PROBLEM XXXVIII. 

Tojind that number^ to which 20 being' added^ and from 
which 10 being subtracted^ the square of the sum^ added,to 
twice the square oftlie remainder^ shall be 174f7o> 

Let the number sought be denoted by x ; then, by the 
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oo ndirions o f the question, we diaSi have x. + 20]* ^ 2 

>C :v— 10|* = ir4i^5 ; that is, x* + 40x + 400 + 2a« 
— 40a? + 200 = 174,7$; which, contracted, g^ves 3;tf* 
ss 168/ 5. Hence x^ = 56g5 ; and, consequently, x iss 

V5625 = r5. 

PROBLEM XXXIX- 

T$ divide lOO into two suchpqrts^ that, if they bemulr 
tiplied together^ the product shall be 2100. 

Let the excess of the greater part above. (50) half the 
number given, be denoted by xi then 50 + ^ w^l W 
the greater p art^ and 5 -^ y the lesser; therefcwre, ^ 

the question^ 50 + x x 50 — ;c, or 2500 — - y* 7= SlOOj 

whence a:* = 400, and consequently x = V400 x= 20]^ 
therefore 50 + at = 70 r= the greater part, and 50 — a? 
= 30 = the less. 

PROBLEM XL. 

What two numbefs are those^ which are to one another in 
the ratio o/S (a) to 5 (A), and whose squaresy added toge^ 
ther^ make 1666 (c) ? 

Let the lesser of the two required numbers be ;ir ; 

then, a } b X I X X — = the greater; therefore, by- 

a 

the question^ 0(^ + — j- = c f whence c^x^ + b^x^ = c^c^ 

ci^c / a'^c 
and X!^ = --: consequently x = v— r -r ss 

f c ' bx 

^ V -s r« =i: 21 = lesser number, and — = 35 = 

^a^ + ^2 , ^ 

the greater. . *, 

PROBLEM XLL 

To find two numbers^ whose difference is 8, (ind product 
240. ' 

If the lesser number be denoted by x^ the greater will 
b^x + 8; and so, by the question^ we shall have x^ + Bx 



I ' 
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= 240. Now, by completing the square, x^ + S» 
H^ 16 (= 240 +J6) =, 256; and, by extracting the 

TOOt, «r + 4 q? V256 = 16: whence ;^ = 16--*4=12; 
and x+^ = 20 ; which are the two numbers that were 
to be found. ^ ^ 

PROBLEM XLII. 

Xojpndtwo numbers whose difference shall be 12, and 
the sum of their squares 1424. 

Let the lesser be x^ and th en the gre ater will be ^ + 12 ; 

therefore, by the problem^ x + 12 1' + ^ = 1424, -or 
2ic* + 24a: + 144 == 1424 ; this, ordered, gives ;t* + 
tStss s= 640; which, by completing the square, becomes 
*» + 12;c + 36 (= 640 + 36) = 676 ; whence, extract- 

ing the root on both sides, we have ;)^ + i6 = (^676) 26 ; 
therefore x = 20, and :v -f 12 = 32, are the two numbers 
required. 

p. ("32 —20 =12, 

^^^ ts2* + 20«= 1424. 

PROBLEM XLIIL 

To divide 36 itlto^three such parts that the second may 
exceed the first by 4, and that the sum of all their squares 
tnay be 464. 

Let X be the first part, then the second will be ;v -f 4 ; 
and, the sum of these two being taken from (36) the 
^iebole, we have 32 — * 2;c, for Ae third, or remainin g 

part ; and so, by the question^ x^ + x + 4]* + 32 — 2xY 
=st 464, riiat is, 6^ — 120:v + 1040 == 464 ; whence 
6x^ — 12ar = — . 576, and :v^ — 20^ ^ — 96. Now, 
by completing the square, :v* — 20;c + 100 (= 100 
— 96) = 4 ; and, by extracting the root, 3C — - 10 c= 
sp 2. Therefore x := 10 q: 2, that is, ;v = 8, or a: = 
12 ; so duit 8, 12, and 16 are the three numbers required. 

PROBLEM XLIV. 

To divide the number 100 (a) into two such parts that 
their product and the difference of their sqtiares may be 
efwsdtQ each 9ther. 
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Let the lesser part be denoted b y xy t hen the greater 

will be a — :Kr, and we shall have a^^x x x-=. a — x^ 
— 0^^ that, is, /w — x^ = a^ — 'Siax ; whe|)£e o^ — 3a» 
= — c?\ and,, by completing the square, 9^ — * Smc 

-4- — = (— c? + — ) —- ; of which the r6ot being 
4 4 4 

extracted, there comes out :v — — =; ± v * , and 

2 ' ^ 4 




the problem, being less than «, the upper sign (+) gives 



X too great ; so that ;c =; i ^J^ = 38,19658, £sfc. 

2^4 

must be the true value required. 

PROBLEM XLV, 

The sum^ and the sum of the sqicares^ of two numbers be* 
tng given ; to find the numbers^ 

Let half the sum of the two numbers be denoted by a^ 
half the sum of their squares by ^, and half the difference 
of the numbers by x ; then will the niunbers themselves 
be represented by a •— a*, and a + Xy and their squares 
by c^ — 2ax + :v*, and cr* + %ix + x^ \ and so we 
have a^ — '^ax + :^* -f o^ -+. 2aA? + ;c* = 2^, bij the ques- 
tion. Which equation, contracted and divided by 2, g^vcs 
fl g + yg = b ; whence x^-=Lb — a% and consequently x = 

V^ — a*. Therefo re the numbers sought are a — V*-^a*, 

and a + Vi — ^ a^. 

PROBLEM XLVL 

TAe 5WW, and the sum of the cubes of ttvo nwibers being 
given ; to find the numbers. 

Let the two numbers be expressed as in the preceding 
problem, and let the sum of t heir cub es b^ denoted by 

c. Therefore will a — ocY + a + xY = c, that is, by 
involution and reduction, 2(j? + 6a^^ = c; whence 
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6^^ = c^2a\ x^ = ^T^"^ = £. _ 2l, and .v = 
c a* 






6a 

PROBLEM XLVII. 

The sufn^ and the sum ofdhe biauadrates (or 4fth powers) 
of two numbers being given; to ^nd the numbers. 

The numbers being denoted as above, we shall here 

have a — xY + a-^-xY = d, that is, 2a^ + 12aV + 
2x^ r= d; from vrhich, by transposition and division, 
►v^ + 6a^x^ = \d — ct* ; and, by completing the square, 
x^ + 6c^x^ + 9a^ = 1^ + 8tf* ; whence ;v* + 3a^ = 

V^d + Sa'* i and, consequently, x = \ — 3a^ + >/\d + 8a*. 

PROBLEM. XLVIIL 

7^A^ 5WW, and the sum of the 5 th powers of txvo numbers 
being given ; to find the numbers. 

The notation in the preceding problems being still 

retained, we shall have 2a* + 20a^;c^ + \Oax^ = e ; and 

e a* 

therefore x^ + 2a^x^ = — — ; and x^ -^ a^ z=z 

10a 5 ^ 



4a'* 
a*. 



\J — -I ; whence jv = V \ — + 

>10a 5 ^ lOa^ 5 

PROBLEM XLIX. 

What two numbers are those ^ whose product is 120 (a), 
and if the greater be increased by 8 (6), and the lesser by 
5 (c), the product of the two numbers thence arising shall 
be 300 (d) P 

If the greater number be denoted by a*, and the lesser 
by t/, we shall have 
xy = a, and 

X + b X y + c •=: d^ by the conditions of the question. 
Subtract the first of these equations from the second, and 

you will have x + b x y + c — ^2/== d — a, that is, 
cx + by '\'bc = d-'^a ', where both sides being multi- 

P 
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plied by x (in order to exterminate y)^ we thence have 
ex* + bxy -(- bcx •=.dx — ax\ but xy being = «, there- 
fore is bxy = fl^, and consequently, by substituting this 
value in the last equation, coc^ + ab + bcx = dx -^ ax ; 
whence cx^ + bcx + ax — dx = — ab ; and therefore , 

ax dx nb 
x^ + bx -j = ' ; which, by making f = 

1 C C ' c 

— — -^ b (z=: 28), will become x^-^fx = ; 

rth 

kence x^ ^ fx + i/^ = - - + iA ^ — 1/ = ± 

C 

V^/*- 7, and .V = If ±J^p _ ^ = 16, 
or = 12 ; and consequently y ( — ) = 10, or = 7,5- 

X 

,. r 12 X 10= 120 
Jbor 



r i2x 

ll2 + 



c 



8 X 10 + 5 = 300. 

^^^ ri6xr,5=j2Q_ 

. 1 16 + 8 X 7,5 + 5 = 300. 

PROBLEM L. 

To find tivo numbers J such that their sum^ their product^ 
ind the difference of their squares^ may be all equal to one 
another. 

The greater being denoted by x, and the lesser by z/, 
we have at + t/ = xy^ and x -\-y ■=, xP^ — i/^ : the last of 
these equations, divided by ;v + z/, gives 1 =. x — y ; 
whence ;f = 1 + 1/ ; this value, substituted for x in rfie 
first .equation, gives 1 + 2^/ = 2/ + t/^ ; therefore z/^ — y 

= J_, and 7/ = I + V f ; consequently, ;c (1 + z/) = | + 

PROBLEM LL 

To divide the 7iu?nber 100 (a) into two such parts^ that 
the sum tf their square roots may be 14 (^). 

I^et the greater part be Xj and the lesser will be a — ;f ; 

therefore, by the problem^ \^ x + Va — .x- = ^ ; and, 



t\ 
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by squaring both sides, x + 2Vax —- xx + a — x =: bb ; 
whence, by transposition and division, Vox -^ xx =^ 

hb — fl I r 1 

^ : therefore, by squaring again, ax — xx =: 

bb — aY 2 f ^^ — « l\ b^ 
— ^, or x^ — ax = r i-) — L 



b^a a^ , « . / 2aZ>2 _ ^^ ^ 



-, and ^ = — + U = —. + 



2 4 ' 2^4 2 

— s/%a — ! ^2 = 64 = the greater part ; whence a — xztl 
36 = the lesser part. 

PROBLEM LII. 

A grazier purchased as many sheep as cost him 601, out 
of which he reserved 15^ and sold the remainder for 54L 
and gained trvo shillings a-head by them : the question is^ 
how many sheep did he buy^ and xvhat did they cost him a- 
head? 

Let the number of sheep be Xy then if 1200, the 

number of shillings which they all cost, be divided hy x, 

1200 
the quotient, , will, it is evident, be the number 

X 

of shillings which they cost him a-piece ; and so the 
number of shillings they were sold at per head will 

be + 2, by the question ; and therefore this, mul- 

X 

tiplied by :v — 15, the number of sheep so sold, will give 

18000 
120Q + 2x 30, equal to the whole number 

X 

of shillings which they were all sold for; that is, 1170 

18000 
J. 2x = 1080: hence w^e have 1170^; + 2x^ 

X 

— 18000 = 1080;c, 2^2 ^ go,v = 18000, x'^ + A5x =r 

9000, and x = Vy506.25 — 22.5 = 75, the number of 

1200 . . • 

sheep ; and consequently =16 shilling;s, the priqe of 

75 
each. 
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PROBLEM LIIL 

Two coimtry-women^ A and B, betwixt theniy brought 100 
(c) eggs to market; they both received the same sum for their 
eggs ; but A, whd had the largest and best^ says to B, Had 
I brought as many eggs as yoUj I should have received 
18 (a) pence for them; but^ replies B, had I brought no 
more than you^ I should have received only 8 (J>) pence for 
mine :. the question is^ to find how many eggs each person 
had* 

If the number of eggsr which A had be = *•, the 
number of B's eggs will be = c — ;e ; therefore, by the 

j&roi/ew, it will be, c — x\ a : : x : = the num- 
ber of pence which A received ; and asx : b : : c^-^x z^^ 

b ^ C •■"" X • • • 

— = the number 6f pence which B received : 

. X -^> • 

QX b yc c - X 
whence, again, by the problem^ = ; and 

C •■"- X X 

therefore ao(^ =: b x c — xY = *c^ — ^cx + bx^ ; 

flbcx bc^ 
which equation, ordered, gives oc^ + , = \i 

I b^ '^(^ 

from whence x comes out ( = \J — , + = 

^ a — '• 



b 



a 374/2- 



) =: — = 40. But the value of x may* 



a — b a — b 

be otherwis e mor e readily derived from the equation 

ax^ zr, b X c — A^y, without the trouble of completing 
the square ; for the square root being extracted on both 

sides thereof, we have x^ a =c — ;cxVi; whence 



xit/a + x\^br=.c\/b^ and Consequently x =r 

100\/8 100V4 ^^ , « 

= — ' — ' = ^ — 7 = 40, as before. 

V18+V8 V9 + \/4 ' •' 



_ c\^ b 



s/ a + V^ 
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PROBLEM LIV. 

One bought Impounds of pepper^ and as many of ginger j 
cignd had one pound of ginger more for a crown than ofpep- 
per; and the whok price of the pepper exceeded that of the 
ginger by six croxvns .\ how many pounds of pepper had he 
for a crown^ and how many of ginger P 

Let the number of pbunds of pepper which he had 
for a crown be x^ and the number of pounds of ginger 
will be ;v + 1 ; moreover, the whok price of the pep- 

per will be — crowns, and that of the gmger ; 

therefore, by the question^ — — : — = 6; whence 

120;v + 120 — 120a; = ^x^ + 6^, and therefore a^ + .v 
= 20 ; which, solved, gives a: = 4 = the pounds of pep- 
per, and A^ + 1 = 5 = those of ginger. 

PROBLEM LV. 

To find three niimbers inarithmeiicalprogression^wherer 
of the sum of the squares shall be 1232 (a), and the square 
of the mean greater than the product of the two extremes by 
16 (*). 

Let the mean be denoted by ;c, and the common dif- 
ference by y ; then the numbers themselves will be at — y, 
5f, and x + y ; and so, by the problem^ we shall have these 
two equations : 

x — yY + x^ +x +'yJi^ = «, and 

:>^ =z X — y X X + y + b: these, contracted, become 

3x^ + 2y* = fl, and x^ = x^ — y^ +b; from the latter 

' whereof we get y* = ^ = 16; and consqquendy y = 

V ^ = 4 ; which, substituted for y m the former, gives 

Sx* + 2i = flf: whence x^ = — — — , and therefore 

3 

X = -y = 20 ; so that tlie three required numbers 

are 16, 20, and 24. 

For / 162 + 20^ + 24* =5 1232, 
'"^ \20» — 16 X24 =16. 
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PROBLEM LVL 

To find two numbers whose difference sliall be 10 (a), 
and if Q^ {ii) be divided by each qjthem^ the difference of 
the quotients shall also be equal to 10 (a). 

The lesser number being represented by x^ the greatei^ 
will be represented by ;v + a ; and therefore, by the prO'. 

bletn^ — — - = a ; which, freed from fractions, 

X X -^ a 

g^vcs bx + ba ---- bx :=z ao^ + c^x^ that is, ba = ao^ + 
o^x ; whence, dividing by o, and completing the square, 
w e have :^ -f ^^ + \(^ = ^ + ^«^ ; therefore ;c + |.a = 
\/h + ^a*, and consequently x = s/b -f- ^ — ^a = 20, 
the lesaer number : whence a: -f. « = 30, the greater num- 
ber. 

PROBLEM LVIL 

To find two numbers whose sum is 80 (a), and if they 
be divided alternately by each other^ the sum of the quotients 
shall be ^ (*). 

If one of the numbers be x^ the other will be a < — Xj 

X a ' X 

and we shall therefore have -| = b : which 

a — X X 

equation, brought out of fractions, becomes ^ + a^ — 

^ax + x^ =^ abx — bx^ ; and tiiis, by transposition, 

gives 2o<^ + bx^ — 2ax — abx = — c^, that is, 

2 + b X x^ — 2 + b X ax = — (^ ; whereof both sides 
being divided by 2 + ^, we have . x^ >— ax = •— 

— . — - J whence, by completing the square, x^ — ax + 
2 -f- 6 

a^ c^ a^ , ^ P ^-~ 

— = — — 7 ; hence x — ^« = ± v ., 

4 4 2 + b ^ > 4 a+b' 

a fa^ a^ 

and X z=. — ± v — — = 60, or = 20 ; which two 

2^42 + ^' 

are the numbers that were to be found. 

PROBLEM LVIIL 

To divide the number 134 (a) into three such parts j 
that once th^ first^ twice the ^cond, and three times th^ 
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ihirdy added together^ may be = 278 (b)^ and that the sum 
tffthe squares of all the three parts rnay be = 6036 (c). 

Let me three parts be denoted by x^ y^ and 2, respec- 
tively ; then, from the conditions of the problem, we shall 
have these three equations : 

X + y + z :^a, 

X + 2y + Sz := by 

x^ ^ y^ ^ z^ =zc. 
Let the first of these equations be subtracted from the 
second, whence y -j-^z =: b — a, or y = b — a — 2z; 
also, if the double of the first be subtracted from tjhe 
second, there will come out z — x z^b — 2a^ or x'^zz 
+ 2a — bi wherefore, \if be put = ^ — « ( = 144), 
g = h — 2a ( = 10), and ror y and x^ their equaJsy* — 2z 
and z — g'y be substituted, our third equation, x^ + y^ 
+ 22—.^^ yflll become zz — 2gz + ^g + Jf — 4fz 
+ 4>zz + zz = c ; which, ordered, gives z^ — 

-^ '^ X 2 = A~ ; whence, by putting h = 

a ' o ' 

'^ '^ ( = — ), and completing the square, i*?c. z is 

found = — + V ^ — ^ H ( = ^ — ) = 

2^ 6 ^4^ 33^^ 

50 : therefore^ (=/ — ^z) = 44, and :v (= z — g) = 

40. 

PROBLEM LIX. 

t 

A traveller sets out from one city B, to go to another C, at 
the same time tfuxt another traveller sets out from Cfor B ; 
they both travel uniformly ^ and in such proportion that the 
former y four hours after their meetings arrives at C, and the 
latter at B, in nine hours after : now, the question is to find 
In how many hours each person performed the journey. 

D 
B 1 C 

Let D be the place of meeting, and put a = 4, A = 9, 
and X = the number of hours they travel before they 
meet : then, the distances gone over, with the same uni- 
form motion, being always to each other as the times in 
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iirhich they are described, we therefore have, BD : 
DC : : X ^e time in which the fii^ traveller goes the 
distance BD^ : a (the time in which he goes the distaince 
DC) ; and, tor the same reason, BD : DC : : b (the time 
in which the second goes the distance BD) : x (the time 
in which he goes the distance DC) : wherefore, since it 
appears that a: is to a in the ratio of BD to DC^ and b to 
X in the same ratio, it follows that x i ai \ b'. x\ whence 

y^ = ab^ and x = \^ab (=r 6) ; therefore a + Vai = 10, 

and b + \^ab =15, are the two numbers required. 

PROBLEM LX- 

• There are four numbers in arithmetical progression^ 
rvhereoftfie product of the extremes is 3250 (a), and thai 
of the means 3300 (6) .• what are the numbers? 

Let the lesser extreme be represented by y, and th^ 
common difference by x ; then the four required numbers 
will be expressed by i/, i^ + at, w + 2:v, and y+^xi there- 
fore, ^y the questionj we have uiese two equations, viz* 

t/ X y + Sx^ or y^ + 3xy = a, and 

y + X X y + 2Xj or y^ + 3xy + 2x^ = b; whereof 
the former being taken from the latter, we get 2x^ = 

b — a: and from thence x = \l = 5 But, to 

^ 2 

fmd y from hence, we have given y^ + 3xy = a (by the 

first step) ; the|:efore, by completing the square, £sfc. y = 

a + -^ — — = 50 : and so the four numbers- are 50^ 
55, 60, and 65. ' 

PROBLEM LXI. 



4 



The sum (30) atid the sum of the squares (308) of three 
numbers in arithmetical progression being given ; to find 
the numbers* 

Let the sum of the numbers be represented by 3^, 
the sum of their squares by c, and the common diflFe- 
rence by x\ then, since the middle term, or number. 
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£rt)m the nature of the progression, ^ = /^, or ^ of the 
whole sum, the least term, it is evident, will be ex- 
pressed by b'^x^ and the greatest hy b + x ; and 
therefore, by the queitioriy we have this equation, 

b — v.~l^ +** +^+^1* = c; which, contracted, 
gives 3^ + 2«^ = c; whence 2x^ =z c — S6% and 

^==.jE^i^=^- Therefore 8, 10, and 12, are the 
three numbers sought* 

PROBLEM LXII. 

Having given the stem (^), and the sum of the squares 
(s)y ^f^^y ^v^« number of terms in arithmetical progress 
sion; to f rid the progression. 

Let the common difierence be ^, the first term x -{-e, 
and the number of terms n; then, by the question^ we 
shall have 

y + g + 5^ -f- 2e + :x' -f- 3e . . . . ^ . ;i -f ^^^ = by and 

X 4- ^12+ X + :iigl2+ X -f. 3^1 ^ ...... a -f /z^l 2 = c. 

But (by section io, ^/egu. 4) the sum of the first of these 

progressions is n-x" + — ^^ — ^^^— ^^ — : and the sum of the 
second (as will be shown f urther o n) is = nx^ + 

n . n + 1 . ;vg + -^ ^ g— -^- : therefore oUP 

two equati ons wil l become 

;t,v + . ' = b. and 

^ 2 ' 



n * n -^-A • U7i 4- 1 • e 



2 



nx^ •■{• n •n + 1 . xe + '■ -: = c* 

D 

Let the former whereof be squared, and the latter mul*- 
tipiied by n, and we shall thence h ave 

n^x* + n^ .n + I .xe + — = b\ and 



n^. 7i 4- 1 .'2n-i'l .^ 



.3 



Q 
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let the first of th ese be subtracte d from t he second,, so' 

6 4 

_. ^ n^.^T+T- 2n+ 1 n^^T2Tlis==n*.ir+l X 

°^^ 6 5 — - 

6 4 ^ 24 



; 2n 2 _ ^^jjf+j- • ^ — 1 _ n^ * n* — 1 ; 

^'•» +^•'-24" ~ 12 12 " 

Therefore ^' - ^^^ — 1 - . ^ ^ nc — ^S and e = 
12 

yi ^nc — 12^ / ^ n+ 1 . e\ 

V;^^^T^ ' '^^'^''''^ "" U 2 — y ^^ '^^^^^• 

Example : Let the given number of terms be 6, their 
sum 33, and the simi of their squares 199 ; then, by 
writing these numbers, respectively, for n, ^, and c, we 
shall have e = 1 ; whence x = 2, and the required 
numbers 3, 4, 5, 6, 7, and 8. 



PROBLEM LXIIL 

Tiu^o post-boys^ A and B, set out^ at the same time^frojji 
two cities 500 miles asunder^ in order to meet each other : A. 
rides 60 miles the first day^ 55 the second^ 50 the third^ and 
xso on,, decreasing 5 miles every day : but B goes 40 7niles the 
first day^ 45 the second^ 50 the third^ &c. increasing 5 
7niles every day ; now it is required to find in what number 
of days they will meet. 

In order to havV a .general solution of this problem, 
let the first day's distance of the post A be put = m, 
and the distance which he falls short each day of the 
preceding == d; also the first day's distance of the post 
B = />, and the distance which he gains each dav = e / 
and let x be the required number of days in which they 
meet : then the whole distance travelled by A will be 
expressed by the followin g arithmetical progression : 

m + m — d + m^^2d +m — 3t/, &c. and that of B by 
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jji ^- j& 4. ^ ^- ^ 4. 2^ + /> + 3^, &c. where each pro- 
gression is to be continued to x terms. But the sum of 
the first of these progressions {by sect* 10, ^Aeon 4) is = 

mx — XXX— — x^^ ^^ that of the second = j&x- + 



— ■' ,: therefore these two last expressions, add- 
ed together, must^ by the conditions of the question, 
be equal to 5Q0 miles, the whole given distance ; which 

we will call b^ and then we shall have p + m x x + 

X X X — 1 X e — d . ^ , gx X X ^--X ,, 
^ = b, orfx + ^-t-^ = *, by 

writing f =^ p + tn^ and g'^ze^^d; which equation is 

reduced to gx^ — gx + 2fx = 2i, or x^ -^ x + 

2/3c 2b 

-T^ z=i — ; whence, by completing the square, ^c. x 

comes out = V— + ~ — ^ — — H • But, in 

the particular case proposed, the answer is more simple, 
and may be more easily derived from the first equation 



XXX — 1 X e — d 



p + m X X -j = b i for, e being = d^ 



will here entirely vanish out of the 

equation; and therefore x will be barely = 



p + m 

500 

•: = 5. The same conclusion is also readih'^ de- 

40 + 60 ^ "^ 

rived, without algebra, by the help of common arith- 
metic only: for^ seeing the sum of the two distances tra* 
veiled in the first day is 100 miles, and that the post B 
increases his distance, every day, by just as much as the 
post A decreases his, it is evident, that, between them 
, both, they must tray el 100 miles everj^ day ; therefore, 
if 500 be divided by 100, the quotient 5 will be the 



> 



* 
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number of days in which they travel the whole 5QQ 
miles* 



PROBLEM LXIV. 

Tw9 persons^ AandB^ set out tog-ether from the same ' 
placcy and travel both the same way : A goes 8 miles the 
first day^ 12 the second^ 16 the thirds and so on^ increasing 
4 miles every day; but B goes 1 mile the first day^ 4 the 
second^ 9 the thirds and so on^ according to the square of the 
?iumber of days : the question w, to find how mayiy days each 
must travel before B comes up agatn with A. 

Let (4) the common difference of the progression 8, 
12, 16, &fc. be put = e, and the first term thereof minus 
the said common difference = m, and let the number of 
terms, or the days each person travels, be expressed by 
y : then the sum of that progression, or the number of 

miles which A travels, will be ;c X i» + 5 — 

(by sect. 10, theor. 4). And (by what follows hereafter) 
the sum of the progression 1 4- 4 + 9 • • « « y^, o r t he dis- 

tance travelled by B, will appear to be • ~ — ' ■ ^ ■ ' ' " ■ > 



therefore, by the question^ we have ■ 



»itK^m^mmt^^.m^mmmm,m-^-^mimmtmmmAmm^^ . 



=2 mx + ^^— ^ — '' ; which, divided by x^ and coft- 

^^ ^ A ' 2a^^ + Sa* + 1 ^ ex ^ e . 

tracted, gives 1 — = m + ; whence 

TO g 2 

^ , 3x Sex o . 3e 1 * , 

A^ 4- — — = 3m + — ; and, by com- 

2 2 2 2 * -^ 

, ^ , -^ . 3*' Sex • 9 18ff . 

pletmg the square, ^+— r"'"T6~T6'^. 

9^2 Se 1 , 9 _ ISe 9e* _ 

16 C- ?^ + 2* ~ 2 + "16 16 ■*■ 16 ""^ 



48m -f 1 4. 6^ + 9^\ 48m 4-14- 3^1* ^ 



)= 



16 / 16 



whence 
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n + — — -r = '' ' — , and x = 

4 4 4 

p ' ' * " ■ ^' \ — - s 7, the number of daj^ 

required* 



PROBLEM LXV. 

The sum of the squares (a), and the continual proiktct (A) 
of four numbers in arithmetical progression being given ; 
to find the numbers^ 

Let the common diflFerence be denoted by 2a:, and 
the lesser eictreme by y — 3y ; then, it is plain, the other- 
three terms of the ptx)gre5Sion will be expressed by y — jc, 
. y 4- AT, and y + 3Xy respectively ; and so, by the question.^ 
we have 

y — ^ y + i!~ x Y -^ y + xf -^ y + ^xY = «, and 
y — ox xy — xxy + xxy + 3xz=zb^ 
that is, by reduction, 

42/2 ^ 20a^ = flf, and 

from the former of which ^ = |a — 5aj^ : and there- 
fore z/* = \c^ — ^ ow* -f 25a:* : these values being sub- 
stituted in the latter, we have -j^a* — ^ax^ + 2Sx^ 

— iax^ + 50?i^ + 9x* = A, and therefore :v* — 

= — - — — j . ; whence, by completing the square, 

84 16 X 84 ^ ^ ^ 

^ _ Saof 25€^ . b^ c^ '__ 

84 4 X 84 X 84 ^ 84 84 X 84-' 

84* + a* i_ r o 5a ±\/S4tb+d^ , 

-- — -,— ; therefore xr — = -^ ■ — , and x = 

84 X 84 2 X 84 84 ' 

Jsa + 2VS4b + ^ , . ^/i r-xx . I 

\ L— ; whence y (= Vfa — - 5Ar*J is also 

168 7 V 4 / 

known. 
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PROBLEM LXVI. 



The difference of the means (a), and the difference ofth^ 
extremes (b) of four numbers in continued geometrical pro^ 
portion being given ; to find the numbers. 

Let the sum of the means be denoted by x ; then tixe 

greater of them will be denoted by — — -, and the lesser 

X ■"" a 
by — - — : whence, by the nature of proportionals, it 

wdl be ^- : -^ : : -^ : __^, Ae lesser 

e«reme, and fL=L? : 'i±± , .. fL±g : ^^^\ Ac 

2 2, 2 2x—ia* 

greater extreme: therefore, hy the problem, we have 

?Li-2-L — — ZI — L = if . and consequendy x 4- al^ -— 
2x—2a 2x + 2a . ^ ' 

;e — aY =^2b X x-^a x x + a^ that is, Qx^a + 2c^ =r 
2b X x^ — (^ i whence ;v* = — , and consequently 



lb -i- a 
.v = a Vt --. 



b^Za 



3a 

PROBLEM LXVIL 

The sum J and the sum of the squares of three numbers in 
geometrical proportion being given; to find the numbers. 

Let the sum of the three numbers be denoted by a, 
and the sum of their squares by b^ and let the numbers 
themselves be denoted by x^ j/, and z : then we shall have 

X +y +z :=ia^ 
x^ + !/^ + 2^ = i, 
and ocz = y^. 
Transpose y in the first equation, and square both 
sides, so shall x^ + 2xz + 2^ = a^ — 2ay + y^ ; from 
whence, subtracting the second equation, we have 2xz 
—^y^ = a^ — 2ay + y^ — b: but, by the third, 2xz 
= 2y^ ; therefore ^* = <i* — 2ay + j/^ — b; and conse- 
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quently y = — - — = . Now, to find x 

and 2, y may be looked upon as known ; and so, by the 
second equation, we have given x^ -{- z^ t=z b — y^ ; 
from whkh subtracting 2xz = 2y*, there arises x^ — 2xz 
+ z^ :=.b — 3t/^ ; w here, the square root being extracted, 

we have <v — 2 = V^ — 3y* : but, by the first equation, 
we have x + z = a — y ; whence, by adding and sub- 
tracting these last equations, there results 2x = a — t/ 4. 

Vb — 32/2/, and 2z = a — y — V^ — 3yy. 



PROBLEM LXVIII. 

The sum (s)^ and the product {p)y of any two numbers 
being given; to find the sum of the squares^ cubes^ biquu" 
drates^ &c. of those numbers* 

If the two numbers be denoted by x and y ; then will 

The former of which, squared, gives xx + 2xy + yy:=zs-; 
from whence subtracting the double of the latter, we have 
x^ + ^* = ^* — ^pt the sum of the squares* 

Let this equation be multiplied by x + y z= s ; so shall 

x^ +xy X X + y +y^ z=s^ — 2spj that is, x^ +p x s+y^ 
= «^ — 2sp (because xy =:zp^ and x + y =zs) ; aad there- 
fore x^ +2/^ = 5^ — Sspy the sum of the cubes. 

Multiply , again, by a: + ^ = * ; then will x* + xy 

X x^ + y^ + y^ ^ s* — 35^/?, or oc^ + p X s^ — 2j& + 

y^ ^=z s* — 3^p (because ;)c* + t/* = ^ — 2p). Conse.- 

quendy x^ +y^ =:s* — 4fS^p + 2/i^, t/^e sum of the btqtta- 

drates. 

Hence the law of continuation is manifest, being 

such, that the sum of the next superior powers will b? 

always obtained by ijiultiplying the sum of the power$ 

last found by 5, and subtracting, from die product, the 

sum of the preceding ones multiplied by p. And thus the 

sum of the wth powers, expressed in a general i^anner, 

71 — — 3 n — • 4« 
wmhe s^ -^ns^'^^p + n . . s'^^p^ — n . . 
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PROBLEM LXIX* 

The sum of the sqttares (a), and the excess (J>) of the 
product above the sum qftwo numbers being given ; to find 
the numbers* 

Let the sum of the numbers be denoted by s^ and 
their product by r : then the sum of their squares will be 
s^ — 2r (by the last problem)^ and we shall have r — s 
r=ibj and i^ — 2r = a, whence, by adding the double 
of the former equation to the latter, s^ — 2* = a +2b; 

and consequently s=zV a +2b + 1 +1. From which 
r (=4 + *) is likewise known; and from thence the 
numbers themselves. 



PROBLEM LXX. 

ThesufTL (a), and the sum of the squares (b) of four 
numbers^ in geometrical progression^ being given; to find 
the numbers. 

If X and y be taken to denote the two middle numbers, 
the two extreme ones, by the nature of progressionals, 

will be truly represented by and — . 

y X 

Put the sum of the two means r= *, and their rect- 
an^e = r; so shall the sum of the two extremes 

(XX yy\ 
+ — J be = a — s, and their rectangle also = r 

(by the nature of the question). But (by problem 68) 
tne sum of the squares of any two numbers whose 
sum is Sj and rectangle r, will bp = 55 — 2r ^ and, for 
the sftme reason, the sum of the squares of our other 
two n umbers (whose sum is a — 5, and rectangle r) will 

be =za — s\ ^ — 2r. Therefore, by adding these aggre- 
gates of the squares of the means and extremes together, 

we get this equation, viz. «* + « — ^] * -^ 4r = *. 
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*/* 

Moreover, from the equation, -f -). ^ = ^r — - ^ 

y ^ ' 

we get ^' + y* = ocy X a — s^r x a — si \mt{bythe 
^ameprobmju9ti now quoted) x^ + y^^s^ — 2sr ; therefore 

s^ 
^3 — 3^^ = ar — sry or r = ; which value be- 

iflg substituted for r, in the preceding equation, we 

nave s^ -^-a — s\ : = b. This, solved, cives 

'2s+a ° 

s = \J — m — L - — _ — : whence every thing else is 
i;eadily found. 



PROBLEM LXKJ. 

The sum (a) and the sum of the squfires (Ji) of Jive num^ 

ters^ in geometrical progrernQnt being given ;^ to Jind the 
numbers. 

Let the thrjse middle punibers be denoted by Xy y, 

XX zz 

and z : then the two extreme ones will be — and — ; and 

y y 

therefore we shall have 

— +^ +y +2 +rrr- = a, I i 

y ^4 f-h^e question. 

* ■ XX 5!^ 

Put ^ + 2 = w ; then, by the first equation, — ^ 

y y 

= a — u-^ y. Wherefore, seeing the sum of the two 
extremes is expressed by a — w •— z/, and their rectangle 
J>y y* (*^^ theor* 7, sect. 10 ), the sum of their squares will 

(by problem 68) be = a — u ~yX — ^V^ J ^^i 5i^ t^^ 
very ^aijie m^mer, the sum of the scjuares of the two 
terms {x and z) adjacent to th^ middle one (if) will be 
= M* — 2i/^. Whence, by substituting these values, 

our equations become ^ + w + v = ar, and 



«% 
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•v^ 

a — u — e/l* — 2e/* + w* — 2y» + j/* = i ; which, by re- 
duction, are changed to 

aa — 2ai/ — %ay + 2wtt + 2wy — 2yf/ = by 
and <W — 2/w — wy + yy z=,0^ 
To the former of which add the (K>uble of the latter;" 

so shall aa — 2at/ = h ; and therefore u = . — • 

2 2a 

From whence, and yy + a — uxy = uuy the value of y 



(=>/;;;:7^'-^-=-«)isu 



, __ likewise given. 

PROBLEM LXXII. 

The sum (a), the sum of the squares (b\ and the sum of 
the cubes (c), of any four nunibers in geometrical proportion 
being given ; to find the numbers. 

Let half the sum of the two means be x^ and half their 
di£Ference y ; also let half the sum of the two extremes be 
z^ and half their difference v, and then the numbers 
themselves will be expressed thus, iz — », x — y, ^ + y^ 
2 + » : whence, by the conditions of the problem, we 
have ' 



■V 



*-\-x 

3:1" 






2 — wX2-f» = cv — y X x+y (theon 1, p. W) ; which, 
contracted, are 

22 +2je =:a, 
22« + 2©« +2;^ + 25r« =6, 
22^ + 6zv^ + 2:k^ + 6xy^ = c, 
z*-— ©*= ^ — yK 
Let AC* — 2* + D*, the value of t/^, in the last of these 
equations, be substituted instead of y', in the two preced- 
ing ones, and we shall have ' 

22» + 2i;« + 2;t* + 2;v« — 22^ +2v* = *, and 
22^ + 62V* + 2x^ + 6;t^ — 6a'2* + 6xv^ = c ; 
which, abbreviated, becfime 
4fX^ + 4fV^ = b, and 

22^ + Sx^ — 6;c2* + 6x + 6z X v* = c. 
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' Sri.-. 

Let ^b — :v*, the value of v^j in the former of these^-raj^ 
equations, be -substituted, for its equal, in the latter, 

and we shall next have 2z^ + Bofi — 6xz^ + 6x + bz x 
\b — .V* = c ; moreover, if for 2, in the last equation, 
its equa l ^a — ^ be subst ituted, t here will come out 2 x 

\a — xY + Bx^ — ^x X i<^ — ^- P + 3a X 1^ — xx'=:Ci 

o? ' Sab 
that is, 6ax^ — ► Sc^x + — -| == c ; therefore x^ — 

4 4 

€ix c b c^ J - a 

— = — — — — — : and, consequently, ^ = — — * 
2 6a 8 24' > ^ ^» 4 

(k/— — f* — % whence, 2, v. and y are likewise 

known* 

The same otherwise* 

Let the sum of the two means = ^, and their rect- 
angle = r 5 so shall the sum of the two extremes = a 

— *, and their rectangle also = r (by the questiori) : 
from whence, and prob. 68, it is evident, that the sum 
of the squares of the means will - he = .«* — 2r, and 

the sum of the squares of the extremes = a — *"J* 
.— 2r ; also, that the sum of the cubes of the means 

will be = *^ — f 3r«, and that of the extremes = a — *1^ * 
> — 3r X a — *: by means whereof, and the conditions 
of the problem, we have given the two following equa- 
tions : 

^ — 4r = b, or, 2«* — 2a«-— 4r = J— -aa; 

— 3ra = c, or 3as^ — Sc^s — 3ar = c -— 



>2 



VIZ. sr + a — s 



and s^ + a — s 

a* : divide the former by 2, and the latter by 3a, and then 

subtract the one from the other, so shall r = — — (- 

' 6 2 

— , whence the value of 5 ("= 

3a ^ 2 

~ ^^ + ^^ + T' *y ^^ -fi^^^ equation) is also 
* 4 



4 






given, being (when substitution is made) :=: ^ Ji 
Ida b 2c 



PROBLEM LXXIIL 

Having' given the sum (a), and the sunt of the squares 
(6), of any number of quantities in geometrical pfog-f^sicfn,' 
to determine the progression* 

Let the first term be denoted by x^ the commcfli r^fi& 
by 2, and the given number of terms by n : then, by the 
conditions of the problem ^ we shafl have 

X + xz + xz^ + xz^ + xz^ . . . + ATZ**"** = tr, 
x^ + ix^z"" -f »?z^ + 0(^Z^ + x^z^ • • • + x^z^"*^ = b. 
Multiply the first equation' by 1 — z, aiid the Second by 
1 — z^ \ so shall 

ae — .r9'.» rr:: a V 1 — 2, ahd 

Divide the latter of these by the former ; whence will 

b ■ 

be had x + xz^ = — x 1 + 2 : let thi^ equation aiid 

a 

the first be now multiplied cross-wise, into each other, 
in order to exterminate x ; so shall a X 1 + 2'' ±e 

b :- , 

— Xl+2Xl+2+2^+2^ . . . Z^-K 

cr ' ■ 

If Ti be an even number^ put 2^ = fi ; then our last 
equation, when multiplication by 1+2 is actually 

aa ' ' 

made, will stand thus, -_ x 1 + 2^^ = 1 +22+22* 

b 

. . . . + 22^^-2 + 22=^-1 + 2^; which, divid- 
ed by 2% becomes — - + -^-+2'"== f- + 

/ ' ft ^ 2"» 2*" 2"*^* • 

-|r2 . • . • + 4 + — + ^ + 22 +22^ +2zr^ 

Z^^ 2^ 2 




jj^ gjjTO^i j^ «»», ; Let ^. be now puJ/. («.. — + fe) as 

flie Aim* of the halves of the two teiUis 6f th^ series 
adjacent to (2) the middle one; then, the rectaKigle of 
these quantities being 1, the sum of their squares (or 
half the sum of the two terms of the series next to 
those) will be = ^ ' — 2 \by problem 68) ; and the sum 

(-r + »^) of half the two next terms to these last = 
.5'— ,35j&c. &c. 

Hence, by making e/ = — , and putting the 

value of — +2"* {as expressed in the said problem 68) 

= Q, and then substituting above, £g^c» our eg iia- 

tion becomes dOi 2= 1 4- ^ + *^ — 2 + «^ — - 3^ + 

^ — , 4^2 -f. 2, &c. continued to m terms ; whence the va- Jt 

lue of s may be determined. ■ 

Thus, let n, the number of terms given, be four 5 

1 

then m being = 2, Q (= — + 2*) will be 5^ * — 2 ; ^ 



Sttid dtu* eqtlatloh Will, here, be if X ^ -^ 2 = 1 + ;?. 
If n be = 6, Q (= 4- + 2:^) will be = ^^ _ 3^. 



2' 



and we fehall have d x s^ — 3s = 1 +*.f^ — 2g= 
s^ ^ s-^l ; and so in other cases, where n is an even 
number* 

. ffnbean odd number^ put 2m = n — 1 5 and let bojh 
sides of the equation 

a X 1+2" = — X 1+ 2 X 1 + 2 + 2* . . . 2«^^ 

a 

be divided by 1 + z ; so shaU 



b 



**- " „^ 



ll><4-a + 22-22...-2*-*+2"-^a»- Xl +2 + 2*- -+2 

d 

(because T+7x 1 — 2 + 2* — 2^ + a*..; — 2"-* + »^ 
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1 4. ^»») : whence, by transposition, and substituting rnj 

a — A x'l + 2* + 2^ . • . + z**" = a + ~ X 
a a 

'. ■ ^^ ^ I) 

2 -f 2^ 4- 2* . • . a^^*"-^ j put -^ = c ; arid let 

aa — b 

* 

the whole equation be divided by a X 2*" ; then will 

a 






f- 1 . . . -f Z*"^ + 2"^-* + 2*» = 



C X ; + -^=3 . . • + Z**^ + 2*^^ 

Now, if m be an even number, the powers of 2 in the 
former part of the equation will be the even ones, and those 
in the latter the odd ones : but if /» be an odd number, 
then vice versa. 

In the first case, our equation may be written thus : 
i- + -i-.,.+l. + 4 + 1 +2* +2^ • • • + 2"^^ + 2^"" = 

gm ^ gm-2 ^g.4 ^ z^ 

C X -i-T + -i-^ . . • + 4 + — +2J +2^ • • • 2"*-^ + 2*^^ 

- zT^^ z"*^ ^ 2^ 2 

# 

Where, since h2=«, -- + 2* = «2.^2 j.2j» 

2 2* 2^ 

— ^» — 35, -- + 2^ =r 5* — 4s* + 2 j &Pc, we shall, by sub- 

stituting these values in each series (p roceedin g from the 
middle both ways) ha ve 1 + «* — 2 +s^ — 4« + 2 + Sfc. 
= c into * + 5* — 35 + ^^» 

But, in the second case, where m is 201 odd num- 
ber, and the even powers of 2 come into the second series^ 
vrc shall, by the very same method, have 

* +s^ — Ss + s ' — 5s^ + 5s + &?(:• = c ipto 1 +5^ — 2s 

+ «* ^ 4^ + 2 + Sf c. 
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In both which cases the terms are be so izt conti- 

nued, that the exponent of s^ in the highest of them, 

„ ,— _. "I 
may be = — - — . Thus, if n, the given number of 

(71 "*" 1 \ • 

— - — j being =1, the equa- 
tion belongs to case 2, and will be « = c, barely. If 
71 = 5, then m z=2; and therefore 1 + ** •^— 2 = c^, 
or 5* — 1 = r^, bif case 1. If w be 7, m will be 3 ; 

and so s 4- s^ — 3* = c X 1 + ** — 2, or ^ — 2* = 
e X s^ — 1 1 ^^ case 2. Lastlv, if n = 9, then m == 4, 
and therefore 1 +ii^ — 2 -|- 6'^ — 4a^ + 2 = c x ^ 4- ^^ — 3^, 
or y* — 3^ + 1 = c X «' — 2*, ^y case 1. 

PROBLEM LXXIV. 

Having given the sum (a), and the sum of the cubes (i), 
of any number of terms in geometrical progression ; to de^ 
termine the progression* 

By retaining the notation in the last problem, and pro- 
ceeding in the same manner, we here have 

ijiz=z X + xz + xz* . . • + xz^*^^ = , and 

b=:X^ + X^2^+ X^Z^... +X^Z^^z=: ZZL. Zl (by 

Z ■ A 

theorem 8, sect. 10). 

Divide the last of these equations by the former, so shall 



a z^ — lxz^—l 2* +2 + 1 



2;3 1 2*" — 1 

cause =2^+2 + 1, tod = 2** + 

2 — 1 2» — 1 

25* + 1). Let this equation, and the square of the first, 
if := x^ X -T — , be now multiplied, cross- 

2* — 2z + 1 

wise, in order to exterminate x; whence will be had 

b 2*» — 22« + 1 , 2«« + 2n + 1 , . , 

— X -^— • = o^ X — s— ^- ■^- • which, 

a2*— 22+1 '^2« + 2 + l ' 



tb^i umneraitors, being 4wded by,»% md the dmtmmi^^^ 

^ X = O* X ^rrft Put (jfi^aE 

. I 1 ! -.-.:, n 1 j _ 

Z 2 +— Z + 1 + 

■ .■> .z ^ z ■ .-, 

bef(Mre) the sum of s and — =n ^; liien, their rectfln*-'^ 

• . jj; " '. . '2 .- ..." 

gle 'bring 1, the sum of their* nth powers (z^ + JL 'g* 

Wifl he had in tenas of * {J^T^f^ pfeblem 68), whiclr^ 
sum let be denoted by S ; so. shaH our equatioti becom€^ 

if X = a^ ^ 2l — : whence the value of ^s^ 

s — 2 ^ -f 1 

may, in any case, be determihed. * ' 

Thus if \(7i) the giyea number pf terms be 3 ; thecr- 

S (die sum of the cubes of z aiid — ) being = ^^ ; im^ 

z . , -* 

we h^LVtbX ' r^ = a* X . . : tha* 

is, by divisien, A x ** 4- 2j 4- 1 s= /i' ^ '^ "^ . .^ 

If the number of terjns be 4; then will S = 5* -« 

45^ + 2 ; and therefore ^ x = ^^ X -; 

which, by ^an acdji a! division of the numerators, is re- 
duced to ^ >c s^+^^ .= g^ x ^'^ — s^ — 3* -f- 3. 

Again,'taking*n r= 5, we^aye S = 5* -^ 5s^ + Ss-, 

and therefore b x — • ^- — = « X 

S"^ Z • S 4 1 

which, t^ y division, is reduced to h X *^ + 2j»^ -r- 6^ r--^2s + 1 

== q^ X s^ — *^r-46'^ + 4a- -f 1 : and so of others; 
where it may be observed, tliati the values of S — -2, 
md S + 1, win be always diyisible by their respective 
denominators, except the latter, wheii n is aeither 3, qr 
a multiple of 3. 
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PROBLEM LXXV. 

Ths sum of any rank of quantities (a + b +c +d + 
€ + &c.) beir^ given = P, the sum of all their rectati- 
^ks (ab -f ac + ^^t &c« +• ic + bd^ &c. + cd^ &c.) 
= Q, the sum of all their solids (abc + abd + abe^ &c« 
«f- acd + ace^ &c. + bcd^ &c.) = R, &c« &c» it is pro- 
posed to determine the sum of the squares^ cubeSj biqua- 
drates^ &c. of those quantities* 

'p =: b + c + dy £sPc. =s sum of all the quan- 
tities after the first (a), 
q =zbc +bd+ bey &c. + cd + ce^ &c. = the sum 
Put^ of their rectangles, 

r = bed + bcej &c. + cde^ &c. = the sum of 
their solids« 

Then will P = a + j&, 

Q,=^pa + qj 

R = ya + r, 

S = ra + *, 

T = 5a + ^, &c. 
By squaring ihe first of these equations, we have 
P* = a^ + 2ap + p^ ; from whence the double of the 
second being subtracted (in order to exterminate 2ap)^ 
there results P* — 2Q = a* + /* — 2q. Where 
pa — 2Q expresses- the true sum of all the proposed 
squares a^ + b^ + c^ + d^ &c. ; because, all the 
quantities a, by c, dy &c. being concerned exactly alike 
in the original, or given equations, they must neces- 
sarily be alike concerned in the conclusions thence de- 
rived ; so that if substitution for p and q were to be ac- 
tually made in the equation P* — 2Q = a^+ p^ — 2y, 
here brought out, it is evident that no other dimensions 
of by c, d^ ey &c. besides the squares, can remain there- 
in, as no dimensions of a, besides its square, have place in 
this equation. 

In order to find the sum of all the cubes, 
put A ( = P) = a +p = sum of the roots, 
and B ( = P^ — 2Q) := c^ + p^ — 2y = sum of the 
squares ; then, by multiplying the two equations together, 
we have PB = «^ + pd^ + p^a — 'Hqa + p^ — 2pq. 

S 
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From whence (to exterminate />a*, the next inferior 
power of a after the highest, a^) let QA = pc^ + 
p^a -^ qa + pq (the product of the equations Q and A) 
be subducted ; and there will remain PB — QA = 
a' — ^qa + p^ — Spq. To this last equation (in or- 
der to take away the next inferior power of a) add 
three times the equation R = ya + r, so shall PB — 
QA + 3R = c^ + p^ — 3pq + 3r. Prom whence 
it is evident that PB — QA + 3R must be the re- 

S[uired sum of all the cubes a^ + b^ + c^ + d^ &c* 
or reasons already specified with respect to the preceding 
case. 

To determine -the sum of the biquadrates, put 
C = fl^ + p^ — Spq + 3r = the sum of all the cubes ; 
then multiplying by the equation F =:^ a + p (as be- 
fore)j we get PC = a* = pc^ + p^a — Zpqa + Zra + 
p^ — Zf'q + Zpr. From which (to exterminate pc^) 
subtract QB = pc^ + p^a — 9,pqa + qc^ + ^q — ^q^ 
(the product of the equations Q and B) : so shall 
PC — QB = a* — qc^ — pqa + 3m + j&* — ^fq + 
3j&r + 29'2. tQ ^-g ^jj R^ = ya« + pqa + ra + rp; 

then will PC ~ QB + R A = a^ + 4ra + p^ — 4fp^9 
+ 4pr + 2q^ : lastly, subtract 4S = 4ra + 4*, so shaU 
PC _ QB + RA — 4S = a* + /^* — 4>p^q + 4j&r + 
2^2 — 4^ = D, the sum of all the biquadrates. 

In like manner (the last equation being, again, mul- 
tiplied by P = a + /'i the preceding one by Q = pa 
-f- J', &c. &c.) the sum of the fifth powers will be 
found = PD — QC + RB — SA + 5T : from 
whence, and the preceding cases, the law of continua- 
tion is manifest ; the sum (F) of the sixth powers being 
PE — QD + RC — SB + TA — 6U ; and the sum 
(G) of the seventh powers = PF — QE + RD — 
SC + TB — U A + 7W, &f c. &fc. 

But, if you would have the several values of B, C^ 
D, E, £s?c. independent of one another, in terms of the 
given quaiitities P, Q, R, S, T, i^c. then will 
B = P2 — 2Q, 
C == P3 — 3PQ + 3R, 
D = P* — .4P2Q + 4PR + 2Q2 — 4S, 
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E = P* ~ 5P*Q + 5P2R + 5PQ^ — 5PS — 5QR 

+ 5T, &fc. £s?c. which values may be continued on, 
at pleasure, by multiplying the last by P, the last but 
one by — Q, the last but two by R, the last but three 
by — S, i^c* and then adding all the products toge- 
ther ; as is evident from the equations above derived. — 
These conclusions are of use in finding the limits of 
equations, and contain a demonstration of a rule, given 
for that purpose, by Sir Isaac Newtfin^ in his Umversai 
Arithmetic* 



SECTION XIL 



Of the Resolution of Eqimtions of several 

Dimensions. 

BEFORE we proceed to explain the methods pf re- 
solving cubic, biquadratic, and other higher equations, it 
will be requisite, in order to render that subject more clear 
and intelligible, to premise something concerning the ori- 
gin and composition of equations. 

Mr. Harriot has shoAvn how equations are derived by 
the continued multiplication of binomial factors into each 
other; according to which method, supposing Ji" — a, 
X — bj X — c, X ^-^dj &c. to denote any number of such 
factors, the value of x is to be so taken, that some one of 
those factors may be equal to nothing : then, if they be 
multiplied continually together, their product must also 

be equal to nothing, that is, x — a x x — b X x — c x 

X — t/, &c. = : in which equation x may, it is plain, be 
equal to any one of the quantities, a, ^, c, <f, &c. since any 
one of diese being substituted instead of Xj the whole ex- 
pression vanishes. Hence it appears, that an equation 
may have as many roots as it has dimensions, or as are 
expressed by the number of the factors, Avhereof it is sup- 
posed to be produced. Thus the quadratic equation 



r — <7 X »v —- ^ = O or X' 



jY X + ab =0, has 
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two roots, a*and b ; tiie cubic equation x' — a X x — bX 



X' 


— . 


c = 0, 
— a-) 


or 




ab 


•x^ 


+ 


z'l 


«» 


+ 


ac 
be 



} 



;c -- abc = 0, has three roots, tz, ft, 



and c ; a nd the biquadratic equation, x — a X x — b X 
x-^c X X — rf=0, or 

has four roots, a, ft, c, and d. From these equations it is 
observable, that the coefficient of the second term is al- 
ways equal to the sum of all the roots, with contrary 
signs; that the coefficient of the third term is always 
equal to the sum of their rectangles, or of all the pro- 
ducts that can possibly arise by combining them, two 
and two; that the coefficient of the fourth is equal to 
the sum of all their solids, or of all the products which 
can possibly arise, by combining them three and three ; 
and that the last term of all is produced by multiply- 
ing aH the roots continually together. And all this^ 
it is evident, must equally hold good, when some of the 
roots are positive and the rest negative, due regard 
being had to the signs. Thus, in the cubic equation 



X — a X X — ftx^ + c = 0, orA-^-f — ftV:v2 + 



+ ab'\ 

*^^ac>x 
— .ftcj 



zn 

+ cj 



+ abc = (where two of the roots, a, ft, are 



positive, and the other, — c, is negative, the coefficient of 
the second term appears to be — a — ft + c, and that of the 
diird, ab — ac — ftc, or ab + ax — c + ft x — c, con- 
formable to the preceding observations. Hence it follows, 
that, if one of the roots of an equation be given, the sum 
of all the rest will likewise be given ; and that, in every 
equation where the second term is wanting, the sum of all 
the negative roots is exactly equal to that of all the posi- 
tive ones ; because, in this case, tliey mutually destroy 
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each other. But when the coefficient of the second term 
is positive, then the negative roots, taken together, ex- 
ceed the positive ones. But the negative roots, in any 
equation, may be. chknged to positive ones, and the posi- 
tive to negative, by changing the signs of the second, fourth, 
and sixth terms, and so on, alternately. Thus, the fore- 
going equation 



+ cj — dcj 



(cc^a X vi — bxx -^-c =) Ar*+ — ^Vjv^ — ac^x-^ 

+ cJ — dcj 
ahc 3= 0, by changing the signs of the second and foiuth 

terms, becomes :v* + +h\x^ ^^ ac\x — ahc = 0, or 
— c J ' — hc\ 

X -^-a X oc •\' h X X — e=t:0; where the roots, from 
-f a, + ^, and — c, are now become — - ^, — h^ and -f. c. 
Moreover, the negative roots may be changed to positive 
ones, or the positive to negative, by increasing or di- 
minishing each, by some known quantity. Thus, in the 
quadratic equation 5f* -f- 8:v + 15 = 0, where the two 
roots are — 3 and — 5 (and therefore both negative) 
if 2 — 7 be substituted for x^ or, which is the same thing, 
if each of the roots be increas ed by 7, the equation will 

become % — tY + 8 X 2 — 7 + 15^0; that is, 2^ — 

62-f-8 = 0, or2 — 2 X 2 — 4 = 0; where the roots 
are 2 and 4, and therefore both positive. This method 
of augmenting,' or diminishing the roots of an equation 
is sometimes of use in preparing it for a solution, by 
taking away its second term; which is always perform- 
ed by adding or subtracting ^, |, or ^ part, &fc. of the 
coefficient of the said term, according as the proposed 
equation rises to two, three, or four, &fc. dimensions. 
Thus, in the quadratic equation x^ — 8^^ -f- 15 = OT, let 
the roots be diminished by 4, that is, let ;^ — 4 be put 
= 2, or a: = 4 -f. 2 : then, this value being substituted 

for ^, the equation will become 2 -f- 4p — 8 X 2 + 4 -f- 
15 = 0, or 2* — 1 = ; in which the second term is 
wanting. 
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Likewise, the cubic equation z^ — az^ + te •— c = O, 
by writing x •=. h 2> ai^d proceeding as above, 

+ 41 + i^^l 

will become ^* 1^^^+ — c VrsO; and so of 

others. 

Hence it appears, how any adfected quadratic may be 
reduced to a simple quadratic, and so resolved without 
completing the square ; but this by the bye. I now pro- 
(ieed to the matter proposed, viz. the resolution of cubic, 
biquadratic, and odier higher equations ; and shall begin 
with showing 

How to determine whether sotne^ or all the roots of an eqita' 
tion be rational^ and^ ifso^ what they are. 

Find all the divisors of the last term, and let them be 
substituted, one by one, for x in the given equation ; and 
then, if the positive and negative terms destroy each other, 
the divisor so substituted is manifestly a root of the equa- 
tion ; but if none of the divisors succeed, then the roots, 
for the general part, are either irrational or impossible : 
for the last term, as is shown above, being always a multi- 
ple of all the roots, those roots, when rational, must neces- 
sarily be in the number of its divisors. 
* Examp* 1. Let the equation x^ — i<x^ — 7;^ + 10 = O, 
be proposed ; then the divisors of (10) the last term being 
+ 1, — 1, + 2, — 2, + 5, — 5, + 10, — 10, let these 
quantities be successively substituted instead of ;c, and we 
shall have, 

1 — 4 — 7 + 10= 0, therefore 1 is a root ^ 

— 1 — 4+ 7 + 10=12, therefore -*- 1 is no root ; 
8 — 16 — 14 + 10 = — 12, therefore 2 is no root ; 

— 8 — 16 + 14 + 10 = 0, therefore — 2 is another root; 
125 — 100 — 35 + 10 = 0, therefore 5 is the third root. 

It sometimes happens that the divisors of the last 
term are very numerous ; in which case, to avoid trou- 
ble, it will be convenient to transform the equation to 
another, w^hcrein the divisors are fewer ; and this is best 
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effected by increasing or diminishing the roots by a unit, 
or some other known quantity. 

Exampn 2. Let the equation propounded be t/^ — 4y^ — . 
82/ + 32 = 0; and, in order to change it to another, 
whose last term admits of fewer divisors, let ;c + 1 be 
substituted therein for z/, and it will become x^ — 6x^ — 
16;f + 21 = ; where the divisors of the last term are 
1, — 1, 3, — 3, 7, — 7j 21, and — 21 ; which being suc- 
' cessively substituted for x^ as before, we have, 
1 — 6 — 16 + 21 = 0, therefore 1 is one of the roots j 
1 — 6 + 16 + 21 = 32, therefore — 1 is not a root ; 
81 — 54 ■ — 48 + 21 = 0, therefore 3 is another root. 
But the other two roots, without proceeding further, 
will appear to be impossible ; for, their sum being equal 
to — 4, the sum of the two positive roots (already found), 
with a contrary sign (as the second term of the equation 
is here wanting), their product, therefore, cannot be 
equal to (7) the last term divided by the product of the 
odier roots, as it would, if all the roots were possible* 
However, to get an expression for these imaginary roots, 
let either of them be denoted by v, and the other 
will be denoted by — 4 — v ; which, multiplied toge- 
ther, give — 4t; — ©^ = 7 ; whence v = — 2 + V — 3, 

and consequently -—4 — v = — 2 — V — 3. Now 
let each of the four roots, found above, be increased by 
luuty, and you will have all the roots of the equation 
proposed. 

When the equation given is a literal oncj you may 
still proceed in the same manner, neglecting the known 
quantity and its powers, till you find what divisors suc- 
ceed i for each of these, multiplied by the said quantit}% 
will be a root of the equation. Thus, in the literal equa- 
tion, oc^ + Sax^ — AfC^x — 12a^ = 0, die numeral divisors 
of the last term being 1,-1,2, — 2, 3, — 3, &?c. I write 
these quantities, one by one, instead of x^ not regarding 
a ; and so have 

1+3 — 4 — 12 = — 12, therefore a is not a root ; 
— -1+ 3+4 — 12 = — 6, therefore — a is no root ; 

8 + 12 — 8 — 12 = 0, therefore 2a h one of die roots; 
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— 8 + 12 + 8 — 12 = 0, therefore — 2a is another root; 
27 + 27 — 12 — 12 = 30, therefore 3a is not a root; 

—27 + 27 + 12 — 12 =0, therefore — 3a is the third root. 
The reason of these operations i& too obvious to need a 
further explanation. I shall here subjoin a diiFerent w«f ^ 
whereby the same conclusions may be derived, from Sir 
Isaac Nexvton^s Method of Divisors ; which is thus : 

Instead of the unknown quantity^ substitute^ successiveb/^ 
three or more adjacent terms of the arithmetical progress 
sion, 2, 1, 0, — 1, — 2 ; a7idy having collected^ all the 
terms of the equation into one sum^ let the guoN%tiiies thtui 
resulting^ together with all their divisors j be placed in. a 
line^ right against the corresponding terms of the progress 
sion 2, 1,0, — 1, — 2; then seek among the divisors an. 
arithmetical progressiony whose terms correspond with^ or 
stand according to the order of the terms 2, 1, 0, — l, «-» ^ 
of the first progression^ and whose common difference if • 
either a unity or som^ divisor of the coeffcient of the highest' 
power of the unknown quantity (x) in the given equatioru 
Jfany such progression can be discoveredy let that term of if 
which stands against the term 0, in the frst progressiony be 
divided by the common differencey and let the quotienty xvith 
the sign + or — prefxedy according as the progression is 
increasing or decreasingy be triedy as abovcy by substituting 
it for X in the proposed equation* 

Thus, let the proposed equation he x^ — xi^ — lO^t' 
+ 6 = 0; then, by substituting successively the terms of 
the progression 2, 1, 0, — 1, instead of Xy there will arise . 

— 10, — 4, 6, and 14, respectively ; which, together with 
their divisors, being placed right against the correspond- 
ing terms of the progression 2, 1, 0, — 1, the work will 
stand thus : 



2 

1 



— 1 



— 10 
— . 4 
+ 6 
+ 14 



1 
1 
1 
1 



2 
2 
2 
2 



5 

4 
3 

7 



10 

6 
14 



5 

4 

3* 

2 



Now, since the coefficient of the highest power (x^^ 
is here only divisible by a unit, I seek, among the di- 
visors, a collateral progression whose common difference 
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Is a umt ; and find the only one of this kind to be 5, 4, 3, 
j2 -; whose diiril tenn standing against the term in the 
£r3t progression, I therefore take and divide by unity, and 
cheo aubstitute die quoUent, with a negative sign, instead 
of jf, and Jherc results — 27 — 9 + 30 + 6 = ; there* 
:f<>re — 3 is^manifestly, a root of the equation. ' 

Again, if the proposed equation were to be 2flr*-^5x" 
■ t .4x— 10 = 0, we shall, by proceeding in the same man- 
*».^r,have 



-10 



.3.6 



3 . £ 



1.3.5. 
1.3.7. 
1.2.3. 
discovt 



10 



— 1 —21 

^ 2 — 54 1 . 2 . 3 . 6 . 9 &c. 
2n which case, J discover, among the divisors, the 
»*c;reasing arithmetical progression, 1, 3, 5, 7, 9; whose 
*^ird term, 5, standing against the term Q in the first 
P*^ogression, being divided by 2, the common difference, 
**»-<ithe quotient (j) substituted for x, the business suc- 
*^*ed3, the positive and negative terms destroying each 
<*tber. 

Moreover, if the equation x* +x* — 29*" — 9;v + 180 
=^ O were proposed, the work will stand as follows : 

-" 1 . 2 . 5 . 7 . 10 . 14 . 35 . rO 12 5 7 

1.2.3.4. 6. 8. 9.12&C. 2346 

2.3.4. 5 . 6 . 9 . 10 &c. 5435* 

2.4.5. 8. lb. 16. 20 &c. 4 3 2 4 
2.3.5. 6. 9.i0.15&c. 5 6 13 

Here are discovered no less tlian foiu- progressions, 
"Vhose terms differ by unity ; whereof the terms cotre- 
«ponding to the term 0, in the first progression, are 3, 4, 
J, aitd 5 ; therefore the two former progressions being 
^ascending ones, and the two latter descending, I try the 
Quantities -f- S, -f 4, — 3, — 5, one by one, and find that 
-diey all succeed. 

And after the same manner we may proceed in other 
cases ; but, in order to tiy whether any quantity thus 
Aund be a true root, we may, Instead of substituting 
^•V X, divide the whole equation by that quantity con- 



2 


70 


1 
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180 


■ — ^1 


160 


— 2 


90 
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ncctcd to x^ with a contrary sign ; for, if the division tef' 
minate without a remainder, the said quanti^ is, mani-^ 
festly, a root of the equation. 

Thus, ih the last example, where the equation, is^ 
x^ ^ oc^ — 29a:* — 9;^ + 180 = 0, the numbers to be 

tried being + 3, + 4,' — 3, and — 5, I first take 3 

and join it to at, and dien divide the whole equation, a^ 
+ ^ — 29a^ — 9;e + 180 (=i O), by x — ^^3, the quantity! 
thence arising, and find the quotient to come out ofi + 
4;c* — 17 X — 60, exactly. Therefore + 3 is one of the . 
roots. - 

Again, In' order to try + 4, the second number, I divide 
the quotient thus found, by ;c — 4^ and there; comes out 
AT* -f 8a? + J5 ; therefore + 4 is another root; : lastly, I 
try — 3, by dividing the last quotient by a? + 3, and find 
it also to succeed, the quotient being x + S* See the ope- 
ration at large. 

;^— 3):c*+ a:^ — 29Ar^— 9:^+180 (;v^ +4A^ — ir;r-^60 
AT*-:— 3;c^ 



+ 4^«. 


— 295f* 

— 12a^ 






« 


^17x^ 


— 9x 
-^Slx 








— 60^ 

— 60Jv 




-f- 180 
+ 180 





4) a;' + 4;t^ — 17x — 60 {x^ + 8;^ + 15 

*y^ - - - j1* v* 

+ 8jc^— \7x 
-f 8a:^ — 32;^ 



-f- \5x — 60 
+ 15a: — 60 

0~ o" 
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i 

+ Sx + 15 
+ 5x + 15 



1S9 











2 


+ 12 


X * jSi 9 ii • ^ • 


6 . 12 


+ 2 


1 


— 9 


1.3.9 




+ 3 





— 24 


1.2.3.4. 


6 . 8 &c. 


+ 4 


1 


— 45 


1 • o • 5 • ^ • 


15 . 45 


+ 5 



As another instance hereof, let there be proposed the 
equation 2x^ — Zx^ + l^x — 24 = O ; then, expounding 
-^ by 2, 1, 0, and — 1, successively, and proceeding as in 
the foregoing examples, we have 

— 1 

+ 3* 
+ 5 

Therefore, the quantities to be tinied being 4 and |, 
r first attempt the division by ;c — 4 ; which does not 
answer: but, trying x — 4, or (its double) 2x * — 3, 
I find it to succeed, the quotient being x^ + 8, ex- 
actly. 

The reason why the divisors, thus found, do fiot always 
succeed, is, because the first progression, 2, 1, O, '—1 is 
not continued far enough to know whether the corres-* 
ponding progression may not break off, after a certain 
number of terms ; which it never can do when the bu- 
siness succeeds. Thus, in the last example,, where we 
had two different progressions resulting, had the operation, 
or series, 2, 1, Ol — 1, been continued only two terms 
farther, you would have found the first of those pro- 
gressions to fail ; whereas, on the contrary, the last (by 
which the business succeeds) will hold, carry on the pro- 
gression, 2, 1,0, — 1, as far as you will. The grounds of 
which, as well as of the whole method, upon which the 
foregoing observations are founded, may be explained in 
the following manner. 

Let there be assumed ^ny equation, as ax^ + bx^ + 
cx^ + dx + e z=z 0^ wherein a, b^ c, d^ and e, represent 
any whole numbers, positive or negative, and let px + q 
<lenote any binomial divisor by which the said expression 
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ax^ + bx^ + cx^ *\' dx + e is divisible, and let the quo- 
tient thence arising be represented by rsc^ + sx^ ^tx -^Vj 
or, which is the same in effect, let ax^ + boc^ + C9^ + 

dx + e •=: px -{- q X r^^ + sx^ + tx + v. This being 
premised, suppose x to be now, successively, (Expounded 
by the terms of the arithmetical progression 2, 1, 0, •— 1^ 
•— . 2 (as above) ; and then the corresponding values of 
our divisor px + y, will, it is manifest, be. expounded by, 

^P +^y P +^'i 9f — P + 9\ ^^^ — 2/? + J', respectively ; 
which also constitute an arithmetical progression, whose 
common difference is p; which common difference (/>) 
must be some divisor of the coefficient (a) of the first 
term, otherwise the division could not succeed, that is, p 
could not be had in a without a remainder. 

Hence it appears that the binomial divisor, by which an 
expression of several dimensions is divisible, must always 
vary as x varies, so as to be, successively, expressed by the 
terms of an arithmetical progression, whose common dif- 
ference is some divisor of the first, or highest term of that 
expression. 

It also appears that the said common difference is al-. 
ways the coefficient of the first terrii of the general divi- 
sor ; and that the term (y) of the progression, which arised 
by taking ;c = 0, is the second term. .Therefore, when- 
ever, by proceeding according to the method above pre- 
scribed, a progression is found, answering to the conditions 
here specified,'the terms of that progression are to be con- 
sidered^only as so many successive values of some general 
divisor, as px + y. Whence the reason of the whole pro- 
cess is manifest. 

After the same manner we may proceed to the in* 
vention of trinomial divfsors, or divisors of two dimen- 
sions : for, let mx^ + p^ + q-t be any quantity of this 
kind, wherein w, j&, and q represent whole numbers 
positive or negative, and let the terms of the progres- 
sion 3, 2, 1, 0, •— 1, ^-2, — 3, be written therein, one 
by one, instead of x ; whence it will become 9m + 3p 
+ q^ 4>?n + 2p + q, m + p + q, y, m — /» + q, 4m — 
2p + ^, and 9m — 3/> + ^, respectively ; where ?n must 
be some divisor of the coefficient of the first term of the 
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given expression ; otherwise, the division could not suc- 
ceed. Hence it appears, 

1% That the coefficient (m) of the first term of the 
divisor must always be some numeral divisor of the co« 
efficient of the first term of the proposed expression. 

2% That the product of that coefficient by the square 
of each of the terms of the assumed progression, 3, 2, 1, 
O, •— 1, •— 2, •— 3, being subtracted from the corre- 
sponding value of the general divisor, the remainders 
(3/» + y, 2p + y, p+ y, y, —p + y, _ 2/> + y, ~ 3/> 
+ y) will be a series of quantities in arithmetical pro- 
gression, whose common difference is the coefficient of the 
second term of the divisor. 

3°. And that the term (y) of this progression, which 
arises by taking ^ = 0, will always be the third, or last 
term of the said divisor. From whence we have the 
following rule. Instead of x in the quantity proposed^ 
substitute^ successively^ four or more adjacent terms of the 
progression 3, 2, 1, 0, »— ^ 1, — 2, •— 3 ; ami from all 
the several divisors of each of the numbers^ thus resulting^ 
subtract the squares of the corresponding terms of that pro-- 
gression multiplied by some numeral divisor of t/ie highest 
term of the quantity proposed^ and set doTvn the remainders 
right against the corresponding terms of the progression 3, 
2, 1, 0, — 1, — • 2, — 3 ; and then seek out a colla- 
teral progression which runs through these remainders ; 
which being founds let a trinomial be assumed^ whereof the 
coefficient of the first term is the foresaid numeral divisor ; 
that of the second term^ the common difference of this col-- 
lateral progression ; and whereof the third term is equal to ' 
that term of the said progression which arises by taking 
;e = ; and the expression so assumed will be the divisor to 
be tried. But it is to be observed^ that the second term 
must have a negative or positive sign^ according as the pro- 
gression^ found among the divisors^ is an increasing or a 
decreasing one. 

Thus, let the quantity proposed be x* — x^ — 5x^ -f 
12x — &; and then, by substituting 3, 2, 1, 0, — 1, 
— 2, successively, instead of x^ the numbers resulting 
will be 39, 6, 1, — 6, — 21, and — 26, respectively; 
>vhich, together with all their divisors, both positive and 
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negative, I place right against the corresponding terms of 
the progressions, 2, 1, 0, ^- 1, — 2, in the following 
manner : 

— 1 . — 3 . — 13 . — 39 

•— ** 1 • •— * 2 • — - 3 • •— "-* ^ 



3 


39. 13.3 . 1 


2 


6 . 3.2 . 1 


1 


1 .— . 1 





6 ? 3.2 . 1 


— 1 


21 . r.3 , 1 


— 2 


26 . 13.2 . 1 



^ 1 . — 2. ~ 3 . — 6 
^1 . _ 3 . ~ r . -^ ^1 
— 1 . ^^ 2 • — 13 . ^ — 26 
Then, firom each of these divisors I subtract the square 
of the corresponding term of the first progression multi- 
plied by unity (as being the only numeral divisor of the 
first term), and the work stands thus : 



3 
2 
1 


— 1 



30. 4.- 

0.— 2. 

6, 3. 

20. 6. 



-6. — 8 10. — 12. — 22 48 

-2 3. — 5. — 6 7 — 10 



+ 

+ 



4 
2 



+ 

— 2 

— 4 
6 



—. 6 
— 3 
+ 
+ 3* 
+ 6 
+ 9 



2. 1. — 1 2 3 6 

2. 0. — 2 4. — 8. — 22 

—2(22. 9 2 — -3 5. — 6. — IT.— 30 — 

Here I discover, among the remainders, two colla<> 
teral progressions, viz* 4, 2, 0, — 2^ ~ 4, •— 6, and 

— 6, — 3, 0, + 3, + 6, + 9 ; therefore the quantity 
to be tried is either at* + 2Af — 2, or at^ -— 3.v -f 3 ; by 
both of which the business succeeds. 

This invention of trinomial divisors is sometimes of 
use in finding out the roots of an equation when they 
are irrational, or imaginary. Thus, let the equation 
given be x^ — 4;c' + So<P' — 4,v — 1=0; and let ;c be 
successively expounded by the terms of the progression 
3; 2, 1, O, and the numbers resulting will be 7, — 3, 

— 1, and 1 ; which, together with their divisors, being 
ordered according to the preceding directions, the ope- 
ration will stand as follows : 



3 
2 
1 




r . 1 .—1 .—7 

3 . 1 . — 1 3 

1 .— 1 * * 
1 . 1 # , * 



—2 8 10—16 

—1 . — 3 . — 5 — 7 

.—2 * * 

1 .—1 ^ * 
Here we have tvvo progressions, — 2, — 

— 8,-5, — 2, 1 ; therefore the quantity to be tried 
Ls either x^ — .v + 1, or jv^ — 3a: + 1 ; but I take the 



— 1 
O 

+ 1 



—8 
— 5 
— 2 
+ 1=* 



1, 0, 1 ; and 
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fii^st, and having divided x^ — 4fX^ + 5x* — 4a? + 1 
thereby, find it to succeed, the quotient coming out 
X* *— . 3;^ ^ X, exactly. Therefore x* — 4a^ + 5x^ — 

^^ + 1 being universally equal to a?* — x + 1 X 

5^ — 3:v + 1, let x^ — :c + 1 be taken = 0, and also 
^^ — 3;^;+ ~1~^ ; from the former of which equations 

weKave»=r fiV— |; and from the latter x =^ ^± 

V^. - Thei;efore The four roots of the given equation 

^^f + ^-TT^ J — V^^vl + Vl"and| — V|7 
whereof the two last are irrational and the two first 
imaginar}% And in the samej manner, the roots of a li- 
t^al equation, as z^ — 4faz^ ^ 5a^z^ -*- 4a^z + tf* = 0, 
lyfafefe th6~^efms are homogeneous, may be derived; for, 
let; ihe roots^ be divided h^ a; that i$, let x be put =i 

1 or ax ts^Zy and then, this value being substituted for 
a 

Zy the iequation will become x^'-^4fX^ + 5a:* -— 4^^ -|- ^ 
= ; from which x' will ht found, as above ; whence z 
( = ax) is also known. . , . 

- Having treated largely of the D[>anner of irtanagTng 
such equations as can be resolved into rational: factors, 
whether binomials or trinomials, I come now to ex- 
plain the more general methods, by which the. roots of 
equations, of ,3everaL. dimensions, are determined; and 
shall begin with . . 

* ■ 

The Resolution of cubic Equations^ according to Cardim. 

If the given equation have all its terms, the second 
teroi must be taken away, as has been taught at the be- 
ginniijg of this section ; and then the equation will be 
reduced to this form : viz, ^ +ax ^=ib \ where a and b * 
represent given quantities. Put \v = y +z\ aiid then, 
tKi^ Value being substituted for y, our equation becomes 

y* + ^y^z + 3y2 ^ + z^ +£t X y + z =: by or y^ + z^ 
+ 3yz X y +z + a X y +/^ = ^* Assume, now, 3i/z 
2=: — a ; so shall the terms 3yz X y +z and a X y + z 
destroy each other, and our equation will be reduced to 
2/* + 2* = b* From the square of which, let four times 
the cube of the equation yz = — ^a be subtracted, and 
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4fl3 



we shall have j/* — 2j/^2' + 2* = A* + m- ; and there- 
fore, by extracting the square root, on both sides, y^ — 



= V^-^ 



1^ + 



27 



which added to, and sul)tracted 



from i/* 4. 2* = i, gives 2y* = ^ + ^^ -f — , and 

35/ 



4^ 



4a* 



22* 



= * _ J^TT^: hence y = A + J^^ZV 
^ ^ 27 ^2 ^> 4 ^27P 



and 2=) — """V ' > ^'^ consequently «■ (= y 



which is CardarC^ theorem : but the same thing may 
be exhibited in a manner rather more commodious for 
practice by substituting for the second term its equal 



^1f ( = 



■^ =E 2, because j^ = — 



T + VT+irl ' ^ . . 

\d). And, this be ing done, our theorem stands thus : 






4 27 



Example 1. Let the equation j/* + 3j/* + 91/=: 13 be 
propounded 5 and, in order to destroy the second term 
thereof , let a: »— 1 b e put = y ; so shall x — l"]* -f. 

3 X :c— iT + 9 X A — 1 = 13, or x^ + 6;c = 20; 

therefore, in this case, a being = 6, and b = 20* we 

■"It i ' 



have ;; ( Y\\ f- — - 



1 

7 



2+\T+i7l 



• ■ - 
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10 + VlCX) + sl^ — ^ =:r =-- = 20,39231* 

1(T+V100 + 8|T 

= 2.732 — .732 = 2 ; and consequently y 



20,39231^ 
(i=:;c — 1) = 1. 

Exam. 2. If the equation given be j/® — 3j/* — • 2z/^ 
— 8 = 0; then, by writing x + 1 for jyS *t will be- 
come ^r+T"|^ — 3 X ir+T]^ — 2X^ + 1 — 8 = 0, 
or :5t' — 5x •=: 12 : therefore, a being = -*- 5 , and 

* = 12, AT will here be equal to 6 + \/36 — Vr "^^ ~ 

— 4 Ti 1,6666, &fc. 

^ — 77 = ^ + 5^6009> + ^ , 

6 + V36 — Vy« 1^ 6 + 5,6009 1 s 

= 2,26376 + ,73624 = 3 ; and consequently y^ 
(=Ar + l)=4: which is the only possibly Value of 
y^ in the given equation. And it will be proper to take 
notice here, that this method is only of use in cases^ 
where two of the three roots are impossible (except when 

^ a^ 
they are equal) ; for — + — being, in all other cases, 

a negative quantity, its siquare root is manifestly impois- 
sible. 

I shall now give the investigation of the same ge- 
neral theorem, for the solution of cubics, by a different 
method ; which is also applicable to other higher equa- 
tions. 

Supposing, then, the sum of two numb.erg, 2 a^d y, 
to be demoted by *, and their product (zy) by />, it 
will appear {from proh. 68, j&. 119) that the sum 6f 
their cubes (z^ -f- z/^) will be truly expressed by *^ — 
3j&5. 

If, therefore, ^ + y'^ be assumed = ^, we shajl also 

have s^ -— 3/?* = h : but, z,y being =/?, or y = -s— , our 
first equation zj + j/^ = ^, will become z^ + ^ = ^ ; 

' Jo 

from which, by completing the square, &?f. % is found 

U 



14e 
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— »' . 4- , ^' whence t/ (sr ir-) is given =n 

; and consequently * ( = 2 + y) 
** + vj^^ — />M ^ 
= 1^ + v^^^ — /»«P + J^ . : which is, 

evidently, the true root of the equation ^ — ^ps = b. 
From whence the root of the equation x^ + izx =: l^ 
wherein the second term is positive, will be given, by 
w riting y for ^, an d \a £ar -^ p; whence x is found 

s= ib +J^+ — ^ — . ■ I u j the same as 
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U + 



W]' 



before^ 



Ibb fl3 

VT +2-7 



In like manner, if things be supposed as above, and there 
s be now given z^ + y^ = b; then, by the problem there ^ 
referred tOy we likewbe have «* — Sps^ + 5p^s = d. 

But the first equation, by substituting — for its equal 



2 



yy becomes 2* + iL =. i : whence 2^® — 62* = — **, 

2* 

2* = I* + V'l^m'p, and 2 =zib + vlW — ^1t ; 
and consequently *(= 2 + 2/ = 2+ -£-) = 



P 



= the true 



^ + S/ibTZ p^]i + ^ : 

1^ + x-ibb^ZTps |t 
root of the equation 5* — 5/»s^ + Sp^s = ^. Which 

by substituting x for «, and — — for p^ gives sd 2= 



T"n5 T 



rU 



root of the equation x^ + ax^ +^a^:v = b. 



=— -=-ii, for the true 
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Generally^ supposing 2" + t/" = ^, or 2« + — = & 

(because t/ = ^), we have z^n _^ ^2'» = — j&»; 

whence 2»» = 4^ + Vi^^ —A", and z = 

^^ 4. Vi^^ — //«]" : therefore * (z + ^J = 2 + il = 

id + V ibb — jb»l» + - -^ ; which 

i^ + V ^bb + //« r 

is the true root of the equation a** — np6^^ + n . 

2 ^ 2 3 ^ 

n — 5 n — 6 71 — 7^. ,. <.^ , ' . ^ \ 
—^ — . —J p^s^ — &fc. (= 2« + i/«) 



This equation, by writing x for *, and — for — j&, 
becomes a;" + flr.x"""^ + — — — . a^^**^ + — ^^^^ . 

3w 2» 3n 4^ ' 

= b'y and its root a? = — + \/ — + — 1 — 

2 ^4 n" I 

T. Wherein the two preceding 



b . /^^ o^ 

2 ^ 4 ^ n« 
theorems are included, with innumerable others of the 
same kind ; but as every one of them, except the first, 
requires a particular relation of the coeffiQents, seldom 
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occurring in the resolution of problems, I shall take no 
further notice of them here, but proceed to f 

The SeMution of Biquadratic Equations^ according to 

Des Qartes, 

Here the second term is to be dfestroyed as in the so- 
lution of cubics ; which being done, the given equation 
will be reduced to this form, x* +' ax^ + ^a: + c = O ; 
wherein a^ A, and c may represent any quantities whatever, , 

positive or negative. Assume «* r^px +qXx^+rx + 8 
ssx^'+ a^ + bx + c ; or, which is the same thing, let 
the biquadratic be considered as produced by the mul- 
tiplication of the two quadratics x^ + px + q ^ O, and ' 
x^ + rx 'i- s := 0: then, these last being actually mul- 
tiplied into each other, we shall have x^ + ax^ + bx^ 

+ c = ^+^|^+ yf-^+^^l^ + y^i whence, 

* by equating the homologous terms (in order to deter- 
mine the vsdue of the assumed coefficients pj q^ r, and s) 
w«. have /> + r = 0, « + y+ pr^=i «, ps + qr :=. bj 
and qs = c ; from the first of which r = — p; from 
the second s +q (=: a ~^pr) =: a + p^ ; and from the 

third 3-^ q fsz — . Now, by subtracting the square of 
the last of these from that of the precedent, we have 

LL 

4y* = a^ + 2ap^ + p^ , that is; 4c = a^ + 2af 

bb ^^ 

-f. ^ — — (because qs z=, c) j and therefore p^ +^ 

2ap^ _ 4r f /^ ^ ^ ' fr^^ which p will be determined, 
as in ei^ample the second, of the solution of cubics; 
Whence s (^=: ia + ip^ + — ), and j' (^= ia + ip^ —' 

b ^^ 

^~) are also known. And, by extracting the roots of 

the two assumed quadratics .v* + px + q z=: O, arid 
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x^ ^ rx + $ :=z 0, we have x^ In the one, = — — dt 

ly ^ -— q ; and, in the other, = •— — ± y -I — s 

= — ± v — — 5, because r = — />• Therefore the - 
four roots of the b iquadratic , x^ + ax^ + bx + c = O , 



are 
2 



and 



-^-^j?^- 



EXAMPLE. 

Let the equation propounded be y* - — 4y^ — > ^ -f 3^ 
= 0; then, to take away the second term thereof, let 
X + 1 = y ; whence, by substitution, x^ ^ - — 6x^ — • 
16;c 4- 21 = O; which being compared with the ge- 
neral equation, x^ '^ + ax^ + bx + c :=: 0^ we here 
have a = — 6, A = — 16, and c = 21 ; and conse- 

: quentlyj&« — 12j&* ~ 4Sp^ (= /'^ + ^^P^ jt 4 } /^) = 

256 ( = 3*). Now, to destroy the second term of this 
last equation also, make z + 4 =: p^ -, and then, this 
value being substituted, you will have z^ — 962 
= 576 ; whenc e, by the method abo ve explained, z 

will be found ( = 288 + \J2SsY — 32^ P + 

— "" ~| t) = 12. Therefore j& ( = 

288 + \288T — 32Y r 

Vz + 4) is == 4, * (= ^ + ^ + — ) = 3, and 
q ( = — -I- ^— — . — J = 7 ; consequently -^ + 

MZr, = s, A _ MZTs =!,_£ + 

^ ^ ' 2 > 4 2 
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— 2 — V — 3 ; which are the four roots of the equation 
x^ — ^x^ — 16a: + 21 ; to each of which let unity be 

added, and you will have 4, 2, — 1 + V — 3, and -^ 1 

— V— 3, for the four roots of the equation proposed ;' 
whereof the two last are impossible. 

And that these roots are truly assigned, maybe easily 
proved by multiplying the equations, y — 4 = 0, y — :- 2 

== O, t/ + 1 — V — 3 = 0, and t/ + 1 + V — 3 = O, 
thus arising, continually together ; for, from thence, the 
very equation given will be produced* 

The Resolution of Biquadratics by another Method* 

In the method of f>es Cartes^ above explained, all biqua- 
dratic equations are supposed to be generated from the 
multiplication of two quadratic ones : but, according to 
the way which I am now going to lay down, every such 
equation is conceived to arise by taking the diflference of 
two complete squares. 

Here, the general equation x^ + ax^ + bx^ + cx + d 

= O being proposed, we are to assume x^ -f- ^x + A*]* 

— B^ + Cy z=z X* + ax^ + bx^ + ex +di in which 
A, B, and C represent unknown. quantities, to be deter- 
mined* 

Then, x^ + iax + A, and Ba: + C being actually involv- 
ed, we shall have 

x^ + ax^ + 2A;v2 # # ^ 

^ * + ia^x^ + a Ax + A^ I := x^ + ax^ + bx^ -i* 

# # _ B2.v2_2BC;c— C^J 

ex +d: from whence, by equating the homologous terms, 
will be given, 

1. 2A + ia^ — B» = ^, or 2 A + ia^ _ ^ _ 52 . 

2*aA— 2BC =c,oraA — c =2BC; 

3. A*— C2 z=:d,or A^ — d z=CK 

Let now the first and last of these equations be multi- 
plied together, and the product will, evidently, be 
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equai to i of the square of the second, that is, 2A^ + 

^^fl _ ^ X A^ — 2^A — d x^aa — b (= B^C*) =5 

i X a^A* — ^acA + c2 ( = B^C^). Whence, denot- 

ing dbie given quantities \ac — t/, and \c^ +d^ X ^aa — b 
by i^ and/, respectively, ther? arises this cubic equation,, 
A^ — ibA,^ + kA — 4/== 0: by means whereof the 
value of A may be determined (as hath been already 
taught) ; from which, and the preceding equations, both 
B and C will be known, B being given from thence = 

V2 A + iaa — b, an4 C = ""Azif. 

^ 2B 

The several values of A, B, and C, being thu s foun d, 

that of X will be readily obtained : for x^ + iax + A^j*. 

~ Bjc + CY being universally, in all circumstances of 
Xy equal to x^ + ax^ + bx^ + ex + d^ it is evident, 
that when the value of ^ is taken such, that the latter 
of these expressions becomes equal to nothing, the for- 
iner must likewise be = ; and consequently 

0^ + ^x + A^^ = ^x + C*!^ : whence by extracting 
the square root on both sides, o^ + ^ax - f A = ± B;^ ± C; 

which, solved, gives ^ = ri- JB — \a^ \\a -;- 4B |^± C — A 

a= ± ^B — ia ± \/^» -^ faB -f. iB^ ± C — A ; eidiibit- 
ing all the four different roots of the given equation, ac- 
cording to the variation of the signs. 

This method will be found to have some advantages 
over that explained above. In the first place, there is no 
necessity here of being at the trouble of exterminating the 
second term of the equation, in order to prepare it for a 
solution : secondly, the equation A^ — ^^A* + >^A — \l 
= 0, here brought out, is of a more simple kind than that 
derived by the former metbpd : and, thirdly (which ad- 
vantage is the most considerable), the value of A, in this 
equation, will be commensurate and rational (and therefore 
the easier to be discovered), not only when all the roots 
of the given equation are commensurate^ but when they are 
irrational 2ixA even impossible; as will appear from the 
examples subjoined. 



M 
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. Exam. 1. Let there be given the equation ;c* -4- 12;c-. 

ir = o. 

/ 

Which being compared with the general equation 
X*' + ax^ + bx^ + ex + d =1 Oy we have a = O, 
^ = 0, c =: 12, and d •=, — IT : therefore k {^iac — d\ 

=: 17, / (ic^ + dx iaa — i) = 36; and consequently 
A3 — j*A2 + iA ~ J/ = A^ + irA — 18 = O; where 
it is evident, by bare inspection, that A =: 1. Hence 

B (= V2A + m-.b) = vT, c (= ^^^) = 
— 12 _ -. n n — 

= = — SV2 ', and ;v = ± 4V2 ± \l— ip SV 2 — 1 



2V' 2 ^ ^ ^ 2 

_ I r: — I 

= ± ^ V 2 T y q= SV 2 -^ . Therefore the four 

2 



roots of .the equation are ^V 2 + \ *— 3V2 — 

iv" "i" — V ~ 3V"2 i, ^ |\/"2 + yj W2 \ 

and — iV 2 — ^ 3V 2 /; whereof the first and se- 
cond are impossible. 

Exam* 2. Let the equation given be x* — 6^^ — 58«* 
-i-114:v — 11 =a 

Here a = — 6, 6 = — 58, c = — 114, an ddf = — = 11 j 

whence /S (iac — d) = 182, / (ice + d X iaa >. — ^) = 
2512 ; and therefore A* + 29 A* + 182 A — 1256 = 0. 
Where, trying the divisors 1, 2, 4, 157, &fc. of the last 
term (according to the method delivered on p. 134) the 
third U found to isucceed ; the value of A being, therefore, 

= 4. Whence there is given B = VT5 ^z=i 5V"a^ 

90 _ 

C = TTTT = 3^3, and :v (= ± JB — i« ± 
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VTV_T_JaB ^+ iB» ±C— A) =±|V3+|± 

Exam. 3. Let there be now proposed the literal equation 3 
Z* + 202^ — sro'z* — 380^2 + n' = 0. ' 

This equation, by dividing the whole by a*, and , ' 
writing X ^ — , is reduced to the following numeral 

one, X* + 2x^ — 37^-* — 38ft' +1=0. If, therefore, 

0, i, c, and d be now expounded by 2, — 37, — 38, and 

1, respectively, we shall here have k (iac — d)=^ — : 
t {id' + d X iac — *■) = 399 ; and, therefore, by sub- | 
stituting these values, 

A= + VA' — snA — «|9 =0. 
or, 2A' + 3rA' — +0A — 399 = O. 
Which equation, by the preceding nu;thods, will be found I 
to have three commensurable roots, J, — ^3, and — 1 
and any one of these may be used, the result, take which 
you will, coming out exactly the same. Thus, by tak- 
ing — 3, for A, we shall have x^ + x — 3 = ±V' 2 X, 
I 4.V + 2 : but , if A be taken = |, then will .v* + ,v -f- 
j = ± V'T X 3a? + 1 : lastly, if A be taken = — 19, then x^. 
+ it — 19 = + eVlO. All which are, in effect, but 
one and the same equation, as will readily appear by 
squaring both aides of each, and properly transposing ; 
whence the given equation x* + 2r' — 37^?* — S8x + 
1 = 0, will, in every case, emerge. And the same ob- 
servation extends to all other cases, where there are more 
roots than one, it being indifferent which value we use ; 
unless that some are to be preferred^ as being the most 
simple and commodious. 

Having given the general solution of biquadratic 
equations by the means of cubic ones, I shall now 
point out two or three particular cases, where every 
thing may be pertbrmed by the resolution of a quadra- 
tic only. 

X 



! 

s 
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These are discovered from ike precediig nqp^a^oni^ 
2A+ia« — * = B* * 

aA — c = 2BC 
andA* — //= C*: '^ 
wherein, if A be supposed = 0» it is plain thjtt Jo* — 
»<^ BS — c = 2BC, and — rf = C»: whence B = 

vSaa — ^, C =s ~-;p==sar «= V— a/I and conseoacnt- 

cc 
ly rf = -J 5 by makmg/= A — iaa* 

Therefore, in this case (wherein d = -—;), the general 

equation a:* + ja x + A = ± B;c ± C, wiS become s(^ + 
iax = ± xV'—f:^ VlITS 

" But, if B A^ supposed sz O ; Aen wiB 2A + i^i* ~# 
=^0, and also aA — c = O; whence A = iA — jtf* 

=: }/•=: — ; and therefore C (=^ VA* — rf) = V^jT— ^r 

ao that in this case (where c = -j^) the general equation 

becomes ;c* -f 4«;c + if =: ± \/iff,^di which, solved, 
^ycsx = ^ia±^JTiJ•^iif±Vi/y—d. 

Lastly, if C be supposed = 0, then will a A — c == 0> 

and A^ — rf = ; consequently A = — = V rf, and 

a 

B (= V2A+ia» — A) :=zyj——f: therefore, in this 

cc c 

case (where d = — ), we shall have x^ + iax 4 = ± 

aar a 



'^ 



From the whole of which it appears, that if c- be 

of* cc cc 

=s -^, or e/, either, equal to — , or to — (/ being ss 
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b *— io^); tlieii, the roots of the given equation, ^ i|. 
ax^ + ho^ + cjc + ^ = 0, may be obtained by Ae resai* 
lution of a quadratic, only, v ^ 

Exam. 1. Let there be given x** — 25 x* + GOat ►— 36 
0. . 



= 0. 



Here^jz .=k>^0,^ = f^ 35, c s 60, and V = — 36; 



cc 



therefore, / (= — 25) being = ^ (=^ -^ ^), 



4d 



we have (-^y co*^ 1) jc* + ia;e = ± a^V — / ^: V— ^/; 
that is, A^ =: ± 5.V qp 6 : which, solved, ^vea ^ = ± f db 

Vy + 6, that is, » ±: I ± I, or A! = ~ f ± } : so that 
3, 2, 1, and •<— 6 are the four roots of the equation pro- 
pounded. 

Exam. 2. Let there be now given at* -f- ^pc^ + 3y*j«* 
+ Sy^A? -— r* sii 0. 

Then, a being =s 2^, & = Sy^, c =5 2y*, and rf is 

— r*, thence will / ( = 4 — . Jaa) = 2f*, and —• ( =& 
' 2 

2^^) = c ; and so (the escample belonging to ca se 2) we 
have A:( = ~i^i + \/ifl 7 --^f ± V^ff'^d) a --}^ 

Exam. 3. Lastly^ suppose there were given the equation 

Here, a being = — 9, A = 15, c = —-27, and cf = 9, 
it is evident that — (= 9)= rf (= 9): therefore, by 

case 3, we have x^ + iax + — = ± ;v\/— + iaa — A; 
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that js^ *« — 45a- + 3 ( si ± :v\/6 + V — • 1^) = * 
"^xx/ 5 : which, Solved, gives 



* = 4 



TTie Resolution of Literal Equations^ wherein the 
given and the unknown quantity are alike q/^ 
fected* 

Equations of this kind, in ivhich the given azid the 
unknown quantities can be substituted, alternately, .fcnr 
each oth^r, without producing a new equation, are al- 
ways capable of being reduced to others of lower dimen- 
sions* In ^rder to such a reduction^ let the equation^ if U 
be of an even dimension^ be first divided by the equal pow^ 
ers of its two quantities in the middle term ; then assuniei 
a new equation^ by putting some quantity (or letter^ equal 
to the sum of the two quotients that arise by dividing those 
quantities one by the other ^ alternately i by means of which 
equation^ let the said quantities be exterminated; whence a 
numeral equation will emerge^ of half the dimensions with 
the given literal one. 

But J if the equation propounded be of an odd dimension^ 
let it be^ first ^divided by the sum of its two quantities^ so 
will it become of an even dimension^ and its resolution will 
therefore depend upon the preceding rule. • 

Exam. 1. Let there be^given the equation x^ — 4aw^ + 
5a2j^ _ j^x + a* = 0. 

Here, dividing by a^x^^ we have — 1- 5 — 

aa a 

4fa , aa ^ , xx ^ aa ^ x a 

_+— =0(or_ + 4x — + — + 5 = 

X XX aa XX ax 

0, by joining the corresponding terms) ; and, by mak- 

X a 

ing 2 = — + — , and squaring both sides, we have 
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also, 2^ = 7 (- 2 H , or 2^ — 2 =? h— 

^^a .jcx* eta xx 

Therefore, by substituting these values, our equa- 
tion becomes. 2* — 2 — 42 + 5'= O, or z^ — 42 =. 

— 3 : whence 2 = 3. But — + — being == 2, wie 

ax 

have ^ — • zcLx = ^— a*; and consequently x =3: jza ± 

Via^z* — aa =z :^ x z ± V zz — 4 == ia X 3 ± V5, 
in the present case. "* 

Exam. 2. X^^ ^A^re ^f 5*iven ar* + 4!ax^ •— 12a*;c' * — 
12(^o<^ + 4a*;c + a* = 0. 

In this case, we must first divide by 5? + «, and the 
quotient will come out oc^ + Zax^ — 15a^Ar* -f- ^c?x + 
^ = O: whence, by proceeding as in the former ex- 

- - XX ^ aa ^ ^ X ^ a ^ ^ ^ 

ample, we have — -J +3x — + — ^— 15=0, 

aa XX ax 

or 2* •— .2 + 32 — 15 =s: O^ and from thencfe 2 = 
VTF— 3 



Exam* 3. Suppose there were given 7x^ — 26flWf* »— 
26a*A: + /a* = 0. 

This, divided by o^a;^, becomes ^ X -j- + -j — 

26 X -J + 75 = 0. Now, making, as before, 2 = 1 — ^ 

we have 2;* — 2 = — + — ; and, multiplying agsun 

by 2 = — + — ^, we likewise have 2* — 22 = -r- + 
^ a x\ c^ ^ 

a X c^ oc^ c^ ' 

' 1 +-?— -T+2i + — ;; and, therefore, 

X a x^ cr x^ 

2^ — . 32 = -r + -T* which values being substi. 

a^ x^ ^ 

tuted as above, our equation becomes / X 2^ — 32 — 
26 X 2* — 2 = 0, or 77^ — 262* ~ 2I2 + 52 = 0. 
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Where^ trying the divisors of the ladt term, which are 1, 
55, 4, 1*3, &fc. the third is found to answer;' 2, ccmse- 
queudy, being = 4. 

Exam. 4. Wherein let there be given 2x'' — 13^?;^' — • 

Here, . dividing, &rBt, by x + a, the quotient will .be 
2^« _ ^ax' — llc^x* + Uc^x^ — lla^x^ ^ ^x 
+ ^^ = ; which, divided again ty o^^, j^^w 

x^ . c^ ^ *■*.«*'-.- *• . « . ^ < 

=5 0, that is, 2 X 2^ — si: — 2 X 2» — 2 — llz +11 
= 0, or 22^ — 22« — 172 + 15 =? Ojjoid.p. 119) : wh^cc 
2 = 3. . ■■-"'.■*..■.■ 

A literal equation may te made' to correspond with* 
numeral one^ by substituting si unit in the room of the 
given quantity Tor letter) : bjoA equations that do not 
«eem, at first, to belong to the preceding class may some* 
times be reduced to such, by^a proper substitution'; tfiat 
is, by putting the quotient of the first term divided by 
the last, equal to some new unknown quantity (or letter) 
raised to tne power expressing the (dimension of the equa- 
tion. Thus, if the equation given be 2x^ + 24x^ — 315;c* 

... ^ 2x^ 
+216^ + 162 = O; by putting = y<, we have x zs Sy : 

AO«^ 

whence, aftcfr substitution, the given equation becomes 
162y^ + 648y3 — 2835i^* + -64«y + 162 = : which 
now answers to the rule, and may be reduced down to 
%' + 8y^ — 35i/» + 8j/ + 2 = 0. 

Of the Resolution of Equations by Approximation 

and Converging Series. 

The methods hitherto given, for finding the roots of 
equations, are either very troublesome and labo- 
rious, or else confined to particular cases ; but that by 
converging series, which we are here going to explain, 
is univer^, extending to all kinds of equations ; and^ 
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thougli not accurately true, gives the value sought, with 
little trouble, to a verj- great degree of exactness. When 
an equatioD is proposed to be solved by this method, the 
root thereof must, first of all, be nearly estimated (which, 
&om the natitre of the problem, and a few trials, may, 
in most cases, be very easily done) ; and some letter, 
or unknown quantitj- (as z) must be assumed, to express 
the difference between that value, which we will call r, 
and the true value (x) ; then, instead of .v, in the given 
equation, you are to substitute its equal, r ± z, and 
there will emerge a new equation, affected only with 
z and known quantities ; wherein all the terms having 
two or more dimensions of z, may be rejected, as in- 
considerate in respect oi the rest; which being done, 
the value of z will be foutid, by the resolution of a simple 
equaiiou ; from whence that of .v ( = r ± z) will also be 
known. But, if this vahie should not be tliouglit sufii- 
cjeutly near the truth, the operation may be repeated, by 
substituting the said value instead of r, in the equation 
exhibiting the value of z ; which will give a second cor- ' 
ration for the value of jr. 

As an example hereof, let the equation x* ■+■ XOa:* 
■^ 50.V = 2600, he proposed : thence, since it appears 
that -v must, in this case, be somewhat greater than 
lO, let r be put = 10, and r + z = x i which value 
being substituted for x, in the given equation, we have 
r" + 3r*z + 3rz» -f- z^ + lOr* + 20rz + lOz' -f- 50r 
-f- 50z = 2600 : this, by rejecting all the terms where- 
in two or more dimensions of z are concerned, is re- 
duced to r' + ar'z -f- lOr* -f- 20rz + 50f -f- 502 = 

„,^ , ^ 2600 — r' — lOr' — 50r 
2600 ; whence z comes out = — — — — — 

= 0.18, nearly: which, added to 10 (= r), gives 10,18 
for the value of x. But, in ortkr to repeat the opera- 
tion, let this value be substituted for r, in the last equa- 
tion, and you will have z = — ,0005347 ; which, added 
to 10,18, gives 10,1794653, for the value of x, a second 
time corrected. And, if this last value be again f 
atituted for r, you will have a third correction of a- ; from 
■whence a fourth may, in like manner, be found ; and 



Itt 
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The manner of apprbxinialmg lulfaeno ex^ained, ^ 
all the ppweirs- of ^ converges quantity ^Sijfter the fim 
* »>e rejected^ oxAy douUes^the niunbef of figuroa al avery 
operation. -But I shall' nbw gire the 'investtgatiOftt m 
, other rules, or formulas^ whereby the number of places 
inay be tripted, quadrupled, and even quintupled, at eVieiy 
operation. ' * 

-Xet thtro'tiie assumed the general equation ast^ «f- hi^ 
4^«? -fAfS 6?e. = / ; 2, as above, being die conves^ 
h^ quaotitv, and a^ b^Cy d^ jScc* ^uch known numbers aa 
ahse by siiDstituting in the original equaticm, after the va^ 
hie.of die required root is nearly estimated^ . 

Then, l^ transposition and divisioOy. we dudl hanre 

=='t---*----r •^ --—-•-»»--.•. £s?Cvfixira by reject* 



9 



a 



a 



mg all the terms after the first,, and writing y =? — , there 

'vill4>€i j^ye z^q\ which value^ tdeing; in only one term 
oif the given series, I call an approximatioh of the first de- 
gree, or order. ■■-''. 
To obtain an approximation of the ;8e€oiid degree, or 
such a one as shall include two terma of tile series^ let die 
value of 2;, found as above, be now substituted in the 

second term -r—, rejecting all the following ones; soshsU 

2=^ Z. =7^-.- ^ which triples the number of 

figi:res at every operation. 

For an approxinwitibo of "the third degree, let thw 
la^t value of 2 b^ now substituted in the second and 
third terms, neglecting every where jJl such quantities 
as. have more uian three; dimensions oi.qiv whence z 



will be had (= y 

\ - 



a aa 



a 



aa " 
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., The mantier of continuing these approximations Is 
sufficiently evident: but thiere are others, of the same 
degrees, difiering in form, which are rather more com- 
modious, and whereof the. investigation is also some- 
what different. . . 

It is ^vfdint from the glv6n equation, that 

== = a + bz+ J + dz^ &c/ ^*'' **''^°'*' *^^^"* 
value of x^ foundas above, ibe substituted in the defi^fti;- 
pa^or, and ^ the terms alter the sepond be rejected, we 

shall have % = — ^-r- = ^-7- ; which is an approxi- 



iXiation of the second degree. 

But, if for z you write its second value, q — -21, 



you will then have z (=^ -— ^.^ .^ >■ ) 



a 
; being ah approkimation of tfie Alrd 



degree. 

Again, by writing a o* + — JII1_ . q^ in the 

room of 2, and neglecting every where all such terms 
as have more than three dimensioils of* q\- yoh will have 

zst - ' ■' ~ "" — f r I " : which" is 

a + bq c .g^-i ud . cfl 

an approximation of the fourth degree. 
•" It is observable, that the powers of the converging 
quantitjr ^, in the former approximalaons^ stand, all of 
them, m the ^ftumerator ; but here^ in the denominator ; 
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but there is an artifice for bringing them alike, into both, 
and thereby lessening the number of dimensions^ widiout 
taking away from the the rate of convergency* 
To begin with the approximation $;.=£ 

— ^ , which is of the thutl degree^ 

be ^ ' 

put ^ ss T- — --- =s the coefficient of the last term of ^ 

denominator divided by that of die last but one ; so shaB 

ft 

iz ==: ^ . , ^ ' ' l ; whereof the numerator and the 
a + bq '^ bs<^ 

denominator, being equally multiplied by 1 + sq^ St 

becomes 2 as . f^ — "^^^ , , r-r-k'- 

a + bq -^ bs(f + asq + bs<f — b^tf 

t)ut, the approximation being only of the diird degree, 

b^(^ may be rejected, an d so we have 

p+pgs a-^-sp.p 

a + b + as .q aa + b + as • p 
In tho same manner, in order to exterminate the third 
dimension of q out of the equation, 

P 

a + bq ''^ c . q^ + — + a . sr 

^ a * aa a * 

put Tt; = -^ 4- fr — ' 2st the coefficient of the last term 

"^ a bb*-^ ac 

of the denominator divided by that of die last but one ; 

then wHl % = ^ * — — l-j— ^ i ^' 

bb » bb g, 

a+bO'^^'^c.q^'i c . W(f 

' a * a * 



— J — J 5 (because ^ = — — ---); 

a + bq — bsq* + bswq^ ■ a o 

whereof the terms being equally multi plied by 1 + wq^ 

Etc. we thence have z s= — —r — ^, o T ^^ — , > » 

a -f ^jr •» bs^ + awq + bivq\ 
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; which is an approxi- 

2+b■^a^o.p■i-xo~8.pp 

1 of the fourth degree, and quintuples the number 
of figures at every operation. 

By pursuing the same method, other equations might 
be determined, to include five or more terms of the ^ven 
series ; but, then, they would be found moffc tedious, and 
perplexed in proportion ; so that no real advantage, in 
practice, could be reaped therefrom. I shall, therefore, 
proceed now to illustrate what is laid down above by a few 
examples. 

Exam. 1. Let the equation given 6ex' + ZOx = 100. 

Here, x appearing, by inspection, to be something 
greater than 4, make 4 + 2 = x: then the g^ven equa- 
tion, by substitution, becomes 28z + z' ~ 4. There- 
fore, in this case, a = 28, 6=1, c = O, &c. and 

* = 4 : and consequently — ( = = 1 = 

*^ ^ '' aa + bp ^ 788 197"' 

0.14213 i which U one approximation of the value of Z. 

But, if greater exactness be required, then s ( -r-) 

being here — , and w ( \. — } = — , we shall, 

according to our two last farmula:, have 



z ( = 



B + |X4 



aa + i> + ds . 
28 + 1 _ 197- 

1386 



28 X 7 + 



p' 28 X 28 + Z X 4 
= 0,14213564, nearly; and 



i 



_ 28 X 4 X 88 + f 



oxaa+^ + av/.p+w—s.pp 28x784 + 12+^ 
26 X 28 + j _ 38 X 198 _ 5544 _ 

y X r96 + V ~ 49 X 796 + 1 " 39005 ~ 
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0.1421356236, more nearly ; which value is true to the 
last figure. 

Exam* 2. Suppose the given equatwn^when prepared for 
a solution^ to be76^z + 482* + z^ ^ -^ 96. 

In this case, a = 768, b ='.48, c = 1, .</.'= Q, p. ;= 

r- 96 -ff r- L\ •— — J- * (^Li^Sji - i -J i. 

^ 1, and T. (= ?*) + ?£=± - 1.-^ ^« - 

' 24 y\ >a' bb — ac-B- 48 X 48 — 7«8 

8 4^ — 16 -32 • •'^ . a + 6 + 0.5 - 

_ — 96 — 96 X —I X ^^T - — • 96 +' I _ -- 191 _ 

768 4- 48 + 32 X— I 5^68 — 6--4 1516 " 

— ai259894, nearly ; or z .= P +P9^ — 

*■•■""■ •' d-^'A + ow^ y + w — s.'bqq 

_ — 96 — 96X — jxA .^ z:21+ T 

768-^48 +72 X — i + ^X^ S^^S — P — 9 + ^^ 

more ticiarly. 

In the same manner the roots of other equations may 
be approached i . but^ to avoid trouble in preparing the 
equation for a splution, you may every where neglect 
all such powefi: of the converging quantity^ 2, as wotilB 
rise higher- than the. jdipgree or order of the approxima- 
tion you intend ta work by. And, further to facilitcMle 
the labour of such a transformation, tjie following ge- 
neral equations of the values oif p^ a^ h^G, d^ &c. may be 
used. .. .- ' : • 

a = « T^ 2iSr + 3yr* + 4^r^, &fc. 

d^^i^^ + S^r +£sPc. 

The original equation being ax •^.|3:v' + yx^ +A^ + tx'^ 
&fc. =? i : from whence, by making r + ^ = a?, the above 
values arc deduced. 



The better to iUuitrate the use o£ what Is hert laid down, 
I shall subjoin . ^btfief exaitt]ple ; .wliefei^ lef there be 
g^vcn x' + ^f -jh ^ + 4ix^ + Sx (fXF ike ^ ^M^ + Sx^ + 
^x^ + ^*) sr;54421 i to, find *•,< by an ^j^roximation of 
the second degc^. ' t . „. 

- In this'casc;^ k being'^=: 54321, u = 5, jl t= 4, y ==3, 
^ = 2, and * .=i'l, we have 

/»s= 54321 >-* Sr -»*i .4r? — 3r3 — 2#^.--r^ 

a = 5 + 6r+ 9r» + 8r» + 5^, ^d 

>=4 + 9rif;r2ri»+lfir», .. : . 

Which values, by assuming r = 8, will become p = 
11529, a = 25221, and ^ = 5964: whence y C= 

i.7^ 0,45, and ^(==-A-) =— ilii*!^ = 0,41 J 
a ^ * ^* ... : ; .a +M^ 25221 + 268J '^ ^ 

and therefore a; (= r + 2} = 8,41, nearly. 

To repeat the operation, let 8,41 he :nqiY -substituted for 

r; so shall' />;i^ 135^92, a = 30479, * sc esirG,^^ (=3 

£) = 9.00445, and 2 (= —A") =^ ^^^^^^' ^ 

0^004455 : which, added to 8,41, givei 8^414455, for the 
next value of ^. . 

The formulasy or appnmmations determined in the pre- 
ceding pages, vee general, answerifiijMA' equations of all 
degrees howBoeVer affept^d i btriji^ tK. jyraction of the 
roots oipure powers, die-process^HbeHEe sim{^e, and 
the theorems diemselves very mucqPKMmated* 

For let ;c* = i be the equation ^RCJjM&reof the root x is 
to be extracted ; theiis b y assuming r nearly eqaaltox, 

and making r x 1 + 2 = ^, our'^auation will become 
r" X 1 + zl" == K or 1 + ?T* ^ 4> *^^ ^^ ^ + ^^2: 

w— .1. 




72 — 2 n— 3 



ft ^^'•.••' 
. 2*, &?c. = — : from whence, by trans - 



r 



,,. .. n — 1 -,w — In — 2 , 
position and division, 2 -j . 2* -j . . 2' 



u 



r- 
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9fEfuaii 



n-— 1 n*— -2 »— 3 . >i k — r^ 

+ — r — • —r — • .. rgr,cyc»=;s^ -— • 

2 . S- 4 Tir" 

Here, by a comparison with the general equation, 

az + h^ + cz' + flM, &?c. =st ]^, we have a = 1, 

n — 1 w — 1 n — 2- n-^1 n~2' 

2 ' 2 3 ' 2 3 

■, &?c. and /» S5 "^ 



4 






_ : whence » f -£-) ==/»{* 

» , -t ■• 

72 — .1 71..^ 2 n + 1 



^ ; and w, (— 



a b 
+ - -) = — 7— +^^-" ^ 



, ac' 



n — 1 — 1.71 — 2 



n 



n — »! n 

+ 



t n-^2.n--3— '272*— '2>n — 2 ^ 

2.71 + 1 ^ 

^ w ~ 1 

- 3 — 271 + 2 = — I — + 



1 ^2 . n+1 



n — 2 



X— n + l = 



tir^-^-=i = ii. The,^. 



^•n + 1 . \ ^ * .^ ^ 

fore, for an ^PF')^]Qi^Ggi^^on of the t lurd de gree, we have 



aa + lf 



+ — ST- + — ^- •Z' 



•J^lf. 



^ 4- n -4- . t.^g?. ^1^^ foy ajj approximation of the 

1 + 272—1 .^p M 

fourth degree, z = rr — u, L ■. — ^ ^ — — = 

a + ^ + aw . q + tv — s . h<f 




72- 72 -f- 1 72 1 



f. 






•^ 
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= :; , A+^"/^ Hence it is evi- 

dent that the root x {r x 1 + a) of the given equauon 
«" = ^, will be equal to r \ '"^^ l-t-« ' l.j/' ^^^^^ 



and equal to r + _ 

^ 2 ^^ 12 

more nearly. 

Butbodi these theorems will be rendered a litde more 



ing — , in the place of its equal, p, whence, after 
proper reduction, x will be had = 
nearlyiSioA equal to r-J — 



V X& v + 4?i — 2 
r X 2f + " 



WX2t)+y«-^ 
7nor.e nearly. 




I shall now put down an ex^^H^^Ro, to show the 
use and great exactness of thesu l:^ffxpessioiis. 

1. Let the equation given lie ,-c?==S, or, which is the 
same thing, let the square root of a^erfeqiiircd. 

Then, assuming r = 1,4, ^\■e nave 7i = -Z, A = 2, 

' ■* — 9&* ' and therefore r 



+ "">^*- ° + ■ = 1,4 Iffl- 
V X 6v + 4n — 2 ^ 

iH_- = 1,4. + -1^ = 1,41421356; which is 

ro X 198 13860 ' 

the value of x according to the former approximaUon j 
Z 



'-^ = M.V 
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but, according to the latter, Ae answer will come out 

5544, 

1.4 + 4r — = 1.41421356236; which is true to the 
39005 

last figure ; and, if with this number the operation be re- 
peated, you will have the answer true to nearly 60 places 
ofdecinials. 

2. Let it be required to extract the cube root of 
irst). Here, taking r = 11, we shall have v (7 -) 

3993 
= = 10.05793 ; and therefore r + 

397 I ^ 

-^^^ + ^ =ll,9999»i 



2v + 2n — lXt7+| X n — lx2« — 1 

which differs fipdm truth by only part 6f a 

50000 



luut. 



3. Let it be proposed to extract the cube root of 

500. Here, the required root appearing to be less than 

8, but nearer to 8 than 7, let r be taken = 8, and 

3 X 512 
we shall'^have v^iglE^ — rr^r^) = — 128; and there- 




r X 2^0 +n 



X V + } X n — 1 X2;^— -1 

= 8 •— y^'^ ' = ?Sm|||^5259936 ; which number is true 
96389 T^ 

to the last place. J #1^ 

4. Lastly, let it be proposed to extract the first sursolid 
root of 125000. In which case, k being = 125000, w = 5, 
r = 10, and v =2 2d,;4hg required root will be found = 
10,456389. ^^-^lU 

/ Besides the diffeBi)ntl^proximations hitherto delivered, 
':' there are various other ways whereby the roots of equa- 
tions may be approached ; but, of these, none more gene- 
ral, and easy in practice, than die following : 



i 
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Let the gena:^ equation, az + b2? + cz* + dzfi + 
^, &?c. = /^' be here resumed; which, by division, 

becomes z = , » ' ^7 ' ' — ^— — . If^ 

P P P P P 

therefore, we make A r= — ; and neglect all the terms 

^ 1 . 

after the first, we shall have z = -r- ; being an approxima- 

A 

tion into of the first degree. 

And if this value of z be now substituted in the se-v 

cond term, and all the following ones be rejected, we 

1 A A 

shall then have z = — — , =: — =: --- 

a b X a . b B 

— + — X-r — A + — 
p p A p p 

(by making B = 2L.) . which is an iq)proximation of 

the second degree. 

In order now to get an approximation of Ae third de- 
gree, let this last value be substituted in, the second term, 
neglecting all the terms after the third ; so shall 

% = = r : but Jitte«. in the room of 

a , o A , c „ 

P P ^ P ,„_«_ 

z^j either of the squares of tIlH|^Hpbceding values 

of z, or their rectangle may be ^ffiRlflRed, that is, either 

-r X -T-t Tj X rj-, or — X r^- ; but th,e last of these 
A A B Jd A r> 

(= — ) is the most commodious ; whence we have z = 

B B . /. aB + ^A + c 
= — ; supposmg C = 7 . 




^ Tj » b J. ^ c C 

— Bh Ah — :■ ■ 

P .P P . . 

Again, for an approximation of the fourth degree, we 

b bBc^cBAcA 

,^, JBAl d 1 ,. , 
and — z^ =z —x — X it X -r- = — X tt- ; which va- 
/; p C B A p L 



i 
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lues being 8id)stituted in tfa« geniaal equadao, and all tbe 
terms. after the four first rejected, Aer? now comes out 

2 _ 1 _ C 

p^pc^pc-Tpc : p^^ p""^ p^^ p 

« ^ ; by making D = f2+iB±£A±£ 

In like manner, for an approximation of tbe fifth d^- 

gree, we shall hav6 — 2 = — x=r» — 2=— XtttX tt 

/> p D p p U C 

cB d . rf C B A rfA , e . 

= P'7' = 7^ D ^ r^ B =^^ '"^ 7 ^ = 

C 9 A 1 <? J 1 

-*r X -^ X-3-X — = -tt;' a^d consequently 2 
. D C B A jfrD 

D D 

= * — . == _ J suppositig^ 

E = • ■■' • ■ ■ Whence the law of con-j 



diejst ; 



tinuation is ];nani£e6t \ whereby it appears, that, if there- be 
taken A =: -^ B^^ '±±±, C =; ?2_±i^-jLf, 
^ aC + ^B I^^Sku aD + dC+<rB+^/A+^ 

JLI = VHBB^HPHIXi =: ■ ^ — — ^~~j 




P . P 

c^ .1^ 11 1 A B C D E F c . , 

&Pc. then will — , — , — , — , — , ^, — , &?c. be so many 

successive, approximations to the value of 2, ascending gra- 
dually from the lowest to the superior orders. 

An example will help to explain the use of what is above 
delivered ; wherein we will suppose the equation given to 
be 122 + 622 + 2^ =2. 

Mere a = 12, ^ = 6, c = 1, fif = 0, e = 0, i^c. and /> = 2 ; 

, A/ ^N ^«/ aA+b. 12x6-f6 

whence A f = — ) = 6, B C = -^-- ) = — ■ 

p P 2 

= 39 C f = 5i?L±JL^L±f ^ = 12 X 39 + 6x6 + 1 _ 
' ^ p ^ 2 
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SOS J. . aC+*B+cA+fllL 6>c 505+6X39 + 6 
— , D (= — ^5 ^ = — ; i— "— 

==1635,&fc. ' . 

A' 2 ' " 

Therrfore* «5v = — =5^ 2, nearly. 
*S^ 13 ' ^ 

-^ = * — =^ Zj more nearh/. '■.. 

C 101 .„ 

r:f = — . = 2:, ^f z// nearer. 

D 654 ' 

From the same equations the general values of B, C, D, 

&Pc. may be easily found, in known terms, independent of 

each other. 

Thus B (=^, + i.)=| + l (because A « ±); 

fi P p F r P 

andD(=_ +_ + _ + _) =-^+_. + ^. 

P P P P P\ f. )f 

-J , &c. Therefore 

B d' + bp* 



B ^pXj^_±_bp \ ^ 

C "" a^ + 2g^/^ + cf^^ t\. 

C pxe^ + 2abp + ct^ 

1^ a* + 3^2*^/^ + ^ac + bb-.p^ + dp^ 

D p X a* + 3a ^g/& + :iac + ^^ , /?^ +dp^ 

^ a* + 4a^6/; + Sac + 3^^ . ap^ + bc + ad. 2/&* + q&*' 
6fc. which are so many different approximations to the va- 
lue of 2. - 

Thus far regard has been had to equations which 
consist of the simple powers of one unknown quantity, 
and are no ways affected, either by surds or fractions* 
If either of these kinds of quantities be concerned in 
an equation, the usual way is to exterminate them by 
multiplication, or involution (as has been taught in 
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sect* IX.) But as Ais method' is, in many cases, veiy 
laborious, and in others altogether impracticable, espe- 
cially where several surds are concerned in the same 
conation, it may not be amiss to show how the method 
ot converging series may be also extended to these 
cases, without any such previous reduction. In order 
to which it will be necessary to premise^ that if A + B 
represent a compoimd quantity, consisting of two terms, 
and the latter ^B) be but smaU in comparison of the for- 
mer I then will 



2" 



1 1 B 1 ^ _ 

B i a4b 



A + B|* 
1 



A+B|i 

A + Bji = Ai + 



s A* 4 -^ or A' + 

As* jsA 

t B_ 1 B 

Ai 2AI a* 2AxA^ 

A* + ^^ ^» nearly. 



3Af 
B 



3 or 
1 



3A' 



Ai 



or 



B 



6' 



7\ 



A + Bli=Ai + 
1 1 



3At At 3A X A* 
B 



4A^ 
B 



lorAiniB^* 



4A 



B 



A + Bli Ai 4Al'''^Ai 4AxA-lj 



All which will appear evident from the general theo- 
rem at p. 41 : from whence these particular equations, 
or theorems, may be continued at pleasure ; the values 
here exhibited being nothing more than the two first 
terms' of the series there given. But now, to apply 
t faem to th e pur pose abov e mentioned, let there be given 
V 1 + ;tf» + V2 + AT* + V T+l?"= 10, as an exam- 
ple, where, x being about 3, let 3 + ^ be therefore sub- 
stituted for x^ rejecting all the powers of e above the 
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first, as inconsid erable, an d th en the g jyfen equation 
will Stand thiB, V 10 + 6e + Vll + ^ + V 12 + 6«? 
= 10 :^but, by theorem 2, V 10 + 6e will be = VlO 

+ — — -., nearly; for, in this case, A == 10 

IQ ' 

and B = 6^, and therefore A' + — j- = Vlo + 

3V10 >r'^ 



10 



: in like manner is Vll + 6e = Vll 4. 



!!iliLiL£, &c. and consequently VlO + ^^^^ ^ ^ + 
11 '_ ^ •^_ ^ 10 ^ 

Vll + TZ + V12 +^« — = 10; which, 

11 ■ • : V 12 

contracted, 8Sfi| 9.944 + 2.7f8^ = 10; whence 2.ri8e' 
= •056, ancr-yr=E .0205] consequently oc = 3.0205, 
nearly. Wherefore, to repi^ the operation, let 3.0205 
4. e be now silWtituted f or 0^1 then^wil l -^ 

V 10.12342 + 6.041 g + V 11.12342 + 6.041e + 

V 12.123i2 + 6.041^ = 10; whence, by theorem 2, 
6.041^ — . 

6.041^ , 6.041e 

=c- + V 12.12342 + — 7= — ■ = 10, Qi' 

2V11.12342 ^ , 2V 12.12342 

9,9987814 + 2.72Si4<? = 10: from which e comes out 
= .000447, and therefore x = 3.020947 ; which is true 
to the last place. 

Again, let it be propose<J to find the root of the equa- 

20^ +^££E±Z = 34. Put 20 + 



^^^ V 16 + 5;v + ;c* • 25 

^ = :v; then, by proceeding as before^ w e shall have 

400 4- 20g 20 4- e X V405 4 40/? ., ' ^ 
— ' J- ^ = 34: but 

V 516 4 45e ^ 25 

f^ theorem 3) ■ ■, ■ — -_ is^nearlv = ~====r — 

^ ^ V516 4 45e ' V516 



■ 



i « 
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=sr, and (by tkeorem 2) V^ + 4oJ?l^' 



1032 X V516 




V405 + ' ; which values being substitiili&\ above* 

our equatio n becomes ' "^ 



V51 6 ;1032XVS 16 25 - V405 

= 34, that is, 400 '4- 20^ x .0440?2 — * 




20 + ^ X .804984 + .0398^ = 34 ; whence 

CsPc. we have 1.713^ := .1915 ; and consequently. ^ 

.1118. 



?**- 



Thirdly, let there be^ttei it^—x+Vl— 2x«.+ 
V 1 _ 3;f3 --2. . Then; Jg^££Vj>e s ^tituted ther fe^ 
in for X. it will become^y <X^ — #^>lli8tfiP»^ -^ 2^ 4. 




— V 0.5 »2e + V .625 —^. ,^^^ 
^ ^ 41/ .625 

= .204, e = .057, and x = 0,557, with wfaich the opera- 
tion being repeated, the next value of ;if will come out 5c 
.5516. ..^ 

Lastly, let there be given 1 + x'l^+'f+sFll + 1 -H^"]* 
== 6,5. Here, by writing 3 + e for ^i*, and^proceeding 

as above, we shall have 2 + — + toP + }2kjilE + 

4 !@ 10 .^ 

— -ii OQ \i V 2!?^ '* ■' 

281* + ' = 6.5, that is, 6.455 + 1.23^ = 6,5 ; 

' 4 X 28 

whence e = .036, and x = 3.036. 

It may be observed that this method, as all the powe^ 
of e above the firstjjA^ rejected, only doubles the num- 
ber of places, at wA operation : but, from what it 
therein shown, it is eljSy to see how it may be extended, 
so as to triple, or even quadruple, that number ; but 
then th^ t(X)uble, in every operation, would be increased 
in pt-opbvtion, so thai little or no advantage could he 
reaped therefrom. 






9r 



t- 



by Approximtt^oni^^^ - t^7 

1^ tliljierto we have treated of equ^ons wUch include 
|pie iinkuowD quantity, only. If'thoMgbf nvo equa~ 
^Sohs given, and as many qu^mtities (x a^^^) to be de- 
termingiMme of those quantities' must first ee extermi- 
nated,V^E^ two equations reduced to one, according 
to what^v shown in sect. 9. But, if this cannot be 
readily done (which is sometimes the case) and the un- 
known' ^i^ntities be so entangled as to render that 
way i^jJBcticable, the following method may be of 



Le^Hlaliies of x and y be assumed pretty near the 
truth (which, from the nature of the problem, maj' 
ali«|ys be done) ; and let the i^ucs so assumed be de- 
noted by / and g, atJbwh^JTiey want of Mth by a 
and /, respectively ; thJIR, l|Htf- « = *, and g' + t = ij\ 
substitute tW||fc.-alues in 'BHre<iuatiotis, rejecting (by 

than ona sif^£diffii)siSflB|«he quantities s ^d t arc 

Kcern^d : l^Ht the teri^HE the fu^t equ^S,. which 
, affuctid 0^5, be collect?!! under their p^ier signs, 
and denoted by As ;' in like iTiaimcr, let tliose affected 
by t be denoted by B/; and those affected neither b\- 
« nor (, by Q: moreover, let the terms of the second 
^uation, whereinSfcand / are concerned, be denoted by 
as and A/, respectively ; and let the known terms, on 
the right-Vid side of this equation, or thote in whicli 
neither s ilor t cn^^, be represented by qi Then the 
equations (be the^lKf what kind they will) will stand 
thus. As' + B( = Q, and as -\- bt = q. •■ By multiplying 
the former of which by 6, and the latter by B, and then 
subtracting the one from the other, we shall have iAs 

— Bas = iQ — By; and thet^fflg « = ^ Z "^' 



thecelore « 

JP 



whence x (—f+ s) is given, ^^ 

Again, by multiplviug the fom^tquation by i 
the latter by A, tiff, we shall have aiic~- AI?t'=aQ.~ 

y (=j5- + () is likewise (rivei). 




1 7Mf, Thfs£esolution of£qtuitions 

It is easy to see that this method is also applicable, iiL^^y^ 
cases of threc^jjifc- four equations, and as many unknot "'^' 
quantities ; but as these are cases that seldom occur in the 
resolution of problems, and, wheh they do, axJj^Hiduciblei 
to those already considered, it will be needliMPb take 
further notice of them here : I shall, therefor?, content 
myself with giving an e3Kimple or two, of the use of what 
is above laid down. . _^, 

l.^Let there be given x^ + y* := 10000, aiMK— -^" 
= 25000 ; to find x and j/. Then, by 'w^i'l^^Hp + * 
= ;e, ^ -f ^ = J/, and proceeding according to aPafore- 
going directions, we shall have f^ + 4f^s + g^ + 4;g^t 
= 10000^ and /• + 5f^ — ^ _ Sg^t =» 25000Kt)r 
4f^s^+ ^t = 10000 — y*':— J|, and 5f*6' — 5g*i = 
25000 + ^' — /' : thdHjre, TB this ^ge, A = 4/*», 

B = ^g-^, Q = 10000 3iy* — ^i^o^Lsf^ b — — 

5g*^ and q = 25000 + g^ ^f^ l|P'^Rp^^^s, from 
the first^f the two giv^dj^W^tio^ ^iMH^ must be 



something itess than 10, andSHn the secl||Pthat y nii||k 
be less than x : I therefore take y = 9, and ^ = 8 ; ana 
then A becomes = 2916, B = 2048, Q = — 657, a =z 
32805, b = — 20480, y = — 1281 ; and therefore t • 

(|Je||) = -o-".-^'C^S^) =-«•">■ 

hence x = 8.87, and y = 7.86, nearly, ^ 

Therefore, in order to repeat the operation, let y* be 
now taken = 8.87, and g = 7.86 ; tMp will A = 2791, 
B = 1942, Q = — 6.76, a = 3oWo, ^ = — . 19083, 

^Q "Qq 

and fl' = 94 : consequently 5 f = -^ ~) = .00047, 

and t (= -TT— ^) = — .00415 ; whence x = 8.87047, 
A^ — • ^lyn; 

arid y = 7.85585 j 9jk which values are true to the last 

figure. ^W 

Example 2. Let there be given 20x + xy^\^ -f Sx{^ 



xg 

» 

given iTjiiations, by writing f + s for at, and g + 



= 12, aSd Vx' + .7/ + . ' — - = 13. Here the 

Vx^ — y^ 



by Approximation. .^ 171^ 

J . w , 

for y ^ will be come 2(y + 20* + ^ + ^fg't + ^^1"^ 
+ V 8/ + 87 = 12, and V/^ + ^ + 2> + 2^ 



y^+^ft+.^'^ 



=•= 13 ; but 



^^f +fg^ +205 + 2^^ + g^s'l^'i by what is shown in 

p. iy4viyiU be transformed to"20/ + /§^ 1^ + ^Q/4-./^P 

^.- -^ -^^ 3X20/+/^ 

X 20» + 2/§^? + g^s (supposing all the terms that have 
more than one dimension of s and ?, to be rejected, as 

inconsiderable) ; also V/^ + ^ + ^fi + 2^^> ^s trans- 
formed to Vp +g'^ + -;^ ACS ^ and ' - • 



Vp^fm' s/p—g^ + 2fi—^gt 

1 -'^^ /*— ^^ 
to / ^ — T -*- ^ , ^ ; therefore our 

equations wuwand thus, : >y 

3 X 20/+/^ 



s= 13: which equations, if^be assumed = 5, and g 

= 4, will be reduced to 5.6462 + .01045 X 36^ + 40^ 
+ 6 ,3245 + .6324 ^ = 12, and 6.4031 + rSU- + .625^ 

+ 20 + 5^ + 4^ X .3333 — .1852* + .1482^ = 13; 
whence 1.008* + .418^^ = .0293, and 1.59* — 5.255^ 
= .0698: therefore, in this case^ A = 1.008, B = 
0.418, Q = .0293, a z= 1.59, A = — 5.255, and y 

= .0698 : consequently * f = V7 1) = 0.305, and i 

( = aT "~ ^!? ) = — -0040 ; therefore ;v* = 5.0305 n.u4 
Ad — aB 

y = 3.9960. 
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SECTION XIII. 

Of Indeterminate or Unlimited Problems* 

A PROBLEM is said to be indeterminate, or unlimited, 
■\vhen the equations expressing the conditions thereof 
?irc fewer in number than the unknown quantities to be 
determined ; such kinds of problems, stricdy speaking, 
being capable of innumerable answers: but the answer 
in whole numbers, to which the question is commonly re- 
strained, are, for the general part, limited to a determinate 
number ; for the more rejdy, discovering of which, I shaO 
premise the following 

LEMMA. 

Supposing to be"' an algebraic ;|piction, in i^ 

Jowest terms, .v being indeterminate, and a, ^, and ^ 
given whole numbers ; then, I say that the least integer, 

QX "4" b 

for the value of x^ that will also give the value of — ^ 

an integer, "will be found by the following method of cal- 
culation. 

Divide the denominatGr (c) by the coejfcicnt (a) of the 
indeterminate quantity ; also divide the divisor by the re- 
mainder^ and the last divisor again by the last remainder ; 
and so on^ till a unit only remains. 

Write doxvn all -the quotients in a Une^ as they folloiv; 
under the fir ^t ofxvhich wrife a unit^ and under the second 
zvrite the first ; then multiply these two together ^ and hav- 
ing added the first term of the lower line {or a unit) 
to the product^ place the sum under the third term of the 
upper line : multiply^ in like manner^ the next two corres- 
ponding terms of the two lines together^ and^ having added 
the second term cf the lower to the product^ put down the 
result under the fourth term of the upper one: proceed on^ 
in this way^ till you have multiplied by every number in the 
•upper line. 
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TheTi multiply the last number thus found by the absolute 
quantity (J?) in the numerator of the given fraction^ and 
divide the product by the denominator ; so shall the re- 
mainder be the true value of x^ required; provided^ the 
number of terms in the upper line be even^ and the sign ofb 
negative^ or if that number be odd and the sign of b af- 
firmative; buty if the number of terms be even^ and the sign 
ofb affirmative y or vice versa, then the difference between 
the said remainder and the denominator of the fraction will 
be the true answer. 

In the general method here laid do\vn, a is supposed 
less than c, and that these two numbers are prime to each 
other : for, were they to admit of a common measure, 
whereby b is not divisible,- the* thing would be impossi- 
ble, that is, no integer could be assigned for O", so as 

ax db ^ • 
to give the value of an integer: the reason of 

which, as well as of the lemma itself, will be explained a 
litde farther on: here it will be proper to put down an 
example or two, to illustrate the use of what has been al- 
ready delivered. 

Examp* 1. Let the given quantity be . 

Then the operation will stand as follows : 
87 )256( 2 

82)87(1 2, 1, 16, 2 

5)82(16 1, 2, 3, 50, 103 

2)5(2 50^ 

1 ' 25 6)5150( 20 

30 = .V. 

Examp. 2. Given --r — . 

71)89(1 



18)21(3 1, 3, 1 

17)18(1 1, 1, 4, 



10 

50 = Af. 



* 



» 



' # 
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Examp. 3. Given . 

450 

377) 450( 1 1, 5, 6 

. 73 )377(5 1, 1, 6 37 

12)73(6 ■ 250 

1 1850 

74' 



450)9250(20 
250 
450 

200 = X. 

Examp. 4. wven — --— • 

9a7 )l235 (l 1, 3, 1, 48, 1,. 1 

248)987(3 1, 1, 4, 5, 244, 249, 49S 

243 )248(1 ,^ 

5)243(48 ^ ^^^ 



2465 



^^ ^^ 1235)320943(259 



1 



7394 

1 2193 

1078 
1235 



157 = a:. 

These four examples comprehend aH the different case) 
that can happen with regard to the restrictions specified 
in the latter part of the rule. I shall now show the use 
thereof in the resolution of problems. 

PROBLEM I. 

. To find the least whole number^ xuhich^ divided by 1 7, 
$hall leave a remainder of 7 ; bnt^ being divided by 26, the 
're^nainder shall be 13. 

Let X be the quotient, by 17, when 7 remains, or, 
which is the same thing, let 17;c + 7 express the number 



i. 
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sought; then, since thiis number, when 13 is subtracted 

from it, is divisible by 26, it is manifest that 

ir;c+7 — 13 17x ~ ^ ^, ' , 

■ — : , or — naust be a whole number: 

26 ' 26 ^^ 

whence, by proceeding accorqfcg to the lemma^ x v/ill be 

fbimd = 8 ;" and consequendy Tzat + 7 = 143, the number 

required. See the operation. ^ 

17)26(1 "^ 

U 1, 1, 1, 

9)17(1 1, 1, 2, 3 

L — 

8)9(1 18. 

l" 26 



8 = .V. 

PROBLEM 11. 

Supposing 9.V + 13z/ =1: 2000, it is required to find all 
the possible values ofx and y in whole positive numbers* 

By transposing 13z/, and dividing the whole equation 

^\ 1. 2000 — 13v ^^^ 2 — 4v 
by 9, we have x = ^ = 222 — y -f ^ ; 

J y 

which, as ;v is a whole positive number, by the question, 
must also be a whole positive number, and so likewise 

-^^ ; from which the least value of y. in whole num- 

bers, will come out = 5 ; and consequently the corres- 
ponding value of X = 215. From whence the rest of 
the answers, which are 16 in number, will be found, 
by adding 9 continually to the last value of 2/, and 
subtracting 13 from that of at, as in the annexed table, 
which exhibits all the possible answers in whole num- 
bers. 



x=215202ll89 



17611631150 



„ , , ^. - .-, . -Jllo7|124llll|98|85| 72| 59| 46| 33| 20/ 7 

jK=«: 5\ U| 23 32| 41| 50| 59\ 68| 77|86|95|104| 11311221 13111401149 
In the same manner, the least value ofc z/, and the 
greatest of x being found, in any other case, the rest of 
the answers will be obtained, by only adding the co- 
efficient of vT, in the given equation, to the last value of ?/, 
continually, and subtractinrj tlie coefficient of y from the 



\ 



/ 



\ 
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corre8pondmg^'Vva|ue oi x. Hence it foUows, that, if the 
greatq^t value of jw be divided by the coefficient of y, the 
remainder will bt the least value of at, and that the quo- 
tient + 1 will give the num^r of all the answers. But 
it is to be observed, that^ thokquations here spoken of are 
such wherein the said coefflRnts are prime to each other | 
if this should not be the case, let the equation given be, 
first of all, reducel*to one of this form, by dividing by Ac 
greatest common-measure. 

PROBLEM III. 

To find how many different ways it is possible to pcaj 
100/. in guineas and pistoles only ; reckoning guineas at 
21 shillings each^ and pistoles at 17> 

Let X represent the number of guineas, and y that 
of the pistoles ; then the number of shillings in the 
guineas being 21^, and in the pistoles ITy^ we shall 
therefore have 21jc + l/t/ = 2000, and consequently x =: 

~ — ^ z= 95 4- — — ^: which beine a whole 

21 ^21 . ^ » • 



number, by the question, it is manifest that 



^ry ~ .5 



21 

must also be an integer : now the least value of y^ in whole 
numbers, to answer this condition, will be found = 4, and 
the expression itself = 3 ; the corresponding, or greatest 
value of X being = 92 ; which being divided by 17, the 
coefficient of y (according to the preceding note)^ the quo- 
tient comes out 5, and the remainder 7 ; therefore the least 
^'^alue of X is T, and the number of answers ( = 5 -f 1^ 
''*" ' :hese are as follows : 



• • 

: V 


-92 


75 


58 


41 


24 


7 


y 


.' 4 


25 


46 


67 


88 


109. 



Jr/.:^BLEM IV. 

To determine whether it be , ossible to pay 100/. in gui-' 
neas and moidores only; the Ji, mer being reckoned at 21 
shillings each^ and the latter at 2,^ 

Here, by proceeding as in the last question, we have 
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21x + 27y = 2000 ; and consequently « = '^^~^ 

^ 95 — a ^ - " ■■ — : where, the fraction beinc in 

its least terms, and the numbers 6 and 21, at the same 
time, admitting of a common measure, a solution in 
lyhole numbers (J>y the note to the preceding kmnia) is im- 
possible. The reason of which depends on these two 
consideratiutis : that, whatsoever number is divisible by 
3 given number, must be divisible also by all the divi- 
sors thereof; and that any quantity which exactly mea- 
sures the whole and one part of another, must do the 
like by the remaining part. Thus, in the present case, 
the quantity 6y — 5, to have the result a whole num- 
ber, ought to be divisible by 21, and therefore divisible by 
3, likewise, whichi^ here a common measure of a and c : 
feut 6y, the former part of 6^ — 5, is divisible by 3 ; there- 
fore me latter part — 5 ought also to be divisible by 3 ; 
""'' ' ' not the case, and shows the thing proposed to be 
lie. 

PROBLEM V. 

A butcher bought a certain number of sheep and oxen, fir 
which he paid tOOi.; far the sheep he paid 17 shiiiings apiece, 
and for the oxen, one xvith another, he paid 7 pounds apiece s 
it it required tQ_flnd hoiu jiiany he had of each sort. 

Let X be the number of sheep, and y that of the 
oxen; then, the conditions of the question being ex- 
pressed in algebraic terms, we shall have this equation, 
viz. 17 X + 140^ = 2000; and consequently x = 

" = 117 — . 8y ^ - ■- ; which being 

a whole number, - ^ — must therefore be a whole 

number likewise : whence, by proceeding as above, we 
find y = 7, and x = QO; and this is the only answer 
the question will admit of; for the greatest value of .v 
cannot in this case be divided by the coefficient of >/,' a 
that is, 140 cannot be had In 6d ; and, therefore, a'c 



iM 
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cording to the preceding note, the question can have onljr 
one answer, in whole numbers. 

' PROBLEM VI. 

A certain number of men and women being merry-maiinff 
together^ the reckoning came to 33 shillings, towards the 
discharging of which, each man paid 3s. 6d» and each wO' 
man Is. Aid. : the question is^ to find hnm many persons of 
both sexes the company consisted of' 

Let X represent the number of men, and y that of 

the women ; so shall 4i2x ^' 16y = 396, or 2ix + 8y 

198 — 2ix 
= 198; and consequently y = = 24— >*3y 

o 

— . ^"^ .^ : whence, y being a whok number, ^ ^ 

must likewise be a whole number; and the value of 
X, answering this condition, will be found = 6; and 
consequently that of y (=24 — 12 -— 3) ^ 9 ; jrhidi 
two will appear to be the only numbers that j|Mtan« 
swer the conditions of the question ; because 2i^^K co- 
efficient of X, is here greater than 9, the greatest value 
of y. 

PROBLEM VIL 

07ie brought 12 loaves for 12 pence^ whereof some were 
two-penny ones, others penny, ones, and the rest farthing 
ones : what number were there of each sort ? 

Put X = the number of the first sort, y = that of the 
second, and z = that of the third ; and then, by the con- 
ditions of the question, we have these two equations, viz* 

X + 2/ + 2 = 12, and 
8:c + 4y + 2 = 48. 

Whereof the former being subtracted from the latter, 
in order to exterminate z, we thence get 7:c + 3y = 36, 

and therefore y = — = 12 — 2;c *— - : whence 

■ . ^ 3 3 

it is evident that the value of at = 3, and consequently that 

^ = 5, and 2 = 4; which are the numbers that were to be 

found. 
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PROBLEM VIII. 

To find the least integer possible^ which^ being divided by 
26, shall leave a remainder of 1^9 ; byt^ being divided by 19, 
the remainder shall, be 15 ; andj being divided by 15, the 
remainder shall bell* 

First,! to find the least whole number that can an- 
swer the two first conditions, let the quotient by 28, 
the first of the given divisors, be denoted by x^ or, which 
is the same thing, let the said number be expressed by 28:^ 
+ 19; then this number, when 15 is subtracted from it, 

being divisible by 19, it is munifest that - — ^, or its 

9^ + 4 
equal x + — - — , must be an integer; from whence 

1*7 

flie least value of x will be found = 8 : and conse- 
quendy 28^ + 19 = 243 ; which is the least whole 
numb^ that can poswbly satisfy the two first condi- 
tions. This being found, let the least number that is 
exactly divisible by both the said divisors 28 and 19, be 
now assumed; which, because 28 and 19 are prime to 
each otheV, will be equal to 28 X 19, or 532 : then, 
since the number required, by the nature of the. pro- 
blem, must be some multiple of 532, increased by 243, 
it is plain that the said number may be represented by 
.532;c + 243; from which, if 11 be subtracted, and the 

remainder be divided by 15, the quotient ( i 

7x + 7 
.3= ^Sx + 15 + -2- — ) will be a whole number by 

7x ^-7 
the question, and consequently — -i-— a whole number 

also ; from whence the least value of x will be found = 
14, and consequendy that of 5Z%x + 243 = 7691 ; 
which is the number that was to be found. In the same 
manner, the least number possible may be found, which, 
being successively divided by four or more given divisors, 
shall leave given remainders. 
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PROBLEM IX. 

Supposing B7x'+ 256y = 15410 ; to determine the least 

value ofx^ and the greatest ofy^ in whole positive numbers* 

By transposition and division we have 

15410— .87^: ^^ S7x — SO , . i- 

y = ■ = 60— . : where the frac- 

•^ 256 256 

tion being the same with that in examp. 1 to the pre- 
mised lemmoj the required value of x will be given from 
thence = 30; from thence that of y.will likewise be 
known. But I shall in this place show the manner of 
deducing these values, independent of all previous consi- 
derations, by a method on which the demonstration of the 
lemma itselidepends. 

In order to this, it is evident, as the quantity S7x — b 
(supposing b 2= 50) is divisible by 256, that its douldb 
174;^ — 2b must be likewise divisible by 256. But 
256a: is plainly divisible by 256 ; and if from this tfe 
quantity in the preceding line be subtracted, the re- 
mainder, Z2x +'2i, will be like\^se ^visible by the 
same number; since whatsoever number measures the 
wholcy and one part of another ^ must do the like by the re* 
maining part: for which reason, if the quantity last 
found be subtracted from the first, the remainder 5x — ib 
will also be divisible by 256: and, if this new remain- 
der, multiplied by 16, be subtracted from the preceding 
one (in order to farther diminish the coefficient of x)y 
the difference 2x -f- 506 must be still divisible by the 
samue number.^ In like manner, thie double of the last 
line, or remsunder, being subtracted from the preceding 
one, we have x — 1033, a quantity still divisible by 

256 : but = 20 + : therefore x — 30 must 

256 256 

be divisible by 256 ; and consequently x must be either 
equal to 30, or to 30 increased by some multiple of 256 ; 
but 30, being the least value, is that required. 

It may not be amiss to add here another example, to il- 
lustrate the way of prqceeding by this last method : where- 

• 1 . , .-^ • . u 98r;c-(-651 
m let us suppose the quantity given to be ■ -. 
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Then^ making b = 651, the whole process will stand as 
follows:, 



From 


1235a? 


sub. . - - 


9%rx + b 


1. rem. 


248:v~J 


1. rem. X 3 


744,x—Zb 


2. rem. 


^Zx + 4fb 


3. rem. 


5x — Sb 


3. rem. X 48 


240X'^240b 


4. rem. 


3x + 244fb 


5. rem. - « • 


2;v— 249^ 


6. rem. 


:v+4iB3*; 



where, x being without a coefficient, let 493i, or its 
equal 320943, be now divided by 1235, the common 
measure to all those quantities, and the remainder will 
be found 1078; therefore x + 1078 is likewise divi- 
sible by 1235 ; .and consequently the least value of x 
(= 1235 — 1078) = 157. The manner of working, 
according to this method, may be a Iitde varied; it 
being to the same eflfect, whether the last remainder, or 
a multiple of it, be subtracted from the preceding one, 
or the preceding one from some greater multiple of the 
last. , Thus, in the example before us, the quantity 
248;c — ^, in the third line^ might have been multiplied 
by 4,'and the preceding one subtracted from the product ; 
which would have jpven 5x — 5b (as in the sixth 
line) by one step less. If the manner of proceeding in 
these two examples be compared with the process for find- 
ijig the same values, according to the lemma^ the grounds 
of this will appear obvious. 

PROBLEM X. 

Supposing e^f i and g to denote given integers; to deter- 

X ~"~ e X ""^ / 
mine the value of x^ such that the quantities ^ "To ^ 

t 

and ■ ' ■ , may all of them be integers. 

31 O 
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By making — — =: y, we h^ve x = 28j/ + e ; which 
value being substituted in our second expression, it 

becomes — ^—t — HI/; which, as well as t/» is to be 

19 

a whole number: but — ^-^^ ^, by making d = ^ 

»— yi yill be = y + ^ ■ — ; and therefore 19y and 

18j/ +26 being both divisible by 19, their difference, 
y — 26, must also "be divisible by the same number ; 
whence it is ^ident, that one value of y is 26 ; and 
that 26 + 193f3tsupposing z a whole number) will be a> 
general value w y ; and consequently that x (= 28y 
-f ^) = 5322 + 566 + e is a general value of x^ an- 
swering the two first conditions. Let this, therefore, 

be substituted in the remaining expression ^ ; which, 

15 

by tliat means, becomes — _-i s. = 353; , 

^ 15 

+ 3^-1 i-E (supposing |3 = II6 + e — 5* = 12^ 

15 

— 11/ — g). Here 152 and 142 + 2/3 being both di- 
visible by 15, their difference 2— -2)3 must Ukewise be 
divisible by the same number ; and therefore one value 
of 2 will be 2/3, and the general valud of 2 = 2/3 + 
15w : from whence the general value of x (= 5322 + 
566 + ^) is given = r980w + 1064^ + 566 + ^; 
which, by restoring the values of 6 and 0, becomes 
7980W + 12825^—11760/'— 1064^. 

Now, to have all the terms affirmative, and their co- 
efficients the least possible, let w be taken = — e "{-^f 
+ g\ whence there results 4845^ + 4200/* + 6916^, 
for a new value of x : from which, by expounding ^, / 
and 5*, by their given values, and dividing the whole by 
7980, the least value of x^. which is the remainder of the 
division, will be known. 
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PROBLEM XI. 

JfSx + 7y + llz = 224 ; it is required to .find all the 
possible values ofx^ t/, and Zy in whole numbers* 

In this, and other qfHestions of the same kind, where 
you have three or more indeterminate quantities, and 
only one equation, it ^will be proper, first of all, to 
find the limits of those quantities. . Thvis, in the pre- 
sent case, because ;)c is == ■ ' . "^ ^ JIZ..-^^ and because 

the least values of y and z canndt; by ■> question, be 

less than \mity, it is plain that x cannolflSe greater than 

224— -7—11 • 

, or 41 : and, in the same manner, it will 

V 

appear that y cannot be greater than 29, nor z greater 

than 19 ; which, therefore, are the required limits in this 

Ti* . . 224.—- fv — 1 12 

case. Moreover, smce rv is = —^ — ' ■ ^ ^^^ ^ ^■ == 45 

5 . 

— 5/ — 22 ^— — f^ ' ■ = a whole number, it is 

manifest that ^ ■ — must also be a whole nij^m* 

ber: let 9 + 1 be therefore considered as a known 
quantity, and let the same be represented by b^^ and then 

the last expression will become » ^ ■ ; from which^ 

5 

by proceeding as above, we shall get y = 2S = 22 + 2 ; 

whence the corresponding value of x comes out = 42 

— Sz, 

Let z be now taken = 1 ; then will x = 37 and y 
= 4 ; from the former of which values let the coeffi- 
cient of y be continually subtracted, and to the latter, 
let that of X be continually added^ and we shall thence 
have 37, 30, 23, 16, 9, and 2 for the successive values 
of :vf and 4, 9, 14, 19, 24, and 29 for the correspond- 
ing values of y ; which are all the possible answers when 

2 = 1. 



/■ 
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Let z be now takeibes 2, then x = 32, and «/ = 6 ; 
let the former of these Values be increased or decreased 
by the multiples of Ti and* the latter by those of 5, as 
far as possible, till they become negative ; so shall we 
have 39, 32, 2j», 18, 11, and 4, for ue successive values 
of X in this case, and 1, 6, 11, 16, 21, and 26, for the 
respective values of y : which are all the answers when 

2 = 2. 

Ag^n, let z be taken == 3 ; then, by proceeding as 
above, the corresponding values of x and y will be found 
equal to 34, 27, 20, 13, 6 ; and 3, 8, 13, 18, 23, respec- 
tively ; and ^of the rest : whence we have the folfow- 
ing answers, Ij||^g 60 in numbers. 



z 


y 


X 




4. 9.14.19.24.29. 


37 . 30 . 23 . 16 . 


9.2. 

• 


2 


1. 6.11.16.21.26. 


39.32.25.18. 


11.4. 


3 


3. 8.13.18.23. 


34.27*20. 13. 


6. 


4 


5. 10. 15. 20. 25. 


29.22. 15. 8. 

1 


!• 


5 


2. 7.12.17.22. 


31.24.17.10. 


3. 

1 


6 

7 


4. 9.14.19. 
1. 6.11.16. 


26.1^.12. 5. 
28.«i.l4. 7. 




8 


3. 8.13.18. 


23.^. 9. 2. 


■ 


9 


5.10.15. 


18.11. 4. 




10 


2. 7.12. 


20.f8v 6. 




11 


4. 9.14. 


15. 8» 1. 




12 


1. 6.11. 


17*10. 3. 




13 


3. 8. 


12. 5. 




14 


5.10. 


14. 7. 




15 


2. 7. 


9. 2. 




16 


4. 


4. 




ir 


1. 


6. 




18 


3. 


1. 
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PROBLEM XII. 

If 17x + 19y + 2l2 = 400; it U proposed to find 
all the possible values of x^ y, and Zj in whole positive 
numbers. \ 

When the coefficients of the indpterminate quanti- 
ties x^ y, and z are nearly equal, as in this equation, it 
will be convenient to substitute* for the* sum of those 
quantities. Thus, let :v + y + 2 be put = m ; then, 
by subtracting 17 times this last equation from the pre- 
ceding one, we shall have 2y +4tz== 400 — 17m; and 
by subtracting the given equation fromt^l times the 
assumed one^ x + y + z =z m^ thexAwill remain 
4fX + 2yzsz2tm — 400. llierefore, sin^jpy and z can 
have no values less th^n unity, it is plain, from the first 
of these two equations, that 4O0 — 17w cannot be less 

thaa 0, and therefore m not greater than — m.. ~ ...^ or 

23 : also, because, by the second of the two last equa- 
tions, 21m — 400 cannot be less than 6, it* is obvious 

1 111 400 -f- 6 -, n 

that m cannot be less than — , or 19 : therefore 

21 

1 9 and 23 are the limits of 7n in this case. These be- 
ing determined, let 4x be transposed in the last equation, 
and the whole be divided by 2, and we shafi have 

// = 10»i — 200 — 2Ar + — : which being a whole 

number, by the question, — must likewise be a whole 

number, and consequently vi an even number ; which, 
as the limits of m are 19 and 23, can only be 20, or 22 : 
let, therefore, m be first taken = 20, then y will be- 
come = 10 •— 2 a; and z (/w -— ^ — - y) =' 10 + x ; 
wherein x being taken equal to 1, 2, 3^ and 4, suc- 
cessively, we shall have y equal to 8, 6, 4, 2, and z 
equal to 11, 12, 13, 14, respectively, which are four 
of the answers required. Again, let m be taken = 22 ; 
then will y = 31 — 2Xy and z r=: x — 9 ; .wherein Jet 
v be interpreted by 10, 11, 12, 13, 14, and 15, suc- 
cess! velv, whence 1/ will come oiii 11, 9, 7, 5, 3, and 1 : 

2C ^ 



# 
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and X equal to 1,2, 3, 4, 5, and 6, respectively. There** 
fore we have the ten following answers ; which are all the^ 
question admits of. 



X = 1 
.j= 11 



2 


3 


4 


10 


11 


12 


13 


14 


6 


4 


2 


11 


9 


7 


5 


3 


12 


13 


14 


1 


2 


3 


4 





15 
1 
6 



PROBLEM XIII. 



Supposing 7x + 9i/ + 232 = 9999 ; it is required to 
determine the number of all the answers^ in positive iniC' 
gers. 

In cases likfr this, where the answers are very many^ and 
the number or-them only is required, the follo>ving method 
may be used. 

In the general equation ax -\- ^^ + cz = i (where a 
imd b are supposed prime to each other) let z be assumed 
= O ; and find the greatest value of x^ and the least of 
Lf^ in the equation ax + by =: i, thence arising; de- 
noting them by g- and / : find, moreover, the least posi- 
tive value of «, in whole numbers, from the equation 
-am +bn:=z c^ together with the corresponding value of 
niy whether positive or negative ; then, supposing y to 
represent an integer, the general value of x may be ex- 
pressed by ^ — bq — mZy and that of ^/ by I + aq — nzi 
as will appear by substituting in the general expression 
ax + bif + C2, which thereby becomes ag — abq — 
amz + bl + abq — bfiz + cz =: k^ as it ought to be, 
because ag + bl ■=. k^ and all the rest of the temas 
destroy one another. And it may be observed farther, 
by the bye, and is evident from hence, that any two 
con-esponding values of ni and ;?, determined from the 
equation am -f- bn == c, will equally fulfil the conditions 
of the general equation ; but the lekst are to be used, 
as being the most commodious. As to the limits of z 
and q^ these are easily determined ; the former from the 
original equation, and tlie latter from the general va- 
lue of a:; by which it appears that q cannot exceed 

« 

; wherein the gi'eatest, or the least value of z is 



^ 



mz 



tQ be used, according as the second term, after substitu- 



."■■1 »:". 
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tion for w, is positive or negative. But, besides this, there 
is ahother limit, or particular value of q to be determined, 
which is of great use in finding the number of answers. 

It is evident, from the given equations, that the 
values of x. will begin to be negative, when z is so 

increased as to exceed ^ ^ ; and that those of 

m 

y . will, in like manner, become negative, when z is 

taken greater than -— — ^ : therefore, as long as 

n 

JST'-^ba . ^ I -X- ag . . ' 

^— — -^ continues greater than (supposing the 



m n 

value of q to be varied) so long will ;i^admit of a 
greater assumption for z than y will admit of, without 
producing negative values ; and vice versa. By mak- 
mg, therefore, these two expressions equal to each other, 

Ae value of g will be jnven (= ^ - — -) = -ClU — ; 

^ ^ ^ am+ny c 

eiq)ressing the circumstance wherein both the values of 
X and t/, by increasing 2, become negative together. 
But this holds true only when w is a positive quantity ; 
for, in the other case, the last term ( — wzz) in the ge- 
neral value of X being positive, the particular values do 
not become negative by increasing, but by diminishing 
the value of 2 ; it being evident, that no such can re- 
sult from any assumption for 2, but when q is greater 

than 4-. 


To apply these obser\'ations to the equation, 7x + 

9y + 232 = 9999, proposed, we shall, in the first* 

22/-— 3 
place, by taking 2 = 0, have x = 1428 — y '•— — : 

whence the least value of y is given = 5 ; and the 
greatest of x = 1422. Again, from the equation am + 
bn = c, or 7m + 9n = 23, we have w = 3 — 72 — 

2w — — 2 .* . 

; in which the least positive value of n is given 

= 1 ;* and the corresponding value of w = 2 ; and so 
the general values of x and y do here become 1422 ~ 
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9q — 22, and S + 7q — 2, respectively. From the 

former of which the greater kmit of q is ^rVen s 

1422 — 2 . ^_ J- ng-^nd . , 

, or 157 J ; and from -2 ^ expresemg the fcs- 

y c 

ser limit, we have 61, for the value of y, when iIk 
least value of x becomes equal to that oi y. These 
limits being assigned, let a be now interpreted by 0, 
1, 2, 3, 4, 5, £sPc. successively, up to 61, inclusive: 
whence the number of answers, or variations of y cor- 
responding to every interpretadon, will be found as in 
the margin. From whepce it appears that the ari^ 
metical progression 4 + 11 -(- 18 + 25 + 32, £s?c. con- 
tinued to 62 terms, will truly ex- 
press the number of all the an- 
swers when q is less than 6SS: 
which number is therefore gi^en 

= 4 + 61 X 7 + 4 X 31 = 13485. 
In all which answers it is evi- 
dent, that x^ as weB as y, will 
be positive (as it ou^t to be): 
because it has been proved that 
the. least value of at, till q be- 

comes (= -i2_ ) - 61|, will be greater than that 

of y ; which is positive, so far. But now, to find the 
answers when q is upwards of 61, we must have re- 
course to the general value of x ; which, in these cas^s, 
by the different interpretations of 2, becomes negative 
before that of ij. Here, by beginning with the greatest 

' - limit, and writing 157, 156, 

155, 154, &fc. successively, 
in the room of y, it will ap- 
pear, that the number of 
answers will be truly ex- 
pressed by the series 4 + 8 
+ 13 + 17 + 22, i^c. con- 
tinued ta 157 — 61 terms: 
which terms being united in 
pairs (because, in every two 
tenns, the same fraction in the limit of z occurs) th6 



7 


y- 


N. Ans. 





S — z 


4 


1 


12—2 


11 


2 


19—2 


18 


3 


26—2 


25 


4 


33 — 2 


32 


&fc. 


&fc. 


i^c. 



7 


X z=i 


2«:d 


N. Ans. 
4 


157 


9—22 


^ 


156 


18 — 22 


9 


8 


155 


27 — 22 


13| 


13 


154 


36 — 22 


18 


17 


153 


45 — 22 


221 


22 


&fc. 


&?C. 


fcfc. 


&fc. 
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series 12 4* 30 -f- 48 + &fc. thence arising^ will be a true 
arithmetical iat)gres8ioxi ; whereof the common difference 

being 18^ and the number of terms = ' . ■ — = 48, the 

smn will therefore be given = 30880 : to which adding 
13485, the mnnber of answers when q was less than 62, 
the aggreg^e 34365 will b^ the whole number of all the 
answers required. 

PROBLEM XIV. 

To determine horvo many different ways it is possible to pay 
1000/. without using any other coin than crowns^ gm* 
fieasy and moidores. 

Py the conditions of the problem we have 5x + 21y 
+ 2Tz = 20000; where taking z = 0, a: is found 

= 4000 — . 4j/ — — , and from thence the least value of 

y = (0 beitig necessarily included here by the question) : 
whence the greatest value of x is given ss 4000« More- 
over, from the equation 5w + 21n = 27, we have 

m:=i 5 — 4n — ; from which n = 2, and w ra 

5 ' 

— 3: so that the general values of x and 2/1 given in 

the preceding problem, will here become 4000 — 21y 

-f 32, and Sq — 22. Moreover, from the given equa* 

20000 
tion, the greatest limit of z appears to be = — — - = 

, 1 u g-^mz -^4000+3x740 
740 ; whence we also have ^ — -— - = *■ 

1. ^ r J ^ 4000 

= 296 = the greatest limit of q ; and ^ = — -- = 

190, expressing the lesser limit of y, when the value of 
jc, answering to some interpretations of 2, will become 
negative, while those of y still continue affirmative. 
To find the number of all these affirmative values, up 
to the greatest limit of y, letO, 1, 2, 3, 4,. 5, X^c. be 
now written in the room of q (as in the margin). Whcince 
it is evident that the said number is composed of the 



The Setobition of 



series l + 3 + 6 + i 



9 


y = 


Quot 


N. Ana. 





— 3s 





1 


1 


5 — 22 


'■i* 


3 


3 


10 — 22 


5 


6 


3 


15 — 2z 


H 


8 


4 


20 — 22 


10 


11 


5 


25 — 22 


]2Jt 


13 


b?c 


yc. 


yc. 


&fe. 



-f- 11 + 13, i^c. continued to 
297 terms ; \^ch tenns 
(setting aside the first) being 
united in pairs, we shaU 
have the arithmetical pra- 
gression 9 + 19 + 29, Vc. 
where the number of terms 
to be taken being 148, and 
common difference 10, the 
last term will therefore be 
1479, and the sum of the 
whole progression 110112: 
to which adding (l) the term omitted, we have 110113, 
for the number of all the answers, including those wher^ 
the value of x is negative ; which last mwst therefore be 
fomid and deducted. 

In order to this we have already found, that these ne- 
gative values do not begin to have place till q is greater 
3wi 190: let, therefore, 191, 192, 193, iffc. be sub- 
- Btituted, successively, for y; 
from whence it will ;q>pear ' 
tliat the number of all the 
said negative values is truly 
exhibited by the arithmeti- 
cal progression 4 + 11 + 
13 + 25, Ep'c. continued 
lo 296 ■ — 190 terms ; where- 
f the sum is 39379 ; which 



? 


X. 


Quot. 


N. Ans. 


191 


3z— 11 


3^ 


4 


192 


32 — 32 


104 


II 


Iflf 


32 — 5i 


17-^- 


18 


19J 


32 — rA 


2^-» 


25 


'isfc 


^r. 


i^r. 


i^r. 



subtracted from 110113, found above, leaves 70734, for 
the number of answers required. 

After the manner of these two examples (which il- 
lustrate the two different cases of the general solution, 
given in the preceding problem) the number of answers 
may be found in other equations, wherein there are 
three indeterminate quantities. But, in summing up 
the numbers arising from the different interpretations 
of ff, due regard must be had to the fractions exhibited 
in tne third column expressing the limits of z ; because, 
to have a regular progiession, the turms of the series in 
the fouith column, exhibiting the number of answers. 
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must be tmited by twos, threes, or fours, &?c. according as 
one and the same fraction occurs every second, third, or 
fourth, &?c. term (the odd terms, when there happen any 
thing over, being always to be set aside, at the beginning 
of the series). And it may be obsen'ed farther, that, to 
determine the sum of the progression thus arising, it will 
be sufiicient to find the first term only, by an actual addi- 
tion : since not only the number of terms, but the com- 
mon difference also, will be known ; being always equal 
to the common difference of the limits of z (or of the quo- 
tients in the said third column) multiplied by the square of 
the number of terms united into one ; whereof the reason 
is evident. But all this relates to die cases wherein the 
coefficients of the indeterminate quantities, in the given 
equations, are (two of them at least) prime to each other : 
I shall add one example more, to show the way of proceed- 
ing when those coefficients admit of a common measure* 



PROBLEM XV- 

Supposing" 12x + 15y + 202 = 100001 ; it is required 
to find the number of all the answers in positive integers. 

It is evident, by transposing 202 and dividing by (3) 

the greatest common measure of x and y^ that ix + 5z/, 

22 — — 2 
and consequently its equal 33333 ^-62 — , 

must be an integer, and therefore 22 — 2 divisible by 
3 : but 32 is divisible by 3, and so the difference of 
these two, which is 2 + 2, must be likewise divisible 
by the same number, and consequently 2=1+ some 
multiple of 3. Make, therefore, 1 + 3w = 2 (w be- 
ing an integer) 5 then the given equation, by substitut- 
ing this value, will become 12^^ + I5y + 60w -f- 20 
= 100001 ; which, by division, &?c. is reduced to 
4:c -f- 5j/ -f- 20?^ = 33327 : wherein the coefficients of x 
and y are now prime to each other, and we are to find 
the number of all the variations, answering to the dif- 
ferent interpretations of n. from O to the greatest limit 
inclusive. 
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By proceeding, tliercfoce, as in the aforegoing casea, 



we have x = 8331 -^ y 



y — 3 



whence the least va* 



lue of y is given = 3, and the greatest of ^ s= 832S. 
Moreover, from the equation 4fm + Sn == 20, we have 

m^S — n — — ; whence » = 0, and mi^^S." Tbo^efcwe 

4 

the general values of x and y (^given in problem 13) do 

here become 8328 — 5q — 5w, and 3 -f- 4^^ ; from the for- 

8328 

mer of which the greatest limit of q is given ?= *-.-^ s: 

5 

1665. Now, siince the value of y will here continue posi- 
tive, in all sulistitutions for q and u^ as no negative CUUin- 
tity enters therein, the whole numbers of answers wiU be 
determined by the values of x alone. 

In order to this, let q be successively e^poimded by 

1665, 1664, 1663, 6?t. 
and it will thence appear 
that the said number will 
be truly defined by 1666 
terms of the aritlunetical 
progression 1 -f 2 -f- 3 
+ 4 + 5, &fc. whereof 
the sum is found to be 
1388611. 

When there are four indeterminate quantities in the 
given equation, the number of all the answers may be de- 
termined by the same methods ; for any one of those quan- 
tities may be interpreted by all the integers, successively, 
up to its greatest limit, which is easily determined j iand 
the number of answers corresponding to each of these in- 
terpretations may be found as above ; the aggreg-ate of all 
which will consequently be the whole number of answers^^ 
required : which sum or aggregate may, in many cases, 
be derived by the methods given in section 14, for sum- 
ming of series by means of a kno\vn relation of their terms. 
But tlus being a matter of more speculation than real 
use, I shali now pass on to other subjects. 



1665 


X 


Quot. 


N. Ans. 


3 — 5u 


o| 


1 


1664 


8 — 5u 


n 


2 


1663 


13 — Su 


2| 


3 


i^c. 


&fc. 


&fc. 


fc?c. 
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SECTION XIV. 



The Tnvcstigafion of the Sums of the Powers of Num- 
bers in Arithmetical Progression. 

BESIDES the two sorts of progressions treated of la 
section 10, there are infinite varieties of other kinds ; but 
the most useful, and the best known, are those consisting 
of the powers of numbers in arithmetical progression; 

such as 1» + 2^ + 3= + 4* n', and l' + 2* + 3* + 4* 

• . . . n^f fcft. where n denotes the number of terms to 
which each progression is to be continued. In order to 
investigate the sum of any such progression, which is the 
design of this section, it will be requisite, first of all, to 
premise the following 



LEMMA; 



If 



involving the pow 



any expression, or series, as 
An + Bn" + Cn^ + Dn* &c. 1 

— an — bn^ — cn^ — cfn* &c. j ' 
ers of an indeterminate quantity n, be universally equal to 
nothing, whatsoever be the value ofn; then, I say, the 
sum of the coefficients A — ■ a, B — i, C — c, &c. of each 
rank of homologous terms, or of the same powers of n, 
will also be equal to nothing. 

For, in the first place, let the whole equation 
An + B,.- + Cn' &c. 1 „ ^^ ji^jj^j t „j 

— an — bn^ — cn' 6cc. J ' ' ^ 



we shall have 



A + B« + Cn' &c. ) 

- itn ■ — c«* &c. J 



and 



this being universally so, be the value of n what 
it will: let, therefore, n be taken = 0, and it will 

become 4 l = 0; which being rejected as 

such, out of the last equation, we shall next have 
i whence, dividing 



-6/1 



dn^ &C.J 



SD 



3WS Hie hve$tiff&ti9n of 

agsun by «, and proceeding in the very same manner, B — ^ ^ 
is also proved to be =s ; and from thence C *— c, D — d^ 
he. Q. £. D. 

Now, to apply what is here demonstrated to the pur- 
pose above specified, it will be proper to iCjifasen^, fiz^ 
that as the value of any projg;reswJH l*,^' 2* + 3* 

+ 4* n*, varies according as n, the number of 

its terms, varies, it must (if it can be expressed in a ge* 
neral manner) be explicaole by n, and its powers with 
determinate coefficients; secondly, it is obvious that 
tliose powers, in th6 cases above proposed, must be ra- 
tional, or such whose indices are whole positive mm* 
hers; because the progression, being ah aggregate of 
whole numbet^, cannot admit of surd quantities ; lastly^ 
it will appear that the greatest of the said indices can- 
not exc^d the common index of the progression by more 
than unity; for, otherwise, when n is taken indefinitely 
great, the highest power of n would be indefimtely greater 
than all the rest of the terms put together. 

Thus, the highest power of n, in an expression imiver- 
sally exhibiting the value of 1* + 2* + 3* • . . . . n\ 

cannot be greater than if ; for 1* + 2* + 3^ »* 

is manifestly less than n^ (or n* -f n^ -f n* + &c. con- 
tinued to n terms) ; but n*, when n is indefinitely great, 
is indefinitely greater than n*, or any other inferior 
power of 72, and therefore cannot enter into the equation.^ 
This being premised, the method of investigation may 
be as follows. 

Case 1**. To find the sum of the profession 1 +'2 +3: 

Let An* -f Bn be assumed, according to the foregoing 
observations, as a universal expression for the value 

ofl+2 + 3+4 n; where A and B represent 

unknown, but determinate quantities. Therefore, since 
the equation is supposed to hold universally true, whatso-' 
ever be tlje number of terms, it is evident, that, if the num- 
ber of terms be increased by unity, or, which is the siame 
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thing, if 71 + 1 be written therein, instead of n, ttie eq na" 
lity will sti ll subsist, tod we shall have Ax ^ + M* 4^ 

B X « + l =5 1 + 2 + 3 + 4 . . . . • . . i« X n + 1. 
From which the first equation being subtracted, there re- 
mains A X n + l]^ — An* + B x n + 1 — Bn = n + 1 : 
this contr acted wi ll be 2A» 4. A + B = n ^ 1 : whence 
we hSve 2 A — 1 xn + A + B — 1=0: wherefore, 
by taking 2A — 1=0, andA+B — 1 = {accord-^ 
ing to the iemmd)^ we have A = |, and B = J- j and 
consequently 1 +2 + 3 + 4 . . . , . n (= An^ +' Bri) = 

n^ , n w X w + 1* 

—-4 , or ' . \ 

2^2'' 2 

• i' 

Case 2"., . To Jtnd the sum of the progression 1* + 2* + 

32 »%prl +4 + 9 + 16... .n^ 

Let Ar^ +• B;i^ + C/z, according to the aforesaid ob- 
servations) be assumed =1^ + 2* + 32+ 42^ , . .rfi 
then , by rea soning as in the precedin g case, we shall h^ye 

A X n + iX + B X72 + lT + C Xn +1 = 1^ + 2* +. 

32+4^ . ... ^^* + n •+^}lT y that is, by*involving 7^ + 1 
to its several powers, AtT + ZKn^ + 3An + A + Bn* 
+'2Bn + B + C« + C = 1* + 22 + 32 ^ 4* . • . . n*. 

+ n + 1 j : from which, subtracting the former equa- 



_\ 



* In this investigation, it is taken for granted, that the 
sum of the progression is capable of being exhibited by 
means of the powers of ?^, with proper coefficients; 
which assumption is verified 'by the process Itself : for it 
is evident from thence, that the quantities An* + Bn, 
and 1 + 2 + 3 + 4 ... 72, under the values of A and 
B there determined, are always increased equally, by 
taking the value of n greater by a unit: if, therefore, 
they be equal to each other, when 7Z is = (as they 
actually are), they must also be equal when n is 1 ; and 
so, likewise, when n is 2, £sPc. £5?c. And the same reasoning 
holds good in all the following cases. 



1 
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tion , we ge t 3An* + SAn + A + 2821 + B + C 

(= n -f V\* ) = n* + 2n + 1 ; and consequently 

3 A — 1 X n» + 3A + 2B — 2 X n + A + B + C — 1 
ts 0; whence (by the lemmd)^ 3 A — 1 = O, 3A 
^ 99 » 2 = Q^ ti;id A + Q + C ~ 1 = ; therefore 

A=l;B = i=:i^=l,c = 1-A — B=l; 

3' 3 ^y 6 

fmd coi^sequendy 14.44-9 + 16 •••••n'r:= h — 

•• I i - -3 • 2 



. tt^ n • n+ 1 ♦ 2w 4- 1 
6 .6 

Case 3^ To determine the sum of the progression 1* 4- 2* , 
4. 3? 4- 4? ..... . n^ or 1 + 8 + 2f +64 . .V. .Ti*. ' 

, By putting An* + Bn« + Cn* + Dn = 1 + 8 + 2V« 
+ 64 ....•• n^, a|id proceeding as s^ove, we shall have 
AAtj? + 6 An» +4An + A + 3Bn« + 3Bn + B + 2Cjf 

rf- C + D (=j^ + 1*1*) = n^ + 372^ + 3n + 1; said 

dierefore 4A — "l x n» + 6A + 3B t— 3 X «* + 

4A + 3B + 2C — 3 X n + A+B+ C +D — 1 =0: 

k A In/ 3 — 6Av 1 ^. 3— 4A — 3B. 
hence A = — , B (= — ) = — X (=. :*— -) 

= — , D (=1— A — B — C} = 0; and therefore 

-4 ■ ^ • - - -■ -■ 

13 + 2» + 3? + ^^ . . . , . n» = 5- + ^ + ^, or 

4 2 4 

' ' . In the very same manner it will be found 

that 

^A , ^A ^A A ^^ , W^ W' ^ 

!< + 2* + 3* . . . . n* = — + — + . 

^ 5 2^3 30 

l* + 2* + 3^ n* = !5l + !^4.^_!!l. 

t^^ 62^ 12 12 

.« . ^ii . »A A n'' , n^ , n' n^ n 

10 4. 2* + 3* . . . . n<^ = — 4 h + — . 

: ^ ^ r^ 2^2 6 ^4^ 

£s?c. &fc. 
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In order to exemplify what has been thus far deliver- 
.ed, kt it, in the first place, be required to find the sun\ 
of the series gf squares 1+4 + 9 + 16, i^c. continued 
to 10 terms : then, by substituting 10 for n, in the go- 

• ^ + 1 • 



oeral expression - 



■("T+T + -^l- 



found by case 2°, there will come out 385, for the re- 
quired Bum of the progression : which, the number of 
terms being here small, may be easily confimied, by ac- 
tually adding the 10 terms together. Secondly, let it 
be required to find the number of cannon-shot in a 
aquare pile, whose side is 50^ Here, by writing 50 for n 

. , - n.n + 1 . 2)1 + 1 , „ , 

m the same expression, , we shall have 



50 X 51 X 101 



) 42925, expressing the number of 



shot in such a pile. Lastly, suppose a pyramid composed 
of 100 stones of 8 cubical figure ; whereof the length of 
the side of the highest is one inch; of the second two 
inches j of the third three inches, fcj'c. Here, by wriung 
lOOinsteadofn, in tlietiiird general expression, we have 
35502500, for the number of sOlid inches in such a pyra- 
mid. 

Hitherto, regard has been had to such progressions as 
have unity for their first term, and likewise for the 
conunoa difference ; but the same equations, or theo- 
rems, with very little trouble, may be also extended 
to those cases where the first term, and the common 
difference, are any given numbers, provided the for- 
mer of them be any multiple of the latter. Thus, sup- 
pose it were required to find the sum of the progression 
6» + 8» + 10" fcfr. (or 36 + 64 + 100 tfc.) conti- 
nued to eight terms; then, by making (4) the square of 
the common difference a general multiplicator, the gi\-en 
expression will be reduced to 4 X 3' + 4^ + 5* .... 10^ : 
but the sum of the progression I' + 2' + 3* + 4* . . . . 10* 
is found, by the second theorem, to be 385 ; from 
which, if (5) the sum of the two first terms (which the 
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series 3* + 4* -fc 5* . . , . . 10^ wants) be taken away, the 
remainder will be dSO ; and this, multiplied by 4, gives 
1520, for the true sum of the proposed progression : and 
so of others. 

But if the first' term be not divisible by the common dif- 
ference, as in die progression, 5* -f 7* + 9* £sf c. the specu- 
lation is a little more difficult ; nevertheless, the sum of 
the series, in any such case, may still be found, from the 
same theorems. 

Let the series m -f- e^ + m + 2e p + m + SeY • ^ • • • 

m + ne^ be proposed, where m and e denote any quan- 
tities wnatever, and whei'e n represents the number of 
terms. Then, by actually raising each root to its second 
power, and placing the terms in order, the given expres- 
sion will stand thus : 

m* -f. m* + m^ 
2me + 4me + 6w^ .... 2nme J- . Now, it Is evident 

^ + 4^4-9^ 
that the sum of the first rank, or series, i^ n x fn^ i also 

the sum of the second, or 2me X 1 +2 + 3 + 4 . . . • n, 

H, ^ TL ■^^ X 

appears (by case 1) to be 2me X -^—i and that of 



us ; 

t* . » . . W* "J 

e . • . . 2nme y . 



the third, or e^ x 1 + 4 + 9 + 16 . . . .' . n* {by case 2) 

= r* X — *- — i — *--^ — i— : therefore the sum of the 

6 

whol e progr ession, m + g")* + m + 2^"]^ + m + 3^"|* 

• . • •tn + nel^ is = n . 7n^ + n . ?2 + 1 . w^ + 

n.n + 1 .2n + l .^ 

— 6~ 

In li ke m anner, if the series proposed be 

tn + e^ j^ rti-\^ 2e^ + m + 2>e\ . . . . w + ne^ \ then . 
may it be resolved 

1 + 1 + 1 ..... 1 X m^ 



into 



.14-2+ 3.....n X 3772*^ . , , 

<j — L, — X ^ J> : whose sum, bv . 

} 1+4+ 9 n^ X 3me^ \ 

1^1 + 8 + 2r n^ Xe^ J 
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the forementioned theorems, will appear to be 

^ 2 2 ^ 

-,r-! — Jl — — — • And, by following the same method, 

the sums of other series may be determitied, not only 
of powers, but likewise of rectangles, and solids, ^c* 
provided their sides, or factors, be in arithmetical pro- 
gression. Thus, for example, let there be proposed 

the series of rectangles m + e •. p + e + m + 2e . /» -fc 2^ 

+ w + 3e •p + Ze.»..+m + ne . p + ne. Then, th^ 
factors being actually multiplied together, smd the terms 
placed in order^ the given series wiU be resolved into the 
three following ones : 

mp + mp . + mp + mp • . • . + mp 

m+p.e'i*m-^'p*2e-i-m+p*Se'^m+p^4e**m.+m'i'p*nif 

e?4. 4€^+ , 9e^+ 16^....+ nV, 

Whereof the respective sums {by case 1 and 2) are 

mp X n^rn +p . e X • ■ — , and er x ^— r — 

^ ' o 

and tfee aggregate of all these, or 



n X mp -i — . m +p . e H • e^j is con- 

sequendy the true sum of the series of rectangles pro- 
posed. 

From this last general egression, the number of can- 
non-shot in an oblong pile, whether whole or broken, 
will be known. For, supposing ^=3 1, our series of 

rectangles becomes wV^ .J5*4^?#Bf«!^"*> + 2 -f- 



m + 3 . p + 3 . . . .\- . + ik + n . p +n ; and the sum 



1 r ^ , » + 1 . n + 1 . 2n + 1 

thereof :=znXmp + — i— r . m +p + — ■ 1— = 

the number sought : where w + 1 and p + X repre- 
sent the length and breadth of the uppermost rank, or 
tire: n -being the number of ranks one above another* 
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But the e xpression here brought out may be reduced td 

— x^m + n + l . 2/> + n+l+ ^"'"^ \^~^ 'f which 

is better adapted to practice, and which, expressed in words, 
gives the following rule* 

To twice the length, and to twice the breadth of 
the uppermost rank, add the number of ranks less onc^ 
and multiply the two sums together ; alsQ multiply tfae 
number of ranks less one, by. that number more one, 
and add ^ of this product to the formei* ; then ^ of the 
sum multiplied by the number of ranks will be the an- 
swer. 

As a rule of this sort is of frequent use to persons con- 
cemed in artillery, it may not be improper to add an ex- 
ample or two, by way of illustration. 

li Suppose a complete pile, consisting of 15 tires, or 
ranks, - and suppose the number of shot in the upper** 
most (which, in this case^ is a single row) to be 32. 
Then th e first product mentioned in the rule will bt 

64 4. 14 X 2 + 14 = 78 X 16 = 1248 ; and the se- 
cond = 14 X 16 = 224 ; ^ whereof is 74|, and this, 
added to 1248, gives 1322|; whereof J part is 3S0|) 
which, multiplied by 15, gives 4960, for the whole num- 
ber of shot in such a pile. 

2. Let the pile be a broken one, such, that the length 
and breadth of the uppermost tire may be 25 ^d 16, and 
the number of tires 11. 

Here, we have 50+10 X 32 + 10 = 60 X 42 = 2520, 
for the first product ; and 12 X 10 = 120, for the second : 

therefore — — X H = 640 X H = 7040, is the true an- 

4 

swer. 

Having exemplified the use 6f the theorem, for find-^' 
ing the sum of a series of rectangles, 1 shall here subjoin 
One instance of that preceding it, for detfermining thef 
sum of a series of cubes ; wherein the value of the 

firs t 10 term s of th e progres sion 2 + y' 2]^ + 3 +2 \/ 2"j* 
+ 4 + 3 V^* + 5+4 sT^Y ^<^- is required^ Here^ 
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e being 1 + V 2, w will be = 1 ; thereforfe, by writing 
10, 1, and 1 +\/2 for 7Z, m^ and e, respectively, in the 

general expression, it will become 10 + -^ — 1-^ — "^ V 
, 10 • 11 • 21 . 1 + V^y , 100 , 121 . 1 + V^T 

•J. — ' -f- -■ — - — — zs^ 

24815 + ireoo V2, the value sought. 

If any one be desirous to see this speculation carried 
further, so as to extend to series of powers, whose in- 
dices are fracitions ; such as square roots, cube roots, 
£5?c. I must beg leave to refer to my EssaySj where it is 
treated in a general manner. Here, I must desire the 
reader to observe, once for all, that the theorems above 
found will hold equally true, in case of a descending series, 

such as ?7i — ey -j-m — 2eY &^^» or m — ^"J^ + m - — 2eY 
&fc. provided the signs of the second, fourth, &fc. terms 
be changed ; as is evident from the investigation. 

Although the subject of this section has, already, 
been pretty largely insisted on, yet it may not be im- 
proper to add a different method, whereby the same 
conclusions will, in many cases, be more easily derived : 
in order to which it is necessary to premise the subse- 
quent 

LEMMA. 

If a + b + c + d + e + ^c. be a series, whereof 
the terms, a, b, c, d^ &c. are so related to each other, 
that the sum, or value thereof, can be universally ex- 
pounded by an expression of this form, viz. An -f. B x 

n X n — 1 +C xnxn — 1 X n — 2 + D x n Xn — 1 



■**kf» 



xn — 2 X n — 3 &?c. n being the number of terms to 
which the series is to be continued, and A,^B, C, D, &?c. 
determinate coefficients ; then, I say, the values of thoie 
coefficients will be as hereunder specified, viz. 

A =za 

B==l±±/, 
2 ' 

2E 
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2. 3 ' 
— a + Sb — 3e + d 

p. __a — 4fb + 6c — 4fd + e 
2. 3 .4.5 ' 

fcfc. &fc. 



For, s ince th e equation Axn + BxnX7i — 1 + 
P X n x n — 1 X ^i — 2 + D X n X n — 1 X n — 2 X 
71 — 3 £cf(;. z:za + b + c + d + ej &c. is supposed to hold 
universally true, let the number of terms be what it will, 
let n be expounded by 1, 2, 3, 4, £sPc. successively, and 
the general equation will become 
1°. *A = «, 
2°. 2A+ 2B=:a + b, 
3^ 3 A + 6B + 6C = a + <^ + o, 
4°. 4A + 1215+24C+ 24D z=za + b + c+d, 
5**. 5A + 20B + 60C + 120D + 120E = a + ^ + c + t/ + e, 
&c. &c. 

Now, the double of the first of these equations being 
subtracted from the second, its triple from the third, and 
its quadruple from the fourth, i^c. we shall have 
^2B = /^ — a, 
6B+ 6C = — 2a + b+c^ 
12B+24C+ 240= — 3a + i^+c + ^, 
20B + 60C + 120b + 120E =z — 4a + b + c + d+r:, 
&c. &c. 

Again, if the triple of the first of these be subtracted 
from the second, and its sextuple from the third, &fc. we 
shall next have 

*6C = « — 2^ + c, 

34C4- 24D = 3a — 5b + c + d^ 

6OC + I20D + I20E = 6a^9b + c + d + e. 

Moreover, by taking the quadruple of the first of these 
from the second, £sfc. we get 

#24D + _ a + 3^ — 3c + fiT, and 

t20D + 120E = — 4a + ll/^ — 9c + ^+e; 



(h^ Sums of Progressions^ 211 

itoixi the latter of which subtract the quintuple of the for- 
mer, and there will remain 

*120E = a — 4<^ + 6c — 4d + e. 
Now, divide each of the equations marked thus (^), by 
the coejSicient of its first term, and there will come out 
the very values of A, B, C, D, &?c* above exhibited* 
Q. E. t). 

COROLLARY. 

If every term 6f the proposed series, «, ^, c, dy &c. be 
subtracted from the next following, the first of the 
remainders, — a + b^ — ^+^5 — ^ + d, — d + e^ &c. 
divided by 2, gives the value of B, the coefficient of 
the second term of the assumed series. And if each of 
the quantities thus arising be subtracted from its sucr 
ceeding one, the first of the new reminders, a — 2^ + c, 
b — 2c + ci^ c — 2d + <r, &c. divided by 6, will be 
equal to C, the coefficient of the third term of the 
same series. In like manner, if each of these last re- 
mainders be again subtracted from its succeeding one, 
the next remainders will be — a ^ Sb — 3c + d^ — b 
+ 3c — Sd + e^ &c. whereof the first, divided by 24, 
gives the coefficient of the fourth term, &f c. &Pc. There- 
fore, if the. first remainder of the first order be denoted 
by P, the first of the second order by Q, the first of the 
third by R, the first of the fourth by S, &fc. then 

-—being = B, -— ^ =3 C, -^ = D, ■ ■ ■ 

= E, &fc. it is manifest that the sum of the series a + b 
^ c .+ d + e + f &c. will be tnily expressed b}- 

^ 1.2 ^ ^ "^ 1.2^3 ^ 



R X ^^ ^ ^^ — ^ X yz -— 2 X n — 3 , 

1.2.3.4 



S X ^^^ — ^ X n — 2 X n — 3 X n — 4 ^^ 

1.2.3.4.5 ' 

Example 1. Let the sum of the series of squares 
1 -f.4-f- 9 -f. 16 . . . . -f ?i* be required. Then, Hk- 



SJ2 The Mtvesti^atiotn ^ ■■ 

ing the- differences of the several orders, according to the 
preceding corollary, we have 

1, 4, 9, 16, 25, 36, 8tc* 
3,5, y, 9, 11, &c 
2, 2, 2, 2, &c. 
0, 0, O, &c. 
Therefore « in this case being = 1, P = 3, Q =» 2^. 
and R, S, £s?c. each = O, the sum of the whole series, 
1 ^ 4 + 9 + 16 + 25 . . / . . n*, is found = n + 

3n X n — 1 , n X n — Ixn — 2 2n^ + 3n* + » 

2^3 6 



nxn + lx^n + 1 

' -6 > 

Example 2. Let it be required to find the ^sum of ti 
terms of the following series of cubes, viz* 27 + 64 + 
125 + 216 + 343 + 512, &fc. Proceeding here as in 
the last example, we have 

27, 64, 125, 216, 343, 512, &c. 

37, 61, 91, 127, 169, &c. 

24, 30, 36, 42, &c* 

/ 6, 6, 6, &c« 

0, O, &c. 
Therefore, by substituting 27 for or, 37 for P, 24 for C, 
and 6 for D, we thence get 

. 37n X n — 1 . 2472 X n — 1 X n — 2 . 

27n + -^ f- • — ) — ^ + 

2 2.3 ^ 



— -— •; which, abbreviated, be- 

1 • 2 • 3 • 4 

comes — -j f- — ^. 15n, the sum, qr value, i«* 

4 V 2 4 

quired. 

Example 3. Let the series propounded be 2 + 6 + 1^ 
+ 20 + 30, &?c. In this case, we have 

2, 6, 12, 20, 30, &c. 

4|, 6^ 8, 10, &c. 

2, 2, 2, &c« 
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Hence, a bemg = 2, P = 4, Q = 2, and R, S, 

^c. each =i O, the sum of the series will therefore be 

^ ,^AnXn — 1 , 2nXn — 1 X n — 2 ?i' + 3n* + 2n 

2/1 -I 2 — = — : 1- — 

2_ , 6 3 

nx n + 1 ,Xn + 2 

3 
And, in the same manner, the sum of the series may be 
truly found, in all cases where the differences of any or- 
der become equal among themselves : and even in other 
cases, where the differences do not terminate, a near ap- 
proximation may be obtained, by carrying on the process 
to a sufficient length. 



SECTION XV. 

OfFigurate Numbers^ their sums, and the sums of 
their reciprocals^ imth other matters of the like 
nature. 

THAT series which arises by adding together a 

rank 

r Units (called fig. No. of the 1st ord.)") ^ ^ r2d 1 
I Figurate numbers of the 2d order sg 3d 

-J Figurate numbers of the 3d order kJ^%j ^th 
] Figurate numbers of the 4th order j 1^ ( ^th 
! Figurate numbers of the 5th order | I Sd 6th 
LFigurate numbers of the 6th order 
Therefore the figurate numbers 
"Ist order"" 
2d order 
of the <^ 3d order > are 



O 



nh 



j 4th order 
\^5th order 



r 1 . 1 . 1 . 1 . 1 . &c. 

1.2. 3 . 4 . 5 . &c. 

<^ 1.3. 6. 10. 15.&C. 



I 1 .4. 
Ll . 5. 



10 . 20 . 35 . &c. 

15. 35. 70. &c. 

Hence it is manifest^ that, to find a general expression 

for a figurate number of any order, is the same thing 

as to fi^d the sum of all the figurate numbers of the 

preceding order, so far. Let n be put to denote the 
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distance of any such number from the beginning of its 
respective order, or the number of terms in the pre- 
ceding order whereof it is composed : then it is evident, 
by inspection, that the sum of the first order, or the ndi 
term of the second, will be truly expressed by n, the 
number of terms from the beginning. It is also evident, 
from sect. 14, p. 203, that the sum of the second order, 

1+2 + 3+4 72, will be — + —(=_ X — J-) 

which, according to the preceding observation, is also 
the value of the nth term of the third order. Hence,' 
if the numbers, 1, 2, 3, 4, 5, &fc. be successively written 

instead of tz, in the general expression 1 , we shall 

thence have ^ +^,| + |,| +|, V +|, y +|, &?c. for 
the values ot the first, second, third, fourth^ fifth, SsPc. 
terms of this order, respectively; whence it appears, that 
the series 1 + 3 + 6 +10 + 15+21, &?c. may be re- 
solved into these two others, viz. 

i+l + l + l+V+V,&c.and • 

The former of which being a series of squares, its sum will 

therefore be = 1 1 (by case 2, p. 203), and 

6412^^ ' ^ -^ 

that of the latter series (^z/ case 1, p. 203) appears to be 

n^ n 

1 : and the aggregate of both, which is 

4 4 

h h-^ (or — X X --^— ) will be the true 

62^3^1 2 3"^ 

value of the proposed series 1 + 3+6 + 10+15 
Qfr. continued to n terms, and therefore equal, like- 
wise^ to the 7zth term of the next superior order, 
1+4 + 10 + 20 + 35, &fc. Let, therefore, 1, 2, 
3, 4, 5, fcfc. (as above) be successively written for n in 

71^ 72^ 72 

this general expression, — H 1 , and it will be- 

come ^+^+-j, y +if+3'i+ 7 T"¥"rT9 ?" + ¥ ^ %•* 
^Sc, for the'values of the first, second, thtrd, fourth, fePr. 



I V 
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terms of the fourth order, respectively; whence it ap- 
pears that the series 1+4 + 10 + 20 + 35, &?c. may be 
resolved into these three others, viz* 

16. . . •n^ 



1 


+ 8 + 27 + 64 + 125 + 216 . . . • 


n^ 


1 


6 
+ 4 + 9 + 16 + 25 + 36 . . . . n* 




1 


2 ' 
+ 2 + 3+4 + 5 +6. ...n^ 





3 

- ^ , n* n^ n^ n^ n^ n 

whereof the sums are {- — + — , 1- 

24 ^ 12 ^ 24' 6 ^ 4 ^ 12' 

aQ4 — .+ ^ (^y P- 202 and 203) the aggregate of 
6 6 

^luch, or - + ^ + ^ + - (= _ X -^ X 

"^ • X — -^-'— ) will consequently be the true value of 
3 4 

the whole series. After the same manner the sum of the 

rrt_ J Ml ^ u n ^ n + 1 n + 2 w + S 

fifth order will appear to be — x — ■ — X — ^— X 

12 3 4 

TL I 4 

X — -^--- ; from whence the law of continuation is ma- 
5 

nifest. And it may not be amiss to observe here, that 
though the conclusions thus brought out are derived hy 
means of the sums of powers determined in the preced- 
ing section, yet the same values may be otherwise obtain- 
ed, by a direct investigation, from either of the two gene- 
ral methods there laid down. 

In order now to find the sum of the reciprocals of any 
series of figurate numbers ; suppose 1 + ^ + ^c + bed 
+ bcde + bcdef + 8scc. to be a series whose terms con- 
tinually decrease, from the first to the last, so that the 
last may vanish, or become indefinitely small: then, by 
taking the excess of every term above the next follow- 
ing on e, we s hall have 1 — b^ b X 1 — c^ ic x 1 — d^ 
kcd X 1 — c^ ^cde X 1 — fy &c. The sum of all which 
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is evidently equal to the excess of the first term above 
the last, or equal to the first term, barely; because the 
last is supposed to vanish, or to be indefinitely small in 

respect of the first. Hence it appears, that 1 — . ^ + 

b X 1 — c +bc X 1 — d + bed X 1 — e + bcde X 1 — f^ 
&c. = 1. 

Let b be now taken = -—, c = — -^--^5 d =x — Zlf 

a ci + p ^ + y* 

e = ■ — 5/= ■ — v^c. Then, 1 — d bemc: = 

a — m ^ a^-m . , a-^m . a — m 
, 1 C = , 1 — flf = -, ^, 1 — . e = ^ 

a a+p^ « + y <^ + r\ 

&c. we shall, by substituting these several values in the 

above equation, nave + — x — -i X ' 

a a a +p a 

— -^ X — ; — +— X — 7-rX —7-^ X + 8cc 

a+p ci + q a a+p a + q a + r 

3= 1 ; and consequendy 1 + — ^^ 1 — ^— x ^ ^ + 

a+/> fl+j& a + jT 

X — r^ X — ^ + &c. = ; by dividmg 

a+p a + q a+r a — m-^ ^ 

the whole by . 

a 

Hence, if q be taken = 2/?, r = 3/r, a- = 4;^, &c/ 



rWWW 

and |S be put z=i a + p, we shall have 1 ^ + 

m.m+p fn.m+p.m+2p m.m+p.m + 2p.m + 3p 
fi^^ + P^'^+P'^+^P^*^+P*^+^P*fi + Sp 

+ &c. ik/ infinitum^ = ^~ » which, when 

, , ^ , fn m.m + 1 ni.m + 1 .m + 2 
A = 1, becomes 1 H f- -^ ■ -^ — -i-— 

A _ 1 

+ &c. = : this, by taking w = 1, and 

^ |3 — m — 1 ° 

i , 1 . 1-3 . 1.2.3 

f = n, gives 1 + — + — = + 



^ n.n + 1 n . n+1 .n +2 



and their Reciprocak. 21 Z. 

1.2.3.4 , g n — 1 _. 

=. + &c. = — ■ — - ; exhi- 



n . h + 1 ^ n-^2 . n + ^ n — 2 

biting the general value of a series of the reciprocals of 
figurate numbers, infinitely continued ; whereof the oi*- 
der is represented by ni from whence as many parti- 
cular values as you please may be determined. Thus^ 
by expounding n by 3, 4, 5, &fc. successively, it appears 
that 

1111 
1 + — + —+—+—, &c. = 2, 

1+- \ 1 -4 , &c. = — ^ 

^ 4 10 20 35 2' 

1 + — + — + JL + JL, &c. = — , 
5 15 ^ 35 ro' 3 ' 

and so on, for any higher order ; but the sums of the two 

first, or lowest orders, oannot be determined, these being 

infinite. ^ 

By interpreting |S and m by different values, the sums 

of various other series may be deduced from the same 

general equation. Thus, in the first place, let |8 = 

m + 2; so shall the said equation become 1 + 



m +2 



m • m 4- 1 m • m 4- I . m • m 4- 1 o 



m + 2 , m + 3 m + 3 • m +4 m + 4i . m + 3 
= w + 1 J which, divided by m^m + 1, gives « 



m.m+1 . m-|r>l . 77i-f 2 m + 2*m + 3 m-f3.m-f-4 

&c. = — . 

m 

Again, by t akinc: $ ^m + 3, aid dividing the whole 
equation by »i . m + 1 . m + 2, we have 

7n.772-f-l.m-|-2 m + l.m + 2*m + 3 

1 o 1 

' - , &C. = M --. 

m + 2 • m + $ • m +4f m •m + 1 ^2 

2 F 
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' In like manner we shall have 



<^ ^. 




1 ft, ^ 1 



From whence the law for continuing die sums of these 
last kinds of series is manifest ; by which it appears, that 
if, instead of the last factor, in the denominator of the 
first term, the excess thereof above the first factor be Stib- 
stituted, the fraction thence arising will truly express the v 
value of the whole infinite series. 

A few other particular cases wiU further show Aje use 

of the general equations above exhibited* 

2 2 4 

Let the sum of the series Irf — + -— 'X—- -f 

5 5 7- ' ■ 

— XyX — + yXyX — X— , Sccorf tnjtmtum^ Ur 

required. 

., Here, b^ comparing die proposed series with 1 •}- .iii« 

, — : ^ 

+ ■■ ■ ■ + «c. ( = ^ ^ — ;, we have m =: 2; . 

fi=i 5j and /» = 2 ; and consequently — tZZP — --• %^ ^ 

P — P "— ^ • 

the true value of the series. 

Let the sum of an infinite series of dns form, ©iz.- 

1 . 2 . 3, &c. "^ 2 . 3 .4, &c. '^ 3 .4 . 5, &c. '^ ^^* ^ ^ 
manded. 

Here (according to the preceding rule) we have 

1.2^2.3^3.4' 1.1* 

1 ■ t ■ 1 , o 1 - 1 

+ 7^ — 3 — 7 + r""": » ^^' = 



1.2.3^2.3.4^3.-4.5' ' 1.2.2""4' 

1 +„-,,L^+,.^L,^,&c.= ^ * 



1.2.3.4^2.3.4.5^3.4.5.6' * 4.2.3.3""ia* 



If, instead of the whole infinite series, you want the 
stun of a given number of the leading .terms only ; then 
let the value of the remaining part be found, as above, 
and subtracted from the whole, and you will have yew 
desire. 

Thus, for instance, let it be required to find the sum 

. 1 ' 1 1 

of the ten first terms of the series 1 f- 



+ , &?c. Then the remaining part, -f 

rule above)^ and the whole series = 1, the value here 

sought will therefore be 1 = — • The like of 

^ 11 11 

others. , 

The sums of series arising from the multiplication of 

the terms of a rank of figurate numbers into those of a 

decreasing geometrical progression, are deduced in the 

following manner. 

By the theorem for involving a binomial (given a? 

p. 40, and demonstrated hereaJter) it is known that 

. - t -.^ (or 1 — xY^) is = 1 + mx +m • ^l^tl , oc^ 

+'"•.— --r •^+«--2 1 — f--^> 

&c. In which equation let m be expounded by 1, 2, 3, 4, . 
5, &C. successively, so shall 

1°. — — = 1 + A* + A^ + ;f* + x^ + ;c* + &c. 

1 — — X '^ 

1—^1 

3^ ==L==j-3 = I + 3A? + 6:v2 + 10A^ + 15Ar* + 21;c»,&C. 
1 — »V 

4°. i LXJL.,^ = 1 + 4a? + \0>? + 20.r3 + 35:v* + 56i?r',&C- 

\^^x\ 



I 
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1 — «r 

6^==Lsr^sl +6jc + 21^+ 56^^^+126;^^ + 252;v*,&a 

AH which series (whereof the suxns.are thus given) vtt 
ranks of the differentnorders of figurate numbers^ multi« 
plied by the terms of die geometrical progression 1, x^:^^ 

From these equations the sums of series composed 
<^ the terms of a rank^ of powers, drawn into tbolse. olt 
a geometrical progression, Wch as 1 +4ac + 9^ + 16pp*, 
8rc. and 1 + 8^? + 273c* + 64af*, &c. may also be- de- 
rived; there being, as appears from the former part of 
this section, a certain relation between the terms of a 
series of powers and those of figurate numbers ; the lat- 
ter being there determined by means of the former. -.TVi. 
find here the converse relation, or to determine -tfab/ 
former from the latter, it will be expedient to 'multiply- 
the several equations above brought out, by a certain nuni- 
ber of terms of an assumed series 1 + Ax + Bx^ + Cjc*, 
&c* in order that the coeiEcients of the powers of ^c.nuiy^ 
by regulating the values A, B, C, D, ^^€0 become the same 
as in the series given* 

Thus, if the series given be 1 -(. 4^ + 9a^ + 16:^ + 

25^, &x. ; then, by multiplying our third equation 

1 -f- Ax __ 

by 1 + A;^', we shall have =====15 = 1 + 3 + Axsf^ 

— — *""* "^ I 

+ 6 -f 3 A X ;v2 + 10 + 6A X ;c^ + &c. which series, it 
is evident, by inspection, will be exactly the same, in every 
term, with the proposed one, if the quantity A be taken 
= 1. The sum of the said series, infinitely continued, is 

therefore truly represented by . 

1~^? 

In lik^ manner, if the fourth equation ■■ ■ s= 

1 •— x\ 
1 + 4;v + 10/c« + 20a;3 + 35^*, &c. be multipBed by 
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1 + Ax + Bat, there will arise — _ _ — = 1 + 

. 1 X] 

4 + A X :^ + 10 + 4A + B X ^* + 20 + 10A+4B X ^, 
&€• where, the several terms of the series being ccxm- 
pared with those of the series 1 + 8;c + 27x^ + 64a^, &c» 
we have 4 + A = 8, and 10 + 4A + B == 27 ; whence 
A = 4, and B = 1 ; and consequently, by substituting 

these values, — - = 1 + Sx + 27x^ + 64x^ + 

125;c*, &;c. 

Again, by multiplying the fifth equation, ^ = 

1 — ;>f I 

t + 5x + 15^ + 3$x^, he. by 1 + A^x- + B;c2 + Cx^, 

. , 1 + A^ -f Bx^ 4- Cx^ 7- 

it becomes --I- — ■ ^ ^ t ^^ _ ^ + 5 A- A X x + 

' 1 — xY 

15 + 5A + B X^ + 35 -f- 15A + 5B +~C X ^% &c. . 
And, by comparing the several terms of the series with 
those of 1 + 16a: + 81;^* + 256;^^, &c, we get 5 + A 
= 16, 15 + 5A + B = 81, and 35 + 15A + 5B + 
C=:256: whence A= 11, B (=81 — 15 — 55) = 11, 
and C ( = 256 — 35 — 220) = 1 ; and consequently 

1 + 11^^4-iy +^ = 1 + 16a: + 81;c2 + 256;c^, &c. 

1 — ^P 

By proceeding the same way, it will be found, that 

1 + 26;c 4- 66;c» + 26;c^ + ^ /. «« «« , 

L2: -L ^ 1 + 2*;e + 3 V + 4fix^ + 

1 — ^1 
&c« &c. 

And, universally, putting cr = w^, i = m . ^-^t — ^ 

At 

c:=m. — ^t— . — - — , &c/and multiplying the gene- 

ral equation - -t- =:1 +ax + bx^ + cx^ + dx^, &c. 

^ 1—xY -^ -r -T- 1- J 

by 1 + Ax + Bx^ 4- Cx^ + Dx^y &c. there arises 
1 + Ar 4- B:v*, &c. 



1 — »x\ 



= l+fl + Ax:v + 



' 
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A + cA J. B X ot^ f c + oA + ah + C X 0(^, he. 
The terms of which series being compared with those 
of the series 1 + 2'»;c + 3**^!?* + 4>^x^ + 5*^:^, fee 
we have A = 2« — cr, B = 3" — a A — A, C = 4" — 
aB — *A — c, D = 5" — aC — 6B — cA — rf, &€• 
where the law of continuation is manifest ; and where, 
from the law observed in all the preceding cases, it ap- 
pears, that the value of m must exceed the index n, of 
the given series of powers, by a unit ; and that 
the series 1 + Ax + Bx^ + Cjc*, &c. will always con- 
sist of n terms ; whereof the coefficients of the first and 
last, the second and last but one, £sPc. will be respectively 
equal to each other: so that, having found froip the 
preceding equations as many of the quaouties A, B, C, 
£s?c, as are expressed by |« — 1, the others will be given. 
r , , ^ t Jh Ax 4- Bjc^ -*- Cx^^ &c. 
irom thence, and, consequently, in 77^ — "^ 

the true value of the proposed series 1 + 2";^ + 3"^ 
+ 4";c^, &c. Thus, lor example, let tz = 6 : thepi 
7W = 7 = a, /^ = 28, A = 64 — r = 57, B = 729 — 
399 — 28 = 302 ; and therefore 
1 + 57x + 302o(^ + 302^ + 57x^ + x'^ ^ . *ui . on^ 

■ ^ =~=rz; ^ -^- = 1 + ^X + 3'^ 

l~x\^ 

+ 4fix^j &c. and so of others. 

These equations, or theorems, give the sum of the 
whole series, infinitely continued ; but from thence 
the sum of any assigned number of terms may be deter- 
mined, not only when the coefficients are a series of 
powers, but likewise when they are produced by factors 
that are unequal: the method- of which I shall in- 
stance in fin ding the sum of t terms of the series 

f—p'g — q-'zr +y — 2/1 .g — 2q . z^+p + f — sp ^ 
g — Zq , 2r+2t> ^ &c. Which series, by actually multi- 
plying the factors together, is resolved into the three fdl- 
lowing ones. 
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Jg^2L} ■*■ ^* + ^"^"^ + ^"^ -¥ 2^^ &c, . 

m^fq + gp . 2*- y 1 4. 22^ 4- 32=*^ -^ 4 2^0, &c. 

The sum of' the first ot^mesc, infinitely continued, 

supposing X = 2*, will be = ^ ; that of the se- 

1 — ;v • 

cond = — -^ ^^ * — ; and that of the third = 
1 — X I* 

— *^72 J 'a;Aa* Aflf* 6een G^ot?^ determined: and 

1 — ;c]^ ^ 

OHisequently the sum of all the three equal to 

nite series/-^ /> . ^ — . y • 2'" +/— 2/» . ^ — 2y . 2**+^ + 
£s?c. But the sum of the t first terms only is wanted j 
therefore the sum of all the remaining terms, after th« 
t first, must be found in like manner, and be deducted 
from the sum of the whole, here given,r Now, to do 
this, we are first to get the leading term of the said re- 
maining ones ; which, according to the law of the series, 

will be expressed by y — p — tp • g — q — tq • 2''+^ : 
whence, if we make f — tp = h^ g — ty :=: i, and 
r + tv = *, it is evi dent, th at the se ries to be deducted 

will be h — p .k — y • 2' + h--^2p . JZI^q. 2'+', &c, 
which, haying the veiy same form with that first pro- 
posed, its sum will therefore be had by barely writing 
h fQr f, i for ff, and s for r, in the value above deter- 
*mined : which, thereby, becomes 

^ . LL hq + kp tq.\+x 
; Xhk / ' ^ + Q=~'. 
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In the same manner, supposing the t first terms of thje 

series a— • .b — p . c — />. d^^p . &c. X z*" + a — ^p * 

b — 2p . c — zp . d — zp . &c. X 2r+«', &c. were to 
be required ; by putting the continual product of all the 
quantities a^ b^ c, d^ &c* = P; the sum of all the 

P P P • 

products ( — + -T + — 1 &^c.) that arise by omitting 

one letter in each, = Q; the sum of all those 

P P 

f—- + — , &c.)> by omitting two letters, = R, &?c. 
^ab ac , 

we shall here have 






ja ■ ' ■ ■ I I M 



1 — X j Sfi^.l -1.4a' +y» Tp*. i ■i-lix + llx^^x^ 

I 1 - xf + i-x\* '; 

&c. for the sum of the whole infinite series : and if 

/ / / 

we make « = a — f/>, A = A — tp^ r =z r + tv^ &C 

it is evident that the sum of the remaining terms, after the 

t first, will be truly expressed b)r 

2^ p _ QV , "^P^ • 1-ff _ ip^ .1 -h^jX+Cl^ 

&c. where x = 2^, and P, Q, R, S, £sPc, are the same in 

/ / / / 
relation to a, i, c, dy he. as P, Q, R, S, £sfc. in respect to 

a b, c, ^/, &c. 

A multitude of other cases and examples might be 

given, there not being, in the whole scope of the 

mathematical sciences^ a subject of greater variety and 

intricacy than this business of series : but to pursue it 

farther here would be inconsistent with the general plan 

of this work. Siv;h, therefore, as are desirous of 

a greater insight into the matter, may, if they please, 

turn to my Mtscella7iieSj where it is carried to a greater 

length. 
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.From the series for figurate numbers, derived in 
the former part of this section^ the investigation of 
a general theorem for determining how many dif- 
ferent combinations any number of things \vill admit 
of, when taken two by two, three by three, i^c. may be 
very easily deduced* Let the number of things in each 
combination be^ first^ supposed two only ; and let n bcj 
universally^ put to represent the whole number of things or 
letters^ a, ^, c, d^ &c. to be combined. When the num- 
ber of things is otily two, as a and ^, it is evident that 
there can be only one combination (ab^ ; but, if n be 
increased by 1, or the letters to be combined be three, 
as a, by c, then it' is plain that the number of combina^ 
tions will be increased by 2, the number of the preced- 
ing letters a and b i since, with each of those, the new 
letter c may be joined ; and therefore the whole num- 
bjer of combinations, in this case, will be truly ex- 
pressed by 1 + 2. Again, if it be increased by one 
more, or the whole number of letters be four, 2iS a^ b^ 
c, d'y then it will appear that the number of combina- 
tions must be increased by 3, since 3 is the number of 
the preceding letters, with which the new letter d can 
be combined, and therefore will here be truly ex- 
pounded, by 1 + 2 + 3. And, by reasoning in the 
same manner, it will appear, that the whole number of 
combinations of two, in five things, will be 1 -f 2 + 
3 + 4 ; in six things, 1+2 + 3+4-1-5; and in 
seven, 1+2 + 3 + 4 + 5 + 6, &fc. Whence, uni- 
versally, the number of combinations of n things, taken 

two by two, is =1+2 + 3+4+. ..•. n — 1 : 
which being a series of figurate numbers of the second 
order, where the number of terms is n — 1, the sum' 
thereof, by case 1, p. 203, will therefore be tri^y defined 
-n — 1 n n — 1 

Let now the number of quantities in each combination be 
supposed to be three. 

It is plain, that, in three things, r/, />, r, there can 

2G 
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be only one combination ; but, if n be increased by 1, 
or the number of things be 4, as a, b^ c, d^ then will the 
number of combinations be increased by (3) the number 
of all the combinations of two, in the preceding letters 
a^b^ c ; since with each two of those die new letter d 
may be combined; therefore the number of combina- 
tions, in this case, is 1 + 3« Again, if n be supposed 
to be increased by 1 more, or the number of letters to 
become five, as a, &, c, d, e; then the numbel* of 
combinations will be increased by six more ( = 1 •{. 2 
+ 3), that is, by all the combinations of twp, in the 
four preceding letters, a, by c^ d: ijince, as before, y/nA 
each two of those, the new letter Vinay be combined. 
Hence the number of combinations of n things, taken . 
three by three, appears tobel+3+6+ 10, &g« 
continued be n — 2 terms ; which being a series of figurate 
numbers of the third order, the value thereof by what 
is befor^ determined (p. 214) will be truly expressed by 

n — 2 72—1 n . -n n — 1 n — 2 

X X — * or Its equal, — x — — X • 

1 2 3 ^'l2 3' 

And universally, since it appears that increasing the 
number of letters by 1 always increases the number 
of combinations by all the combinations of the next in- 
ferior order with the preceding letters (for this obvious 
reason, that to each of these last combinations, the new 
letter may be joined), it is manifest, that the combina- 
tions, of any order, observe the same law, and are ge- 
nerated in the very same manner as figurate numbers, 
and therefore may be exhibited by the same general 
expressions ; only, as there are 2, 3, 4, 5, £sfc. thing) 
necessary to form the first, or one single combination, 
according to the different cases, it is plain that the 
number of terms must be less by 1, 2, 3, £sPc. respec- 
tively, ' than (7i) the number of things ; and, therefore, 
instead of ?2^ in tlie aforesaid general expressions, we 
must substitute n — 1, tz — 2, or ;z — 3, tfc. respectively, 
to have the true value here. Hence, the number of 
combinations of two things, in n things, will be 

72 — 1 71 fi n — 1 ^ n — 2 n — 1 n 

___ X-.or-^x __;ofthree,^- X -^ X p 
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n w — 1 n — 2 j.r n — 3 n — 2 n — 1 
.r _ X ^~. ?< -p-J of four, -^ X __ X -3- 

n n n — 1 n — 2 n — 3 , ., ^, ^ 
X — , or — X X — X (yid* p. 215) : 

whence, universally, the number of combinations in the 
number, n, of things, taken two by two, three by three, 

-* .„, ju^ ^ — 1 n — 2w — 3 
crc. will be expressed by — x — - — X X -, 

X ^ o Hb 

Clfe. continued to as many factors as there are things in 
each combination* 

From this last general expression, showing the com- 
binations which any number of quantities will admit of, 
the known theorem for raising a binomial to any given 
power, is very easily and naturally derived. 

For it is plain that fl^T ya + bc = a + b x a + c ; 

+ b^ be 

which, multiplied by a + </, gives a^ +c>a^ + bdya + 



+ b^ bc^ 

a^ +cYa^ + bdYa 
+ d} cd}. 



bed ^a-i-bxa+cxa + d; and this, again, multiplied 
by a + e, gives 



+ bc-^ 

+%^ +bd\ +bcd^ 

^ . + ^ I s . +be I z , +bce I , 

+ ej + ce\ + cdej 

•hdej 



bcde = 



a + bxa-^cxa-^dxa + e. 

Whence it appears, that the coefficient of a, in the 
second term, is always the sum of all the other quantities 
i, c, d^ &c. added together; and that the coefficient of 
the third term is the sum of all the products of those 
quantities, or of all their possible combinations, taken 
two by two; since, from the nature of multiplication, 
they must be all concerned alike, in every term : whence 
it is also manifest, that the coefficient of the fourth term 
must be the sum of all the solids of the same quantities, or 
of all their possible combitiations, taken three by three. 
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Hence, if the number of the quantities i, c, rf, e^ &c^ 
or the number of the factors, a +■ ^, a + c, a + ^, 
a + Cy &c. to be multiplied continually together, be 
denoted by n, it follows, that the number of letters, or 
quantities, in the coefficient of the second term of the 
product will likewise be denoted by n; that the num- 
ber of all their products, or of all the combinations of 

n— 1 

two, in the coefficient of the third term, will be n x 

2 

(it having been shown above that the number of coni- 

71 — - 1 
binations of n things, taken two by two^ is n x )•; 

and that the number of all the solids of those quantities^ 
or all the combinations of three, in the coefficient of the 

fourth term, will be « x X , &?c. Therefore, 

if all the quantities ^, c, d^ e, &c. be now taken equal 
to each o ther, it is evident, that a 4- b x « -f- c x a -A-d 
X a -f g, &c. w ill become a + bxa + bxa + bx «+*, 
&c. or a ^ b\* ; and that the coefficient of the power 
of a, in the second term of the product, will be nb ; in the 

third n x — -- — b^ (since all the rectangles, as well as 

all the solids, fePc. do here become equal) ; and in the 

fourth n X — ^ X ~ ^% &c. But it is evident, from 

-4 3 

the nature of multiplication, that the powers of a, in 
the second, third, fourth, £sPc. terms q{ a + b raised to 
the po wer n^ are a«-i, dr^\ aP-'^^ is?c. Therefore 
a + d'^^ or a + b raised to the power w, is truly ex- 
pressed by aP + nboP-^ +nx ^ ^b^a"^-^ + n x ^ ^ 

-^ 2 

X — ; — b^ «"~^ &?c. or a" + naP"'^ b + nx ^ a^^b^ 

^ 2 

71 — — 1 7Z — — 2 

+ n X — ^7— X — :; — a«"-^i^, &Pc. as was to be showti. 
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Of Interest and Annuities* , 

INTEREST may be either simple or compound: 
simple interest is that which is paid for the loan of 
any principal, or sum of money; lent out for some li- 
mited dme, at a certain rate per cent* agreed upon be- 
tween the borrower and the lender, and is always propor- 
tional to the time. Thus, if the rate agreed upon be 4 
per cent. per ann. or, which is the same thing, if the interest 
of 100/. tor one year be 4/. then the simple interest of the 
same sum for two years will be SL ; for three years 12/. ; 
and for four years 16/» ; and so on for any other time in 
proportion. 

Compound interest is that which arises by leaving the 
simple interest of any sum of money, after it becomes 
due, together with the principal, in the hands of the 
borrower, and thereby converting the whole into a new 
principal. Thus, he who lets out 100/. for one yeai', 
at the rate of 4 per cent, has a right to receive 104/. at 
the year's end ; which sum he may leave in the bor- 
rower's hands, a second year, as a new principal, in 
order to receive interest for the whole; and this inte- 
rest (which will be found 4/. 3s. 2|t/.), together with 
4/. the interest of the first principal, for the first year, 
will be the compound interest of 100/. for two years ; 
and so on, for any greater number of years. But I shall 
first give the investigation of the theorems for simple 
interest. 

Let the rate per cent, or the interest of 100/. for one 
year = r ; the months, weeks, or days in one year = t ; 
the months, weeks, or days which any sum, a, is lent out 
for = n ; and the amount of that sum, in the said time, 
viz. principal and interest, = b. 

Then it will be, as 100 is to r (the interest of 100/.) so 

is the proposed sum (ci) to — , the interest of that sum, 
for the same time- Again, as t, the time in which 
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the said interest is produced, is to n (the time proposed), so 

is -2!1, the interest in the former o£ these times, to -^ — , 
100 lOOt 

that in the latter ; which, added to a, the principal, gives 

a -4 = J, the whole amount: from whence we 

100^ 

, , lOO^f 100? ;• / - a , 

also have a = — ^ r = , and n = 

100^ -i- nr an 

' : the use of which equations, or theorems, 
ar 

will appear by the following examples : 

Examp. 1. What is the amount of 550/. at 4 per ceni* . 
In seven months ? 

In this case we have a = 550, r = 4, f =r 12, n = 7: 

and consequently a -| = 550 -J — ^ = 56242. 

^ ^ loot ^ 100 \^ 12 ^ 

or 562/. 16*. Sd» the true value sought. 

Examp. 2. What is the interest of 1/. for one day, at 
the rate of 5 per cent, ? 

Here r being = 5, ^ = 365, a = 1, and n = 1, we have 

f^ = ^-^ = i.: = 0.0001369863, i^c. = 

100^ 100 X 365 100 \ 7^ \ 

the decimal parts of a pound required. 

Examp* 3. What sum, in ready money, is equivalent 
to 600/. due 9 months hence, allowing 5 per cent* dis- 
count ? 

Here r being = 5, ? = 12, n = 9, and b = 600, we have 

a (by theorem 2) = r- = 578,313/. or 578t 

^ ^ '^ 100 X 12 + 9 X 5 ' 

6*. 3^fl/l which is the value required. 

Examp* 4. At what rate of interest will 300/. in fifteeh 
months amount to, or raise a stock of, 330/. ? 

In this case, we have given ^ = 12, n = 15, a = 300, 

and b = 330 ; whence {by theorem 3) r will come out 

100 X 12 X 30 ^ , p ^ . - 

= ^ = 8 ; theretore 8 per cent, is the rate 

300 X 15 ^ 

required. 
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Examp. 5. In how many days will 365/. at the rate of 
4fper centm amount to, or raise a stock of, 400/. ? 

Hereof ^ theorem 4) we have n = ■ 

^ ^ "^ 365 X 4 

=9 875 = the number of days required. 



Of Annuities or Pensions in Arrear^ computed at 

Simple Interest. 

Annuities or pensions in arrear are such as, being 
payable, or becoming due, yearly, remain unpaid any 
number of year/: and we are to compute what all those 
nayments will amoimt to, allowing simple interest for their 
forbearance, from the time each particular payment be- 
comes due : in order to which, 

CA = the annuity, pension, or yearly rent. 
Let J ^ ~ ^^ time, or number of years, it is forborne, 
j r = the interest of 1/. for one year^ 
L 7w = the amount of the annuity and its interest. 

Then, as 1 : r : : A : r A, the interest of the proposed 
sum or pension A, for one year ; which, as the last year's 
rent .but one is forborne only one year, will express the 
whoR interest of that rent, or payment : moreover, since 
the last year's rent but two is forborne two years, its in- 
terest will be 2r A : and, in the same manner, that of 
the last year's rent but three, will appear to be 3r A, &fr. 
fi?c. whence it is manifest that the sum total of all these, 
or the whole interest to be received at the expiration of 
n years, for the forbearance of the proposed annuity or 
pension, will be truly defined by the arithmetical pro- 
gression r A -f 2r A -f 3r A + 4r A + 5r A, &fc. continued 
to n -— 1 terms, that is, to as many terms as there are 
years, excepting the last. But the sum of this pro- 

n — 1 
gression is equal to n X X ^A {bij theor.4f^sect. 10)* 

Therefore, if to this the aggregate of all the rents, or » A, 

be added, we shall have 72 A H X ^'A = ?n : 

' 2 
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m 

whence we also have A = "" n — 1 -i ^ = 

. n +n X -y- X r 

2 m-2n A ^ ^^^^ km ^^ _^ . supposing^ 
nxw-r-lxA ^ rA 

-J--^ 1 

Examp. 1. If 600/. yearly rent, or pension, be for- 
borne five years, what will it amount to, allowing 4 per 
cent, interest for each payment from the time it becomes 
due? 

' Here we have given A = 600, n :=: 5^ and r = -O^j 
(for as 100 : 4 : : 1 : .04), which values substituted, in 

72 1 

theorem 1 , give m = (nA -j- n x Ar = 3000 + 

240) = 3240/. for the value that was to be found. 

Examp.'fl* What annuity, or yearly pension, being for- 
borne five years, will, in that time, amount to, or raise 8i 
stock of, 3240Zi at Afper cent, interest ? 

In this case we have given n ^= 5, r = .04, and m = 

3240, and therefore, by theorefn 2, A (= . 

n + ^nxn — ixr 

3240 , . . i- 

= ) = 600 ; which is the annuity required. ■' 

Examp, 3. At what rate of interest will an annuity of 
560/. in seven years, raise a stock of 4508/. P 

In this case we have given A .= 560, nz=: 7, and m = 

4508 ; whence (by theor. 3) we have r (= \ 

n X n — 1 X Ay 

9016 — 7840 r ^ ^ • CHIC 

= = .05 = tlie mterest of 1/. for one year; 

42 X 560 
therefore it will be, as 1 : ,05 : : 100.: 5 per cent, the rate 
required. 

Examp. 4. How long must an annuity of 560/. be for- 
b6rne, to raise a stock of 4508/. supposing interest tb be 5 
per cent. ? 



' » 
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Here, vre have giv^n A = 560, r ={ .05, w=t450a; 

1 1 > ' 

whence,^y theorem 4, we also have/? (= — — — ) ==19.5 ; 

and consequently n (= ^ — + f^ — p)z:i7 ; which is 

the number of years required. 

Note* If the rent or pension be payable half-yeaMy, 
or quarterly, the method of proceeding will be still the 
same, provided n be always taken to express the num- 
ber of payments, and r the interest of 1/. for the time 
.in which the first payment becomes due. Thus, if it 
were required to find what 300/. half-yearly pension 
would amount to in five years at 4fper cent, interest : then 
the simple interest of 1/. for half a year being = ,02, and 
the number of payments = 10, we, in this case, have A = 
300, r =; ,02, and w = 10 ; and consequently m (by theb- . 

n — 1 

remV) =irA + nx X rA = 3270/. which is the 

2 

value sought. And the like is to be observed in what fol- 
lows hereafter. 

Of the Present Values of Annuities^ or Pensionsy 
computed at Simple Interest. 

rA = the annuity, pension, or yearly rent. 
J . r = the interest of 1/. for one year. 



j n = the nunj^ber of years. 



the present value of the annuity. 
Then, because the amount of the annuity, in n years, 

is found above to be wA + \n . n — 1 . r A, and since 
1/. present money, is equivalent to 1 + wr to be re- 
ceived at the end of the time «, we therefore have 

1 + nr : 1 : : nA +\ n . n — 1 . r A (the said amount) 

n A +\n . 71 — 1 . r A . • j i • 

: 1-^ , Its required value, m present 

money. But it may be observed, that this method, given 
by authors for determining the values of annuities, ac- 
eording to simple interest^ is, in realit}', a particular sort, 

2H 
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or species of compound interest ; since the allowing of in-' 
terest upon the annuity, as it becomes due, is nothing 
less thlah allowing interest upon interest \ the annuity it- 
self being, properly, the simple interest, and the capital, 
from whence it arises, the principal. It is true, the sum 
1 -f nry expressing the amount of 1/. is given, strictly 
speaking, according to simple interest: but the conclu- 
sion (as a late aumo:^ * very iusdy observes) would be 
more congruous, and answer better, were the same al- 
loWiO^ces to^ be made thierein as are made in findipg the 
amount of the annuity ; that is, were interest ttpon In- 
terest to be taken once and no more. Agreeable to this 
assumption, r, the interest of 1/. being considered as an 
annuity, its amount in n years Tby writing r for A, in 
' the generd formula above) will be given :=z nr -J^ 

|n . n-r-i . r* : to which the p rincipa l IL b€ing add- 
ed, the aggregate l+nr+^n.n-r-l .r* wiU dierc- 
fore be the whole amount of l/> in t he time n j and so 

we shall have 1 + nr + \n • n — 1 . r* : 1 : : wA + 

— : — - . 2nA + n . n — 1 -r A ^, ^ 

|n . 7^ •*— 1 • r A : ' ■ ■ ■ is r, the true 

2 + 2nr + n.n—X.r^ 
value of the annuity, according' to the said hypothesis. 
From which equation others may be derived, by means 
whereof the different values of A, w, and r, mw h^ 
successively determined. But, as this method of aUow« 
ing interest upon interest, once and no more, is arbitrary, 
and the valuation of annuities, according to simple inte- 
rest, a matter of more speculation than real use, it being 
not only customary, but also most < equitable to allow com- 
pound interest in diese cases, I shall not stay to exemplify 
it, but proceed to 

The Resolution qfthe various Cases of Compound In- 
terest, and of Annuities, as depending thereon. 

f R -- / die amoimt of 1/. in one year, viz* princi- 
Lct \ "" (. pal and interest. 

(^P = any sum put out at interest. 

* Mr. Hardy^ in hi5 Annuities. 



c 
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" n = the number ofy ears' it is lent fbn 
d! =3 its amount in that time. 
A = any annuity forborne n years* 
m = its amount. 

_ r the present value of die annuity for the samfc 

"" \ time. 



Therefore, since one pound, put put ait interest, in the 
first year is increased to R, it will be, as 1 to R, so is R, 
the sum forborne the second year, to R*, the amount of 
one pound in two years ; and therefore as 1 to R, so is 
R*^ the sum forborne the third year, to R^, the amount 
in three years : whence it appears that R", or R raised 
to the power whose exponent is the number of years, 
will be th^ amount of one pound in those j^ars. But 
as 1/. is to its amount R", so is P to (a) its amount, in 
the same time ; whence we have P x R" = «• More- 
over, because the amount of one pound, in n years, is 
R», its increase in that time will be R» — 1 ; but its 
interest for one single year, or toe annuity answering to 
that increase, is R — 1 ; therefore, as R— 1 to R** — 1? 

A X R*" 1 

so is A to m. H^ce we get — ^ •• = m. Fvir- 

lliermore, since it appears that one pound, ready money, 
is equivalent to R", to be received at the expi ration of 

^ . A X R" 1 

n years, we have, as R« to 1, s® is — 1~ — - (the sum 

3ai arrear) to Vy its worth m ready money ; and therefore 

Axl— i- 
R" 

R—l 

From which three original eqtiations other Amay be 
derived, by help wherieof the various questicMis relating to 
compound interest, annuities in arrear, and the present 
-values of annuities, may be resolved. 
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Thus, because PR" is = a, there will come oat P = 

— , and R = i|| " , &c. or by exhibiting the same equations 

in logarithms (which is the most easy for practice) we shall 
have 

1^. Log. a ?= log. P 4. n X log. R. 

2**. Log. P = log. a-^n X log. R. 

3°. Log.R=^°g-"-^°?-P. ' 

4^ n = log' ^ - ^»g' P, 

log. R 
Which four theorems^ or equations, serve for the four 
cases in compound interest. 

Again, since m is = ^ ^ , we shall have 

R — - 1 
1**. Log. m = log. A 4. log. R« — 1 — log. R — 1^ 
2^ Log. A = log, m — log . R» — 1 + log. R — 1. . 
o ^ _- log. wz R — ;ft + A — log. A 

^•/* i3ir^— ; 

To which the various questions relating to annuities in 
^rrear are referred. 

'-5-. 

Moreover, seeing A x — is = v, we thence have 

R •— 1 

1^ Log. V = log. A + log. 1 — ^ log. R— -1. 

2°. Log. A = log. V + log. R — 1 — loff, 1 L. 

I ° R» 

^o ^ _ log. A — log. A + p — pR 

log. R 

4\ R«+^~i^ + ixR'' + :^ = o. 



Of Interest and Annuities. 237 

The use of which theorems, respecting the present va- 
lues of annuities, as well as of the preceding ones, for com- 
pound interest and annuities in ^urear, will TuUy appear 
fix)m the following examples. 

Examp. 1. To find the amoimt of 57 5 U in seven years, 
at four per cent, per annum^ compound interest. 

In this case we have given P ^^75^ R =; 1,04, and 
n= 7; therefore, by theorem 1, log. a = log. 575 + 7 
log. 1,04 = 2,8789011 ; ai^d consequently a i= 756,66, 
or 756L 13^. 2^. the value required. 

Eocamp. 2. What principal, put to interest, will raise a 
«tock of 1000/. in fifteen years, at 5 per cent. P 

Here we have given R = 1,05, n = 15, and a = 1000 ; 
therefore, by theorem 2, log. P = log. 1000 — 15 log. 1,05 
= 2,6821605; and consequently P = 481, Q2 or 431/. Of » 
4f ^. the value sought. 

Examp. 3. In how long time will 5 75^ raise a, stock of 
7561. 13s. 2^d. Sit 4} per cent.? 

In this case we have R = 1,04, P = 575^ and a = 

756,66 ; whence, by theor. 4, rz = ^^g' ^^6^^^ — log- S75 

log. 1,04 
= 7, the number of years required. 

Examp. 4. To find at what rate of interest 481/. in fif- 
teen years, will raise a stock of 1000/. 

Here we have given P = 481, a = 1000, and tj = 15 ; 

therefore, by theorem 3, log. R = — s! ZI — §1 

= . 0211903, whence R = 1,05 ; consequently 5 per cent. 
is the rate required. 

The four last examples relate to the cases in conitpound 
interest ; the four next are upon the forbearance of an- 
nuities. 

Examp. 1. If 50/. yearly rent, or annuity, be forborne 
seven years, what will it amount to, at 4 per cent, per an- 
num^ compound interest ? 

Here we have R = 1,04, A = 50, and ;z = 7 ; and 
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tfierefore, bytheor. 1, log. m (= log. A + l og* R» — 1 

— log. R— 1) = log. 50 + log. Tpiy — 1, -^ log. ,04 
= 2,596597 ; and consequendy m = 395/. the value that 
was to be found. 

Examp. 2. What annuity, forborne seven years, will 
amount to, or raise a stock of 395/. at 4 per cent, com- 
pound interest ? 

In this case we have given R = 1,04, n = 7, and 
m =- 395 ; whence, by theorem 2,1 og. A ( = log, m 

— log. R"— 1 -flog. R—l)= log. 395 — log. l,04p— .1 
-f log. ,04 = l,6989rtX); and consequently A = 50/. which 
is the annuity required. 

Examp. 3. In how long time will 50/. annuity raise a 
stock of 395/. at 4 per cent* per annum, compound inte- 
rest? > 

Here we have R = 1,04^ A = 50, m =395; smd 

Aerefore, by theor. 3, n (= log- mR-m + A - log. A. 

log. R 

s= 2 = 7 the number of years required. 

,0170333 : , ^ 

Examp. 4. If 120/. annuit\", forborne eight years, 
amount to, or raise a stock of 1200/. what is the rate 
of interest ? 

In this case we have given n = 8, A = 120, and m 
= 1200, to find R ; therefore, by theorem 4, we have 
R8 — loR + 9 = 0, from which, by any of the method^ 
in sect. 13, the required value of R will be found = 
1,06287; therefore the rate is 6,287, or 6/. Ss. 9d. per 
cejit. per annum. 

The solution of the last case, where the rate is re- 
quired, being a little troublesome, I shall here put down 
an approximation (derived from the third general for* 
muhj at p. 165) which will be found to answer very 
near the truth, provided the number of years is not very 
great. 



.*. 
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'\.et Q = !Ll iLz:lu^ : thenwiU . 

2 • m — n A 

3000Q + 2w — 1 . 400 

be the rate 



6Q.5Q + 372 — 4 + I-. n — 2 . 1172—13 
per cent* required. 

Thus, for example, let n = 8, A = 120, and m == 1200 ; 

then will Q = -* — - — — = 14, and the rate itself = 

2 . 240 

42660 + 6000 ^00^ I ^ 

! = 6,287, as above. 

84 X 90 + 75 ' ' • 

Th^ preceding examples explain the different casesL of 
annuities in arrear ; in the following ones the rules for the 
valuation of annuities are illustrated. 

Examp. 1. To find the present value of 100/. annuit\% 
to continue seven years, sJlowing 4 per cent, per annum\ 
compound interest. 

Here we have given R = 1,04, A = 100, and n = 7 ; 
and therefo re, by theorem 1, log. ti ( = log. A + 

Jog- ^ ~ iTn ^ log* R — 1) = log- 100 +4og. 



R» 



1 

- — i log. ,04 = 2,778296 ; and consequently 



1,641 

V = 600,2 = 600/. 4*. which is the value that was to be 
found. 

Examp. 2. What annuity, or yearly income, to con- 
tinue 20 years, may be purchased for 1000/. at Z\ per 
cent.? 

In this case, R = 1,035, n = 20, v = idOO; 
whence, by theorem 2, we have log. A ( = log. t? 

+ Iog. R — 1 — log. 1 — TT-) = 1,847336; and con- 
sequently A =. 70,36, or 70/. 7s. 2fl/L 
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Examp. 3. For how long time may one, with 600/. pur- 
chase an annuity of 100/. at 4 per cent. ? 

In this example, we have R ss 1,04, A = 100, and 
V = 600 ; and therefore, by theorem 3, n ( ss 

— & \ ^* » ' ^ ) = 'f'i the number of years 

log* K 

required* 

Examp. 4i. To determine at what rate of interest aft 
annuity of 50/. to continue ten years, may be purchasedi 
for 400/. 

Here A = 50, n = 10, and v = 400; whence, 5y 
theorem 4, R»+> — :^ + 1 x R" + ~ bemg at O, wc 

have R" — 1,125R!* + ,125 = 0; which equalka 
resolved, gives )the required value of R = 1,042775; 
and cons€?quendy the rate of interest ^775L permir 

ftumm '■ ' \ 

m • 

The solution of this last case, being somewhat tedious, 
the following approximation (which will be found to as* 
swer very near the truth, when the number of years is not 
very large) may be of use. 



Assume Q = "^ ' '\+ ^ ' ^ ; so shaU 

3000Q — 2rt + l X400 • ^ 

express the 



6Q.5Q— 3n — 4 + 1- . n + 2 . lln + 13 
rate per cen(. very nearly. 

Thus, for example, let A (as above) be = 50, n as 10, 

andt; = 400; then, Q being = i2Jliiili2- = 2y.5, 

' ^ 1000—800 ' 

cent* the same as before. 
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OfPtane Trigonometry. 

DEFINITIONS. 

1.' PLANE trigonometry is the art wherfeby, hiv- 
itig giveiii any thfree parts of a plane triangle (excepi 
Ae three angled), the rest aire ctetermined. In order td 
li9irhich, it is not only recjuxsite that the peripheries of cir* 
cles, but also that certain right lines, in and abont the 
circle, be supposed divided into some assigned nuitiber ctf 
^qual part!». 

2. The periphery of every circle is supposed to bd 
divided into 360 equ^ parts, csAed degrees ; and eacTi 
degree into 60 equal parts, called minutes; and tim 
itemutes into 60 equal parts, called seconds^ or secohd- 
minutes, &?c. Any part of the ^riphery is called an 
a!rch, and is measured by the number of degrees vttA 
Minutes, i^c. it contains. 

3. The difference of any arch from 90 degrees, or at 
quadrant, is called its complement, and its diiTereAce froitt 
180 degrees, or a semicircle, its supjdement. 

4. A chord, or sub- 
tense, is a right line 
drawn from one ex- 
tremity of an arch to 
the other; thus BE 
is the chord or sub^ 
tense of the arch 
BAE or BDE. 

5. The sine (or 
right-sine) of an arch 
ts a right line drawn 
from one extreriiity 
erf the arch perpen- 
dicular to the diame- 
ter passing through the other extremity : thus, BF is thtf 
sine of the arch AB, or BD. 

*I 
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6. The versed- sine of an arch is the part of the diame-. 
ter intercepted between the arch and its sine : so AF is 
the versed-sine of AB, and DF of DB. 

ir. The co-sine of an arch is the part of the diameter 
intercepted between the center and the sine ; and is equal 
to the sine of the complement of that arch. Thus, CF is 
the co-sine of the arch AB, and is equal to BI, the sine of 
its complement HB. 

8; The tangent of an arch is a right line toudung 
die circle in one extremity of that arch, continued from 
thence, to meet a line» drawn from the center through the 
other extremity; which li'ne'is called the secant of the 
same arch : thus AG h the tangent, and CG the secant of 
the arch AB. 

9. The co-tangent and co-secant of an arch are the 
tangent and secant of the complement of that arch : thus 
JEIK and CK iare the co-tanfi:ent and co-secant of the arch 
AB. 

10. A trigonometrical Cjanon is a table exhibiting the 
lengths of the sine, tangent, is^c. to ev^ry degree and nur 
^ute pf the quadrant, with respect to the radius, which is 
supposed unity, and conceived to be divided into 10000000 
or more decimal parts. Upon this table the numerical 
solution of the several cases in trigonometry depends ; it 
will therefore be proper to begin with its construction. 



PROPOSITION I. 

The number of degrees and minutes^ &c. in an arch ber 
tng given ; to find both its sine and co-sine* 

This problem is resolved, by having the ratio of the 
circumference to the diameter, and by means of the 
known series for the sine and co-sine (hereafter de- 
jinonstrated). For, the semi-circumference of the circle, 
whose radius is unity, being 3,141592653589793, is?c* 
it will therefore be, as the number of degrees or mi- 
nutes in the whole semicircle is to the degrees or 
minutes in the arch proposed, so is 3,14159265358, £j?c. 
to the length of the said arch ; which let be denoted by 
a ; then, by the series above quoted^ its sine^ will be 



Of Plane Trigonometry. 243 

pressed py a -^ — — -f — . — — — ►. 

*^ \ 2. 32. 3. 4. 5 2. 3. 4. o. 6. 7 

t*f c. and its co-sine by 1 ~ — f. 



2 2.3.4 2.3.4.5.d, 



a* 



^2. 3. 4. 5. 6. r. 8 / 

Thus, for example, let it be required to find the sine 
of one minute: then, as 10800 (the minutes in 180 de- 
grees) : 1 : : 3,14159265358, ^c. : ..000290888208665 
= the length ^of an arch of cme minute : therefore, in 

this case, a = .0002908885J08665, and — r~r (= — ) 

=2= .00000C)000004102, £i?c. And, consecjuently, 
•000290888204563 = the required sine of one minute. 

Again, let it be required to find the sine and co-sin^ 
of five degrees, each true to seven places of decimals. 
Here ,0002908882, the length of an arch of 1 minute 
(fdund above), being multiplied by 300, the number of 
minutes in 5 degrees, the product .08726646 will be the 
length of an arch of 5 degrees : therefore, in this case we 
have 

a = ,08726646, 



a^ 



6 



= —.,00011076, 



A == +,00000004, 

^120 ^> ' 

i^c. and consequently ,08715574 = the sine of 5 degrees. 

Also, 

ji =,00380771, 
2 

— = ,00000241 ; 
24 

and consequently ,9961947 = the co-sine of 5 degrees. 

After the same manner, the sine* and co-sine of any 

other arch may be derived ; but the greatier the arch is, 

the slower the series will converge, and therefore a greater 

number of terms must be taken to bring out the foqclu^io^ 

to {he same degree of exactness. 
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But thtre is anodier method of constructing the trigo- 
nometrical t:anon ; which, diou^^leB9 direct, is morie geo- 
metrical ; , and that is by determining the sines and tan<<^ 
gents of difierent arches^ one fi^c»n tnotfafir, as in the en* 
suing propositions. 



PROPOSITION, n. 

The sine of^an arch being given; tvfoutits cosine^ tanr 
gent, co'tdngent^ secant, arid'c&^secdnt. 

Let AE he the propose4 arch, El'' its sine, CF its 

co-sine, AT ^^ tapgent, I)H Us cortangent, CT ita 

' secant, and CH its c o-secapt ; the n (b^ Sue. 47. 1*) wft 

diall have CF = VCB? — EP« ; from whence Ac 

co-sine w;i1i be kn<9iwn ; and 
then, by reason of the simflajr 
triangles, GFE, GAT, ai&d 
CDH, it will be, 

1. CF : FE : : CA : AT; 
whence the tangent is known. 

2. CF : CE : : CA : CT; 
,whence the secant is known. 

3. EF : CF : : CD : DH ; 
C FA whence the cp-tangent is known. 
4. EF:CE::CD:CH; whence the co-secant is also 

kno,wn. 

Hence it appears, 

1. That the tangent is a fourth proportional to the co- 
sine, the sine, and the radius. 

2. That the secant is a third proportional to the co-sine 
and the radius. 

3. That thp co-tangent is a fourth proportional to the 
sine, the co-sine, and the radius. 

4. That the co-secant is a third proportional to the sine 
and the radius. 

5. And th^< the rectangle of the tangent and co-tangent 
i^ equdtd the square of me radius. 





5AE. 



OfJPbme TrigomnKtrtf' . 345 

PROPOSITIO];^ IIL 

The co-sine CF of an arch AE being given ; to find the 
sine and co-sifie of half that arch. 

From the two extremities of the diameter AB draw 
the subtenses AE and BE i apd let CQ bisect the arch 
AE dn Q and its chord (perpendicularly) in D ; then, 
since the angle BEA is a right one (^ Euc. 31. 3.), the 
triangles ABE and 
ADC are similar ; 
and, therefore, AC 
being = I AB, AD 
must be r= ^ AE, and 
CD = i BE : b ut AE 

is = VA B X AF, an d 

BE = V AB X BF ; th erefore 

AD = | VAB X AF = V|AC x A F = the sine 

CD = IVAB x BF = V^ACx BP =r Ae co^sine 

Hence it is evident, that the sine of the half of any 
arch is a mean proportional between the h^f radius and 
the versed-sine of the whole arch ; and its co-sine a mean 
proportional between half the radius and the versed-sine of 
the supplement of the same arch. 

PROPOSITION iV. 

The sine AD,, and co-sine CD, of an arch AQ oeing' 
given; to find EF, the sine of the double of that arch. (See 
the preceaing figure). 

Since AE = 2AD, and BE = 2CD, and the triangtes- 
ABE and AEF are alike {by Zuc. 8. 6.), we have, as 
AB (2AC) : AE (^AD) : : BE (^CD) : EF ; whence 
it appears, that the sine of double any arch is a fourth 
proportional to the radius, the sine, and the double-co- 
sine of the same arch. 

PROPOSITION V. 

The sine CD, and tangent BE, of a very small arch^ ar^ 
nearly in the ratio of equality. ^ 

For, the triangles ADC and ABE being similar. 
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thence will AD : AB : : DC : BE : but as the point C 
approaches to B," the difference of AB and AD will 
become indefinitely small in respect of AB, and there- 
fore the djffierence of 
BE and DC wiU like- 
wise become indefinitely 
small with respect to BE 
or DC. 

Corollary. Because any 

arch BC is greater than 

its sine and less than its. 

tangent ; and since the 

sine an^ tangent of a very small arch are proved to be 

nearly equal, it is manifest that a very small arch and its 

sine are also nearly in the ratio of equality. 

PROPOSITION VI. 

To find the sine of an arch of one minute. 

\ 

The sine of 60 degrees is known, being half the 
chord of 60 degrees, or half the radius ; therefore, by prop.' 
2. and 3. the sine of 15 degrees will be kno%vn ; and^ the 
sine of 15 degrees being known, the sine of 7° 30' will 
be found (by the same propositions)^ and from thence the 
sine of 3° 45' ; and so likewise the sine of half this ; and 
so on, till 12 bisections being made, we come, at last, 
to the sine of an arch of 52", 44"', 03"", 45'"" ; which 
sine {by corol. to the preceding prop. ^ will, as the co-sine 
is nearly equal to the radius, be nearly equal to the arch 
itself. Therefore we have, as 52", 44'", 03"", 45"'", is 
to 1', so is the length of the former of these arches (found 
as above) to the length of an arch of one minute, or that 
of its sine, very nearly. 

If it be taken for granted, that 3,1415926535, £sPc. 
is the length of half the peripher\^ of the circle whose 
radius is unit}', we shall have, as 10800, the number of 
minutes in 180% or the whole semicircle, is to one mi- 
nute, so is 3,1415926535, &fc. the whole semicircle, to 
0,000290888208, the length of an arch of one minute, t>r 
that of its sine, very nearly. 



C^Plune Trigonometry^ 



247 



PROPOSITION VII. 

If there be three equidifferent arches AB, BC, and AD, 
it xuill be^ as the radius is to the co-sine of their common 
difference BC or CD, so is the sine CF^ of the m:eani, to 
Iidlf the sum of the sines BE + DG, o/* the two extremes i 
<ind as the radius is to thesine of the common difference^ so 
is the to^sine FO of the meari^ to half the difference of the 
fines of the two extremes* 

^ For, let BD be drawn, cutting the radius OC in m i 
also draw mn parallel to CF, meeting AO in n, and 
BH and mv parallel to AO, meeting DG in H jgid t; : 
tJien, because the arches BC and CD are equal to each 




A E F^ & 



other, OC is not only perpendicular to BD, but also 
bisects it (iiwf. 3. 3.) ; whence it is evident that B?w, or 
"Dmj will be the sine of BC or CD, and Om its co- 
sine ; and that mn, being an arithmetical mean between 
the sines BE and DG, of the two extremes, is equal 
to half their sum, and Dv equal to half their difference. 
Moreover, by reason of the similarity of the triangle** 
OCF, 0;nn, and DmVy it will 
be as OC : Om : : CF : m?i lorn 
and as OC : Dm : : BO : Dt; J "<•* ^' ^* 

COROL. 1. 
Since, from the foregoing proportions, m?i is = 

O/n X CF , p. . „. Dm x FO . . . , ^ 

- , and Dip {z=z vH) = — r^^^ , it is evinrnt 



OC 



OC 
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X. .^n r . n \ ii u Ow X CF + Dm X FO 

that DG (= mn + uv) will be = J^ ■ , 

J t>i7 / tI^ Ow X CF— Dm X FO -. 

am BE (s=wnr— t?H)s= f5f^''~ -'""* ^^^^'^ 

whence it appears that the sine (DG) of the sum .(AD) 
of any twb ai-dhes (AC and CD) is equal to the siunof 
the rectaHgk^ of the sine of die one into the co-sine 
of die other, alternately, divided by the radius ; and 
that th€ side (BE) of their difference (AB) is equal to 
the difference of the same rectangles, divided also by &e 
radius. 

COROL. 2. 

Moreover, seeing DG + BE (2mn) is = ?2^^_!E?, 
and DG — BE (= DH = 2Dt.) = ?55^Z2, fix)m the 
former of these, we have DG =s — ^r^ — BE^ and 

from the latter, DG = ^^"L^^^ + BE ; A#hich equa- 

tions, expressed in iJirords, give the following theorems. 

Theor. 1. If the sine of the mean of three equidiffereni 
arches (supposing the radius unity) be multiplied hy twice 
the cO'Sine of the common difference^ and the sine oj either 
extreme he subtracted from the product^ the remainder ixAll 
he the sine of the other extreme. 

Theor. 2. Or, if the co-sine of the mean he multipViedhy 
twice the sine of the common difference^ and the product be 
added to or subtracted from the sine of one of the extremes^ 
the sum or remainder will be th^ sine of the other extreme* 

These two theorems are of excellent use in the con- 
struction of the trigonometrical canon: for, supposing 
the sine and co-sine of an arch of 1 minute to be foimd, 
by prop. 6 and J, and to be denoted by p and y, respec- 
tively ; then, the sine of 2 minutes being given from 
prop. 4, the sine of 3 minutes will from hence be known, 
being = 2y x sine 2' — sine 1' (iy theor. l) or = 2/& 
X co-sine of 2' -^ sine of 1' {by theor. 2), After the same 
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manner the sine of 4' wUl be found, being = 2y X sine of I 
3' — sineofa', or=;2/'Xco-sineof 3' +3ineof 2'. And ' 
dius the sines of 5, 6, 7, ts^c. minutes may be successively , 
derived by^ either of the theorems ; but Uie former is thfc ' 
most commodious. 

If the mean arch be 45°, then, its co-sine being = 
Vf, it follows {fram theorem 2) that the sine of the ex- 
cess of any arch above 45'>. multiplied by 2v'J or V^, 
pvcs die excess of the sine of this orch above that of 
another arch as much below 45° ; thus, VS X sine of 
10" = sine of 35° — sine of 35° ; and V2 x Bine of 15° 
= sine of 60°— sine of 30°; and so of oriiers ; which is 
useful in finding the sines of arches greater than 45°. 

But, if the mean arch be 60 degrees, then its co-sine 
being J, it is evident, from the same theorem, that (he 
sine of the excess of any arch above 60°, added to the 
sine of another arch as much below 60°, will give (he 
sine of the first arch, or greater extreme : thus, the sine 
of 10° -i- sine 50° = sine 70", and sine 15°+sine 45° = 
sine 75° ; from whence the sines of ail arches above 60 
deuces, those of the inferior arches being known, are had 
by addition only. 

PROPOSITION VIII. 

In any r iff bt-an^d plane triangle ABC, if vtilJ fic, ax 
tite has« AB is- to the perpendicular BC, so is Che radius {of' 
thf tables) to the tangent of the angle at the base. 

Let DA be the radius to which the tabic of sines 
and tangems is a- 
dapted, and DE the 
tangent of the an- 
(^e A ; then, by rea- 
son of the similarin' 
of the triangles ABC 
and ADE, it will be, 
as AB : BC : : AD 
:DE. ^E.D. 
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PROPOSITION IX. 

In every plane triangle^ it will be, as any one side is tit 
the sine of the opposite angUy so is any other side to the sine 
of its opposite angle* 

For, let ABC be the proposed triangle; take CF = 

AB, and upon AC let fall the perpendiculars BD and 

EF ; which will be the sines of the angles A and C, 

•J to the equal rti- 

^ dii AB and CF. 

But the trian- 
gles CBD and 
CFE are simi- 
lar, and Aerc- 

^ fore CB : BD : : 

E ^ CF(AB):FE; 

that is^ ais CB is to the sine of A, so is AB to the sine of 
C, ^E.D. 

PROPOSITION X. 

In every plane triangle, it will be, as the sum of (my two 
sides is to their difference, so is the tangent of the compk- 
mtnt of half the angle included by those sides, to the tan- 
gent of the difference of either of the other two angles and 
the said complement. 

For, let ABC be the triangle, and AB and AC the 
two proposed sides ; and upon A, as a center, with the 
radius AB, let a semicircle be described, cutting CA 
produced, in D and F ; so that CF may express the sum, 

and CD the 
difference of 
the sides AC 
and AB ; join 
F, B, and B^ 
D, and dtiaw 
A D ^ DE paraBcl 

to FB, meeting BC in E ; then the angle FBD being 
aright one (by Euc. 31. 3.) ADB will oe the comple- 
ment of the angle F, which is equal to half the pro- 
posed angle A (by. Euc. 20. 3.). Moreover, seeing the 
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angles FBD and £DB are both ri^t ones, for £DB 
is = FBD (= a right angle), because DE is parallel to 
FB, it, is plain, that, if BD be made the radius, BF 
will be the tangent of BDF, and DE the tangent of 
DBE : but, because of the similar triangles CFB and 
CDE, CF: CD : : BF : DE ; that is, as the sum of the 
sides AC and AB is to their difference, so is the tan* 
gent of BDF to the tangent of DBC ; which ang^e is ma- 
inifestly the excess of ABC above BDF, or ABD ; and 
also the excess of ADB above ACB, ^ E. D. 



PROPOSITION XL 

As the base of any plane triangle is to the sum of the tmo 
^ideSj so is the difference of the sides to the difference of the 
segrnents of the hase^ made by a perpeJidicular falling from 
the vertical angle* 

For, let ABC be the proposed triangle, and BD the 
perpendicular; from B as a center, with the interval 
BG, let the circumference of a circle be described, cut- 
ting the base AG 
in G, and the si(te 
AB, produced, in 
F and E : then 
will AE be the 
sum of the ^ides, 
AF their differ^ 
ence, and AG the 
difference of the 
segments of the 
base AD and DC: 
but (by Euc. 36. 

3.) AE X AF = AC X AG ; and therefore AC ; AE ; : 
AF:AG. ^E.D. 
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The soiutim Qfthe case^ of righi^atigled plane triangles. 

c 




1"^ 



1 



■% 



2 



Given. 



The hypothe- 
huse AC and 
the angles. 



The h3rpoLh. 
AC and aae 
ieg AB 



The iiypotn. 

AC and one 

_ leg AB. 

'^ The angles 
tind one leg 
AB. 



The angles 
^d one leg 
\9. 



The two legs 
AB and BC. 



Sought. 



*■ ■? 



The leg 
BC. 



The 
angles. 



The other 
leg BC. 



The ny- 

pothenuse 

AC. 



The two legs 
AB and BC. 



The 
angles. 



Proportion. 



As the 1 adiua (or the sine of B) li 
to the hyp. AC; aoi^the «i|ie of 
A, to its opposite side BC ,{iy 

prop, 9 > 



As AC : rad. : : A3 : sine of C ; 
whose complement gives the an- 
^le A. 



Lei liie angles be found by case 2 ; 
then, as rad. : AC : : sine of A : 

BC (Ay /jro/i. 9.) 



As sine of C : AB : : rad. (sine of 
B) : AC {by prop. 9.) 



As sine of C : AB : : sine of A : 

The other! BC {by prop, 9 .) 
leg BC. jOr, rad. : tang, of A : : AB : BC 

{by prop 8.) 



As AB : BC : : rad. : t^lg. of A 
{by prop. 8) ; whose Complement 
gives the angle C. 



The hy 

pothenuse 

AC. 



Find the angles by case 6, aid 
from thence the hyp. AC, by 
case 4. 
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The solution of the cases of oblique plane triangles. 




O 



W*Wi 



A P C 



The angles 
and one side 
AB. 



Given. 



Either of the 
other sides, 
suppose BC* 



Two sides 
Afi) BC and 
the angle C 
opposite to 
one of them. 



The other 
angles A 
and ABC 



Two sides 
AB, BC and 
the angle C 
opposite to 
one of them 



Two sides 
AB, AC and 
the included 
angle A. 



Sought. 



The other 
side AC. 



The other 
angle C 
tod ABC. 



The other 



Two ^ sides 

AB, AC and 

the included side BC. 

angle A, 



AH the 
sides. 



■r 



t ■< ■ I I » ' <' 



Proportion. 



; - mm' v 



■•■fW"*— •«!«b» 



As sine of C : AB : : sine of A : 



As AB : sine of C : : BC : sine of 
A; which addc^ to C, and the 
sum subtracted from 180% g^Tes 
the angle ABC. 



Find the angle ABC by case 2 ; 
then, as sine of A : BC : : sine 
of ABC : AC. 



U Ii>i 



As AB+ AC : AB— AC : : tang, of 
the comp.of I ^ : tang, of an ang. 
which added to the said com. gives 
the greater ang. C ; and subtracted 
leaves the lesser ABC {firefi. 10.) 



Find the angles by case 4 ; and 
then BC, by case 1 . 



An angle, 
suppose A 



Let &.11 a perpendicular QD, opposite 
I the required angle, and suppose D6 
n AD ; then (^jz/tf-o/k 11.) AC : BC 
-f BA : : BC -> BA : CO, which 
subtracted from AC, ?«id the re- 
mainder divided by 2, gives AD ; 
whence A vnll be found, by case 2, 
of right angles. ^ j 
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SECTION XVIII. 

The Application of Algebra to the Solution of Gcq-* 

metrical Problems. 

WHEN a geometrical problem is proposed to be re- 
solved by algebra, you are, in the first place, to describe 
a figure that shall represent or exhibit the several parts or 
conditions thereof, and look upon that figure as the true 
one ; then, having considered attentively the nature of 
the {MToUem, you are next to prepare the figure fpr a so- 
lution (if need be), by producing and drawing such lines 
therein as appear most conducive to that end. This dode^ 
let the unknown line, or lines, which you think will he. the 
qasiesC found (whether . required or not), together wiA 
the known ones (or as many of them as are requisite), hi 
denoted by proper symbols ; then proceed to the operft^: 
tion, by obserx'ing the relation that the sex^eral parts of 
the figure have to each other ; in order to which, a com* 
petent knowledge in the elements of geometry is abso- 
lutely necessary. 

As no general rule can be given for the drawing of lines, 
and electing the most proper quantities to substitute for^ 
so as always to bring out the most simple conclusions (be- 
cause different problems require different methods of so- 
lution), the best way, therefore, to gain experience in this 
matter is to attempt the solution of the same problem se-> 
veral ways, and then apply that which succeeds best to 
other cases of the same kind, when they afterwards occur; 
I shall, however, subjoin a few general directions, wWch 
will be found of use. 

1**. In preparing the figure, by drawing lines, let them 
be either parallel or perpendicular to other lines in the 
figure, or so as to form similar triangles ; and if an angle 
be given, let the perpendicular be opposite to that angle, 
and also fall from the end of a given line, if possible. 

2°. In electing proper quantities to substitute for, let 
thoge b^ chosen (whether required or not) which lie 
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nearest the kncnm or given parts of die figure, and 
by help whereof die next adjacent parts may be expressed, 
without the intervention or surds, by addition and sub- 
traction only. Thus, if the problem were to find the 
perpendicular of a plane triangle, from the three sides 
^ved, it will be much better to substitute for one of the 
segments of the base, than for the perpendicular, though 
the quantity required; because the whole base being 
given, the other segment will be given, or expressed, ■'by 
subtraction only, and so the final equation come out a 
simple one ; from whence the segments being known, the 
perpendicular is easily found by. common arithmetic : 
wliereas, if the perpendicular were to be first sought, both 
the segments would be surd quantities, and the final equa- 
tion an ugly quadratic one. 

3^ When, in any problem, there are two lines or 
q[aantities alike related to other parts of the figure, or 
problem, the best way is to make use of neither of 
ihem, but to substitute, for their sum, their rectangle, or 
Ae sum of their alternate quotients, or for some line or 
Kfies iti the figure, to which they have both the same 
relation. This rule is exemplified in prob. 22, 23, 24^ 
and 27. 

4**. If the area, or the perimeter of a figure be given, 
or such parts thereof as have but a remote relation to 
the pans required, it will sometimes be of use to assume 
asi<»ther figure similar to the proposed one, whereof on^ 
side is \m\ty^ or some other known quantity; from 
\Hlfince the other parts of this figure, by the known 
pk>portions of the homologous sides, or parts, may be 
found, and an equation obtained, as is exemplified in 
^rob. 25 and 32. 

These are the most general observations I have been 
able to collect ; which I shall now proceed to illustrate 
liy proper examples. 

PROBLEM I. 

Thebas^ (b\ and the sum of the hypothenuse and per- 
pendtQular (a), of a right-angled tnangie^ ABC ^ bchij^' 
ffiven ; to find the perpendicular. 
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Let the perpentUcular BC be denoted by oc ; then 

^ the hypotheause AC will 

^ beexprcs&edbya— ir:but 

..{by EUC.47.U) AB» + 

BC* = AC^; Aat is, 4» 




whence a: = 



2a 



=the 



J9 perpendicular reqmred. 



PROBLEM n. 

'* ■ , . ' . 
T/^^ dit^.onal and the perimeter of a rectangk^ ABCOi 

being gwen; tQ find the sides* r 

Put the diagonal BD = a, half the perime^r /]>A 

+ AB) = b, and a!B = 

x.i then will AD = i -^ 

XI and, therefore, AB^i^ 

AD^ betag = BD% ntt 

have 9(^ ^ l^ — %bx + «* 

=c g^ ; which, solved, gii!CS 

\/2i^ — ^^b 

X = '. 

2 

PROBLEM IIL 

TA(r cr^a of a right-angkd triangle ABC, and the sides 
4if a rectangle^ EBDF, inscribed therein^ being given; U 
determine the sides of the triangle. 

Put DF = fl, DE = b, BC = 3f , and the ipeasjore 

Q of the given area ABC 
= di then, by similar tri- 
angles, we shall have x 
— ^ (CF) ; «(DF): :x 

(BC) : AB = ^J^^. 





Therefore 



ax X 

X — b 2 



=s 2dx — 2W, or ;c2 — . 



a 



dj and consequendy ox^ 

= «-^ — : which, solved, 
a 
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gives :tf =± — ± v — i ^^"^ whence AB and AC 

a ^ aa a 

will likewise be known. 

PROBLEM IV. 

Having the lengths of the three perpendiculars PF, PG, 
PH, drawn from a certain point P xvithin an equilateral 
triangle ABC, to the three sides thereof; from thence to 
determine the sides* 

Let lines be drawn from P to the three angles of the 
triangle ; and let CD be perpendicular to AB : call 
PF fit; PG *; PH cj and 
AD = X : tfien will AC 
< a: AB) = 2x, and CD ( = 

VAC^ — . AD») = S^Sxx = 

9C\/ 3 ; and consequently the 
area of the whole triangle 
ABC_(=: CD X AD) = 

xjsS^ Z. But this triangle is 
coteposcd of the three trian- 
gles APB, BPC, and APC ; 
whereof the respective areas are 

apCf bxj and ex* Therefore we have xxV ,3 = ax + 5x 

+ ex ; and from thence, by division, x = ■ ^ — • 

V3 

PROBLEM V. 

Having the area of a rectangle DEFG inscribed in a 
given triangle ABC ; to determine the sides of the rectangle. 

Let CI be perpendi- 
cular to AB, cutting DG 
in H ; and let CI = a, 
AB = b, DG = X, and 
the given area = cci 
then it will be, as b : 

ax ^rr 

X 'I :«:-- = CH; 
b 

which, taken from CI, 




^ 
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3L 



2?P 



Thf AppHcatton of Algebra 



ax 



leaves a --^ -r* = IH ; and this, multiplied by x^ gives 

b 

ax — -7- = cc = the area of the rectangle ; whence we 
b 

have abx — cwc* = bcc^ ;c* — ^^ = — — , ;^ i... ... ±: t 

a 2 

V": , and ;c = — ± \/- . 



PRPBLEM VI. 

Through a given point P, within a given circle^ s0 <d 
^/raw a right line^ that the two parts thereof PR, PQ, inr , 
tercepted between that point and the circumference of ihit 
circle^ may have a given difference 
Let the diameter APB be drawn ; ^nd let AP and 

BP, the two parts the^^ 
(which are supposed given) 
be denoted by a and b ; mak- 
ing PR = X, and PQ ^x 
'^d{d being the given dif- 
ference). Then, by the na- 
ture of the circle, PQ x PR 
being = PA x PB, we have 
X -{- d X X :=• ah^ or XX '^' 
dx=:ab ; whence x is found 

= Vab + ^dd-^ id. 




PROBLEM VH. 



From a given point P, tuithout a given circky so te 
draw a right line PQ, that the part thereof RQ, inter- 
cepted by the circle^ shall be to the external part PR, in a 
given ratio. 
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Through the center O, draw PABj put PA 
PB= b, PR s= x^ and let 
the given ratio of PR. to 
RQ be that of m to n ; 
then it will be, as m : n : : 

X : — r= RQ; therefore 
m 

fi3i^x+—; but PR X 

m 

I^Q = PA X PB, 



= a. 



or 



nx 



ap X ^ + — == fliA ; there- 
m 



fore m^ + nx^ 

J - / mad 
9xidx = \f- • 



maby 




PROBLEM VlII. 

The sum of the two sides of an isosceles triangle ABC be- 
ing equal to the sum of the base and perpendttular^ and the 
area of the triangle being given ; to determine the sides. 

Put the semi-base AD = x^ the perpendicular CD 
'= y, and the given area 
ABC = a*: so ^haSL xy = 

«», and ^Vxx + yy ^ 2^ 
+ y {by EL 47, t^ oTid the 
conditions sf the problem). 
Now, squaring both sides 
of the ladt equation, we 
have. Asxx + Asuy = Asxx + 
4fxy + yy 5 whence Zyy = 
Axy^ aiDd cooEsequently y rr A. 

— : which vs^e, substituted 
3 . 




in the former equation^ g^ves 



X 2= 




Afxx 

I 



= d*; from whence 



4 = ^"^'^ y (= 3 
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PROBLEM IX. 

The segments of the base AD nnd BD, anrf ^A^ rario oj 
the sides AC an^Z BC, of any plane triangle ABC bang 
given; to find the sides* 

Put AD = a, BD = *, 
AC = X \ and let the given 
ratio of AC to BC be as m 

to n, so shall BC ::= — . 

B6t AC^ — AD» (= DC*) 

= BC» — BD^ that is, in 

sr>ecies. x^ >—' a^ =: 

'^ mm 

— b^. Hence we have m^A 




- jaa — bb 
and X = wiv . 

^ mm — nn 



mm — nn 

PROBLEM X. 

The base AB (a), the perpendicular CD = b, and the 
difference (d) of the sides AC — BC, of any plane trian- 
gle ABC, being given ; to determine the triangle* (See the 
preceding figure.) 

Let the sum of the sides AC + BC be denoted by x : 

N . dx 

tljen {by prop* 11, sect* 18) we shall have a\ x : : d y — = 

the difference of the segments of the base; therefore 

a dx 
the greater segment AD will be = — + = 

9"" + '^'' . But AD^ + DC2 = AC2; that is, 
2a 

a^ + 5la^dx + d^x^ , -^ x^ + 2dx + dd ^, 

1- + 6* = ^ — -!- — : whence 

4aa 4 



ta Geometrical Problems* 



2&X 



a* + 2a^dx + tPx^ + 4q^^ = d^oc^ + 2 c^dx + aV* ; whicft, 
solved, gives x =? ay ■ y, — • 



PROBLEM XL 

The base AB, the sum of the sides AC + BC, and the 
length of the line CD draxvn from the vertex to the middle 
of the base^ being- given; to determine the triangle. 

Make AD (= BD) = a, DC = b, AC + BC = c, 
and AC = x: so shall p 

BC = c — a:. But "^^ 

AC* + BC* is = 
2AD* + 2DC* (by 
EL 1 2, 2) ; that is, 
0^ -f. c — xY ^ 2a* 
+ 2^ ; which, by 

reduction, becomes x^ 

— c:v = a* + i* — A D 

|c* ; whence x is found = |c ± Vaa + ^^ — \cc, 

PROBLEM XIL 

The two sides AC, BC, and the line CD bisecting the 
vertical angle of a plane triangle ABC, being given; to 
find the base AB. 

Call AC a\ BC ^; CD c; and AB xx then 
a + b : X : : a : AD* = 

; and a + b : x : z 




B 



a + ^ 



^jf 



£/. 20, 3) AC X CB -. 
AD X DB = CD*, that is, 

absc^ 
ab — ^ = c*; jFrom 

aXby 




whence x will be found = a + ^ 



lab^"^^ 

•v-ij- 
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PROBLEM XIIL 

The perimeter AB + BC + CA, and the perpendicular 
HD^ falling from the right angle B, to the hypothenuse AC, 
being given : to determine the triangle* 

Let BD = a, AB = at, BC = y, AC = z^ and AB 
+ BC + C A = b : then, by reason of the similar tri- 
angles ACB and ABD, it will be^ osziyi i x i ay and ^ 

therefore ocy^=:€tzi more- 
over, ofl +y* 1=2* {by Euc. 
47, 1), and x -^y + z ss 
b (by the question}. Tram* 
pose z in the last equation, 
and square both sides, and 
you will have x^ + 2xy + 

1/2 = ** — ^»2+2»5 from 

A B which take x^ + y^ zaz^^ 

and there will remain 2xy = ** — 2bz ; but, by the - 

&rat equation, 2xy is = 2az ; ^erefore 2az =s: i* — ^ 2^ $ 

and z = r ; whence z is known. But to find 

2a + 2b 

X and y from hence, put 




hb 



' = c, and let this value 
2a + 2b ' 

of z be substituted in the two foregoing eqaations, 

PT 4- ^ = * — 2, and zy ■=. az^ jHid they wiU bd»>nie 

a: + y = b — c, and xy •=. ac\ from the square of the 

former of whidi subtract the qu adruple of the lartter, 

so shall o(^ •— . 2xy + y^ = b — c"}* — 4ac ; and conse- 
quently x'^^'^y = \b — cY — ^c. This equation be- 
ing added to, ^d subtracted from x + y =2 b — c, 

gives tx =•* - ^ (T 4. \* — cY — 4^^> and 2y := b — c 
_ ^^ _ cf — 4ac. 

PROBLEM XIV. 

Raving the perimeter of a right-angled triangle ABC, 
and the radius DF of its inscribed circle y to determhie 
all the sides of the triangle* 
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From the center D, to the angular points A, B, C, 
and the points of contact £, F, G, l^t lines DA, 
DB, DC, -DE, DF, DG be drawn; makmg DE, 




DF, or DG :5; a, AB = x^ BC 



• 



;y^ AC = Zj and 



X + y + z^b* It is evident that — ^ -^ + — , or 

nh 

its equal — -(expressing the sum of the areas ADB, 

BDC, and ADC) wiU be = ^ = the area of the 

whole/ triangle ABC; and consequently %xy = 2ai.- 
moreover {pif Euc. 47, 1), ^c* + z/* = 2* ; to which if 
2 xy =z 2ab be added, we shall have x^ + 2xy + 1/*, or 

X + yT*j= 2' + 2ab ; but, by the first step, x -f y J' is 

= b — z\ * = A* 1— *2bz + 2* ; therefore, by making 

these two values of x + y\^ equal to each other, we 

get 2^ + 2ab =s i^ — 2bz + 2^ ; whence 2az=zb — 22, 

and 2 = ^^-^a* But, to find x and j/, from hence, 

we have now given x + y {^ b — 2) = ^^ + ^? and 

xy z::^ ab : the former of these equations, multiplied b}- 

bx 
^j gives :)^ + ocy =: f- ojv ; from which the latter 

xy =^ab being subtracted, we have xi^ = ^bx + fl:v — abj 
or^^— — i— x a: =— . at: whence, by completing 
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t. f J 2a + b ± V4c^ — 12ab + b^ 
the square, <3^c, x = j : so 

that the three sides of the triangle are, ^b — a, 
2a + b + \^4M^ — 12ab -h^ and ^g-f ^— V4fl» — I2a^.j,^ 
4 ' 4" . 

Otherwise. 
The right-angled triangles ADE, ADG, having the 
sides DE, DG equal and AD common, have also 
AE equal to AG : and, for the like reason, is CE = 
CF J and cpnsequently AC (AE + CE) = AG + CF. 
Whence it appears that the hypothenuse is less than the 
sum of the two legs AB -f BC, by the diameter of 
the inscribed circle, and therefore less than hatf the pe- 
rimeter by the semi-diameter of the same circle* Hence 
we have AC = J* — a, and AB + BC = »* + «. Put, 
therefore, |6 — a = c, ^b + a :=i d, and half the dif- 
ference of AB and BC = ;c ; then will AB = d+ «-, and 
BC = rf— ;v ; and consequently 2d^ + 2^JAB^ + BC») 
= c* ( AC2), wh ence x is fo und = Vj c* — rf»; thereforeii 
ABis=:|rf + V|c2 — fl?*, andBC = |rf— V|c* — rf»- 

PROBLEM XV. 

All the three sides of a triangle ABC being given; to 
find the perpendicular^ the segments of the base^ the area^ 
mid the angles. 

Put AC = a, AB = ^, BC = c, and the segment 
AD = X ; then BD being = ^ — Xj we have c* — 
b — rr]* (= CD2) = «2 _ ^2^ that is, d* — 6» + 2bx 




P A D B 

~ ^^^ = a^ — ;v*; whence 2bx = aa + bi -^ ccj and 
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^^ crt + &^~cc. ^^^^ CD* = AC?— .AD» = 

AC + AD X AC -1 AD = a + '^±^^1=2^ x 

aa 4- bb '-^ cc 2ab + eta 4- bb -^ cc 

2b 2b ^ 

2ab — aa'^bb 4- cc _ a -f ^p — c^ c^ — a — ^"{^ 
2^ "^ 2^ ^ ""^ 2^ * 

hence CD = JL x Ja + b\^ — (^ x c^ — a ^ b^i 

and the area ( — ) = 

^. 2 

i^« + ^ P -^ c^ X c« — ^"^^^^ 

But, because the difference of the squares of any two 

imes, or numbers, is equal to a rec tangle under their 

Wim and differ ence, the fact or a + by — • c* will be = 

a ^ b + c X a + b — c ; and the remaining factor 

c* ^-a— T]* = c + a^-^Xc — a + ^: and so the area 
will be likewise truly expressed by 

i\ a + b + c X a + b — c X c -i-a^-b X c — a + b 

+ b + c a + b — c c + a*-^b c^^a + b 

^ X _ X _ X ^ ' 



-^- 



= \* mS — c.fi — i.*— .ajby making s = —I — ^^^^. - 

In order to determine the angles, which yet remain to 
be considered, we may proceed according to prop. 11, 
in trigonometry^ by first finding the segments of the 
base: but there is another proportion frequently use'd 
in practice, which is'thus derived : let B A be produced 
to F, so that AF may be = AC ; and then, FC being 
joined, it is plain that the angle F will be the half of 
the angle A j and DF (= AC + AD) will bfe gifen 

•2 M 
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For, since (by construction) DE is = a, it is plain, if 
CD be called *■, that CE will be *■ + a ; but if CE be 
caUed*, then CD will be x — «: but { by Eiw. 37. 3.) 
CE X CD = AC X BC, that is. x + a x x (x' -^ ax) 
is = 6c, in the first case ; and x x x — a (a= ~- ax) = be, 
in the second : which two are the very equations above 
exhibited. 

When b and c are equal, the construction will be ra- 
tter more simple ; for, AB vanishing, AC will then coin- 
cide with the tangent CF; therefore, if a right-angled 
triangle OFC be constituted, whose two legs, OF and 
FC, are equal, respectively, to the given quantitie&^ and 
A, then wiU CD ( = CD — OF) be the true value of * 
in the former case, and CE ( = CD -f- OF) its true value 
in the latter. 

Construction of the third form. 

With a radius equal to ^-a, let a circle be de- 
hcribcd (as in the two preceding forms), in which apptjil 
AB, equal to the sum ot^ the' 
two given quantities 6 + r, 
and take therein AC equal 
to either of them ; through 
C draw the diameter DCE; 
then either DC, or EC, will 
be the root of the equation. 

For, the whole diameter 
ED being = «, it is evident 
that, if either ])art thereof 
(DC or EC) be denoted by .v, the remaining part will be 
a — .V : but DC X EC = AC >; CB {^Euc. 35. 3.), that 
is, ax ^>^ = he, as was to he shoxun. 

The method of construction, when b and c are equal, 
is no ways different ; except that it will be unnecessary to 
describe the whole circle ; for, AC being, here, perpcn- 
lUcular to the diameterED, if aright-angled triangle OCA 
be formed, whose hj^jothenuse is io, and one of its legs 
(AC) = A, it is evident that the sum (EC) and the differ- 
ence (DC) of the hypothenuse and the other leg will be 
the two values of x required. 
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PROBLEM XVm. 

I 

- The aretty the perimeter j and one of the, angles of , any 
plane triangle ABC being given, to determine thetriangle. 

Suppose a circle to be inscribed in the triangle, toucb^ 
ing the sides thereof in the points D, E, and F; also 
from the center O, suppose OA, OD, OC, OF, OB, 
and OE to be drawn : 
and upon BC let fall the 
perpendicular AG ; put'- 
^ ting AB + BC + :A€ = 
i, the given area = c^y 
the sine of the angle ACB 
(the radius being 1) ti: w, 
the co-tangent of hcdfth^t 
angle (or the tangent \oi 
!D0C) ^ «, and AC dt=:x. 
Therefore, since the area 
of the triangle is equal to 
JAB X OE +iBG X OF 
+ \KC X OD, that is, equal to a rectangle under 
lialf the perimeter and the radius of the inscribed circle, 

we have — x OE = aai and therefore OE = -— .' But 

2 . b 

AD being =. AE, and BF = BE j it is manifest that the 
sum of the sides, CA + CB, exceeds the base AB, by 
^e sum of the two equal segments CD and CF ; and so 
is greater than half the perimeter by one qf those equal 
segments CD; that is, CA + CB = ^^ + CD: but 
(by trigoriometry) as 1 (radius)..: n (the tangent of 

DOC) : : ^ (OD) : DC = ^; whence CA + 




CB (= lb + CD) = I* + 



2na^ 



which, taken from.(^) 



2na^ 



the whole perimeter, leaves lb -— = the base AB. 

b 

2na^ ' ' 

Make, now, \b + -— - = c j then will BC = tf = .v ; alsOj 

{by itigonoih^try) it will be, as 1 (radius) : m (th^ mnt 
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of ACG) : : X (AC) : mx = AG; half wheredf, 

tiplied by e — x (BC), gives ~ — — = a', the area 

of the triangle ; from whence -v comes out = |c ± 



fc^ Taa 



PROBLEM XIX. 




The hypotfienuse, AC, of a right-angled triangle ABC, 
and the side of the inscribed square BEDF, being given; 
to determine the other two sides of the triangle. 

Let DE, or DF = a, AC = ^ AB = «■, and BC = yt 
then it will be, a^ x •.ynx 
— <i{AF):fl(FD);w'hence 
we have ax=^yx — yo, and 
consequently xy = ax-+- ay. 
Moreover, xx + yy^bb: 
to which equadon let the 
double of the former be add- 
ed, and there arises a^+ 3*^ 
+ i/< =_i^_+ 2ax + 2oyi 
that is , X -{-yY = A* -f 2a 
X X ■\-y,or X + yY — ^ax x + y = b^ ; where, by con- 
sidering A- + ^ as one quantity, and completing the 
square, we hav e x + y' Y — 2n X x -\.y +<^ = ^ + a' ; 
wiience x + y — a = v^6^ + ii=, and a- + yy = Vn* + S* 
-|- a ; which pnt = c : then, by substituting c ■^x instead 
of its equal (y) in the equation xy = ax -\. ay, there 
will arise ex -^ .r' = ac ; whence x will be found = ^ -^ 
V^cc — ac, and y -^ic — Vltc — ac. 

It appears from hence that c, or its equLd v'^n -f> M 
-f- fl, cannot be less than 4a, and therefore i" not less 
than 8a' ; because the quantity ^cc — ac, under the 
radical sign, would be negative, and its square root im- 
possible ; it being known that all squares, whether frtnn 
positive or negative roots, are positive ; so that there 
cannot arise any such things as negative squai«9. 
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unless the conditions of the problem under consideration 
be inconsistent and impossible. And this may be demon- 
strated, from geometrical princijples, by means of the fol- 
lowing 

LEMMA. 

The mm of the, squares of any two quantities is greater 
than a double rectangle under those quantities^ by the square 
of the difference of the Same quantities. , 

For, let the greater of the two quantities be represented 
by AB, and the lesser by BC (both taken in the «ame 
right line). Upon AB and BC let the squares AK and 
CE" be constitut- 

ed ; take AP = H I K 

BC, and complete 
the rectangles PH 
andCF. There- 
fore, because AB 
= AH, and AP 
= BC, it is plain 
that PH and PD 
are equal to two 
rectangles under 
the proposed qiian- 



- 


F 


E I 


-i 




* 


. 




N 



B 



titles . AB and BC ; but these two rectangles are less 
than the two squares AK and CE, which make up the 
"whole figure, by the square FK, that is, by the square of 
PB, the difference of the two quantities given ; as was to 
be proved* 

Now, to apply this to the matter proposed, let there 
be g^ven the quadratic equation at* -|- 6^ = 2aXy or x =^a 

^ d= Vaa — bb : then, I say, this equation (and consequently 
any problem wherein it arises) will be impossible, when 
bb is negativt, or b greater than a* For, since b is 



aa 



supposed greater than a, 2bx will likewise be greater than 
2ax ; but 2ax is given =: xx + bb^ therefore ^bx will be 
greater than xx + bbj that is, the double rectangle of two 
quantities will be greater than the sum of their squares, 
tvhich is proved to be impossible. 

2N 



/" 
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PROBLEM XX, 

The hose AB (c) and the perpendicular BC (A) of a 
right-angled triangle ABC ^ being given; it is proposed to 
^nd a point D in the perpendicular j such tlmtj ij two right 
lines be drawn from thence^ one to the angular point A, and 
the other (J^^) perpendicular thereto^ the triangles D]&C, 
ABD, cut ojfby those linesy shall be to one ^mother in <x 
given ratio. 

Let AB be produced to F, so that the angle BFD may 
be equal to the angle BCA j putting AC = c, CD =r ^, 




F B A 

and the given ratio of the triangle DEC to ABD as m ton. 
Then, by reason of the similar triangles ABC, DBF^ 
it will be, a (AB) : b (BC) -. : h -^ x (BD) : BF = 
l^—bx , ^„ ^ 1^,— bx i^ + ^ ^ hx 

a 



a 

c^ '•^ bx 



whence AF = a + 



a 



(because a* + A* =; c*). Also, as ADE is a 

u 

right angle, the angles FAD, EDC will be equal; there- 
fore, the angles C and F being equal {by con.)^ the tri- 
angles AFD, DCE must be similar; and consequendy 



AF^( 



r.2 



a 



^VcD«(«*)::MiLB5(*-^><^ 



•bx 



2a 



), 



the area of the triangle AFD : (.^ ~ ^ Xa^ ^^ ^j^^ ^^^^ 

•z X c* — bx 
of the triangle DEC : wherefore, the area of the tri- 
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which, reduced, gives x = \J — + — - — 



angle AfiD b^ing , or — ^ we shall have 

JTIZTya^ b — * X a ,, ^, ,. X , 

minxx -' : 5 {by the question) ; and 

^ X c* — bx 3 

lit tnbx tnc^ 

consequendy nx^ sz m x c^ — «^^5 or *?* + = — ; 

n n 

mb 

2n 
The geometrical construction of this problem, from 

the equation 0^ + -*—- = — , may be as follows. In 

n n 

CB kt there be taken CH : CB : : w : 72, and let HK 

be drawn parblld to BA ; then CH being ±= — , and CK 

n 

• • • ^ ■ 

== — ', our equation will be changed to o(^ + x X CH 

= AC X CK, or to CD x CD + CH 3= AC x CK. 

Upon CH as a diameter let the circle CTHQ be describ- 
ed, in which inscribe CG = AK ; and in CG, produced, 
take CS = CA ; mid from S, through the center 0| 
draw the right line STOQ, cutting the circumference 
in T and Q, and make CD = ST ; then will D be the 
point required. For CG being = AK, and CS s= CA ; 
therefore will ACx CK== CS x GS = ST x SQ {Euc. 

ar. 3-) = ST xST + TQ= CD X CD + CH ; the very 
same as above. 



PROBLEM XXL 

Having the perimeter of a right-atigled triangle ABC, 
and three perpendiculars DE, DF, ami DG^ failing from 
a point -within the triangle upon the three sides thereof; to 
determine the side^. . * 

Suppose DA, DB, and DC to be drawn; and let DE 
= a, DF = A, DG = c, AB = x, BC = 2/, AC = 2, 
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and the perimeter, AB + BC + AC, ^p; then, the 

f4 area of ADB being ex- 

ax 
pounded by ; — ; : that 

of BDC by *^; that 

of ADC by — : and 
that of the whole, ABC, 
by -^ ; we therefore have 

2 .■ . ■ 




ax 



by cz xif 



l««v tfvf c<& i^Cf . 7 . 

u Jl M — = Jl^ or ax + ou + CZ i=: xu; more- 

over, we have ^ + j/^ = z*, and x + y + z = ^ by 
the conditions of the problem. Let z be transposed in 
the last equation, and both sides squared^ sp shall x^ -(- 2xy 
+ y^ =z p^ — 2pz + z\ from which, if :«* + j^ 
= 2* be subtracted, there will remain 2xy = ^ -^ 
2pz = 2ax + 2bif 4- 2 cz (by the first equatiorC) : whence 

ax + by + c + p X z = ^pp : ' from this last equa- 
tion subtract a times x -^ y 4- z '=z p^ afid there will 

remain by — ay+p + c^—axz^: ^p^ •— ap; 
also, if, from the same equation, b times x' + y + z 
= /> be subtracted, there will remain a:)c — - bx + 

p +c — b X z s= ^p^ — bp ; which two, last equations, 
by putting d=z b — a, e =z p + c — a^ f z=: ^p^ — apj 
g :=z p + c — 6, and h = ^p^ — bp^ will stand thus : 
dy + ez = f and -^ dx + gz =z h; whence y = 

^•' — J — , and X = ^ ~ . Let these values of x and y 
d d ^ 

be substituted in .%* + t/^ _- ^2^ and we shall have 

X 2;^ — 2^4- 2^A X z = — /2 — W : put ^ -f-^ — '^/* 
=^ k, ef + gh :=z I, and p + h^ z=: m; so shall ^z« — 

2fe = — 4?^; whence z^ — T" = ^» ^^^ z =v — 

k k k 



V 






'.m 
k 
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from which x ( 



^2 — ) and y ( =t: ^ - •) will alsa be known. 

^ . If a^ by and c be all e<iual to each other, the point D 
will be the ceiiter, and each of the given perpendiculars 
a kadius of the inscribed circle ; and the value of z, in this 
case, will be barely equal to ^p-^ a; for the equation, by 
-^^ay + p + c — ax z=^if^ -^ap^ 'above found, here 
becomes /'Z = ^p^ — ap* 
- But, if only a and b ( or DE a nd DF) be equal, then 

the equation 'will become /> + c. f— a X 2 = |/»* -— ap ; and 

therefore z = -^ ^ ; in which, if c be taken == O, 

p +c —a 1 

if^ _ ap . ' ■ . 

2 will be = ^^ ' ^ ; where a is the side of the inscribe 

p-^a 

ed square. ' "I . . 



PROBLEM XXIL 

The perpendicular CD, the difference of the sides j AD 
.A»- BD, and the vertical angle D, of^any plane triangle 
ABD, being given; tadetermine the sides* . 

r 

From B,upon AD (produced, if need be), let fall the 
perpendicular BE : let the sine of the angle BDE = 5, 
Its co-sine = e (the radius being unity) ; also let the 
perpendicular CD = /», the 
lesser side BD == at, and the 
greater DA :=^x + d: then 
(by prop4 9, in trigonometry) 
as i i s I ;, X I sx :=i BE ; 
add as 1 *: c : : :v : c;c =5 
ED. Now AB^ being = 
AD* + DB* — AD X 2DE 
(JEttc. 13. 2. ), will be ex* 

pounded by x + /]* -|- ;c* a r\ "g 

— :v + ^/ X Scat, or 2o(^ + 

5ldx + d^ r^ 2cx^ — 2cdx ; whence, by reason of the 
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similar triangles ABE -and ADC, it will be, as 2** -f 
<ldx + d^ -^ ^cx^ — ^di, (AB>) : ^a« ^JBE^) : : jc» 
+ 2xd + dd (AD*) : f' (DC*) ; and, Consequeritljr, 
by Tnultiplyinj extremes and m6^s, . «*a:*.+ fl^d^ -j- 
^d^x^ = 2p^. ^ + 2f^dx + t^d^ — Ifco^ — "Ifcdx ; firom 
whence, by transposition an d division^ we have jr* + 

cj^s. . 1% 2/>« , ■ %f^c ^ . , ^fcd 2f^d 
2dx^ + d* '^ -j^ ^ J^ X «* + -^--r- *^ -~. X 

i/tji ' • .•■;-.■. . » .. 

a?— '^^ = 0» Which eqtiation answering the condi- 

tions of the • second case of biquadratic?, explained at 
]f). 154, we shall therefore have A:* + tfe* + ^ — ■ "^' ■ /T its 



>^ 



ir":- 



^-_ -I- -? - ^' ■ ; and consequpntly ar =: •— * |^/ -f 






Otherwise* 

I • . * 

Suppojiin^ ^, r, aiid j& to be the saDcie as befoi^, put 

half the given differerice of the sides = a^ and half their 

sum :=: xi then the greater side A^ . will be = a: + <J, 

and the lesser BD =y — a ; wherefore (bj/ trigonometry) 

1 : s 11 X — a : s X ^' — « = BE j and 1 : c i i x-^d 
: c x^>- t^ = D E : but AB * is = A D* + D B» f^ 2DE 

X AD ^hd'+a'Y -f ^ — a]*— .ScXAf — a X ;c + a=i 
2x^ + 2fl* —*- 2cx* 4- 2ca^ ; whence, by restson '6f the 
similar triangles ABE, A DC, it w ill be 2x^ + 2tt* -^ 

2c 2 + 2ca^ (AB») : s^ x ^ — // p (BE*) ; : y + a |^ 
(AD^) : /?2 (DC^) ; and consequently s^ X x — a]* X 
X -f fl")^ = 2^2 ^ 2a* — 2cx* -f 2ca* x i&^, or s\x^ — 
2^fl»;c2 4- ^rt* = 2Jj^x^ — ^c/?V -f 2fi^a^ + 2c;&Vj 
whence, by transposition and division, x^ — 2o^x^ — 
2p^x^ . 2r/)*Ar2 2/>2r^2 2r/;*rt2 , t. , . 

-^ + -^ = -:r- + -^2 «"• Substitute 



6'^ 6" 
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/ = ««+£-f;and^ = ««X?^-^--a^ then 
the equation wijl stand thus, x* -— 2fx^ = sr : whence x 

is found - \ /:t \^/^ -f ^* 

If, instead of the difference, the sum of the sides had 
been given, in order to find the difference, the method of 
operation would have been the very same ; only, instead of 
finding the value of x in terms of a, by means of the equa- 
tion s^x* — 2^fl2^ ^ ^^ _ 2j?^x^ — 2c/? V + 2p^c^ + 
2cp^c^^ that of a must have been found, in terms of at, from 
the same equation* 

PROBj:-EM XXIIL 

Having' one leg KB of a right-angled triangle ABC ; 
to find the other' kg BC,*t/c^ that, the rectangle under their 
dtffererhce (BG -i- AB) and tjie hypothennse AC may be 
equal to the area of the triangh^ 

Put AB = a, and BC = 5c ; so shall AC = Vaa + xx i 

Q^ III ______.i,^,— • 

and — = a: — '«.Vaa + xx^ by the conditions of the 

problem, By squaring both sides 
pf this equation, we hs^ve \(^x^ = 

je* — 2ax + a^ X aa + xx: in 
wnich the quantities x and a being' 
concerned exactly alike, the solu- 
tion will therefore be brought out 
from the general method for ex- 
tracting the roots of these kinds of 
equations (delivered at p. 156) : _ 
according to which, having di- A 




1 X ^ . a 



vided the whole by a*;^, we get -— = — — . 2 -f. --1 

_, 4 a X 

X — ^ ; which,' by making z = — + — -, will be 

X a '' . "^ a X 

reduced down to A = i — 2 x 2, or 2* — 22 = |2 

whence z is given = 1 + V'L But sincp -^ + £. — ^r 

a X ' 
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az 



we have :v* — azx = —- a« ; and therefore sc zs — jl 

2 T 






2 + V 22 — 4 : iirfiich, by siA- 



a 



stituting the value of z, becomes a^ = — X 



1 + V f + V^^ — i- 

PROBLEM XXIV. 

« 

T(? ^raw ^z right line DF from one angle t) of a given 
rhombus ABCD, so that the part thereof FG^ intercepted by 
one of the sides incltiding the oppo^te angle arid the other 
side produced^ may be of a given length. 

Let DE be perpendicular to' AB ; and let AB ( == A!D) 

C = tf, AE = *, I^G 

= c, and AF = s^i 
then DF* (= AP 
G- +AD»— 2AExAF) 

=: XX + aa — 2*^; 
and, by similar tri- 

angles, xx + aa — 

A iii J> i^ 2i;^fDF«):;vjr(AF«} 

: ; cc (FG*) ; ; y — a^ (BF* ) ; and consequentljr ' 

XX -^-aa^—- 2bx X xx — 2ax +aa=: ccxx. make ma = 
^, and wa = c ; so shall our equation become 

XX + aa^-- 2max X ^^ — 2aA; -f oar = n^a^x* : which, di- 

X a ' X €L 

vided by c^a:*, gives f — ^ 2»i x 1 — 2 = 

a .3C ax 

X a - 

71* : this, by making 2 = f , becomes 2 — 2m X 

ax 

2 — 2 = n* : there fore 2* — 2m -f 2 x 2 = nf — 4m, 

and 2 = 1 + m -f V 72* -4- 1 — m"|^ = 

a 4. 6 -f. \'r» -f- flr — bf , ^ . , 

i ■ — ^ ' ' i-, by restonng the values 

m and n. From whence the value of x will be also 




to Geomdtrkdl ProblemSf 



5^t 



known ; for f- — being = z^ we have, by reduc- 

a , X 

tion, o<^ — as^x z:z -^ aa; and therefpi'e a: = — x 

■ . . . • 2 



z. +V221..-T— ,4. 



PROBLEM XXV. 



TTie diagojiah AC, 'BD; and all the cmgks DAB, ABC, 
BCD, and CDA, of a trapezium ABCD, bemg- given \ 
to determine the.sides, - 

Let PQRS be another trapezium similar to ABCD, 
whosq side PQ is unity-; and let QP and RS be proctuced 
till they meet in T: abo let PR and QS be drawn, 
and make R«; and Sw perpendicular, to TQ,- Let the 




(natural) sine of the given angle STP, to the radius 1, 
* be put = m ; that of TSP. or PSR, = w ; that of 
TRQ = /^ ; the co-sine, of SPQ = r ; that of RQy = s ; 
AC = a ; BD = b ; and PT = x. Then [by plane tri- 
gonometry) n : m : : X : FS =z ^^ 



n 



and 1 : — fPS) 
n 



rmx 



: : r : Pw = Cfr ; whence (bii Euc. 13. 2.) QS^ (= QP- 

n ^ 



m^ \^ 2rmx 



+ PS^^2PQxPt(;) = l+Z-l — 

?in n 

Again (J)y trigonometry)^ p : m : : 1 + x (TQ) : 

OR _ ni + mx m + mx .^^. ^ 
vtn ; and 1 : * : : — (yi^J ' "^ — 

!!!L±.^!ff . And therefore PR^ ( = PQ^ + QR^ ^ 
P 

20 



'■^> 
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2PQ X Qv) = 1 + -r-^ ^ But 

because of the similar figures ABCD, PQRS, it will 
be, AC^ : B iy : : PR» : QS*, that is, a« : *« : : 

M 4- /r^T 2m^ + 2w«;v . ^ , tw^^ 2rmAr 
1 J- ■ ■ — _— — • 1 -f- — — ^— ■ f 

pp p nn n 

- 5 . fl^wi^A^ 2c^rmx ^ , **m? 

and consequently a' + — = ^ + -— - 

^ "^ nn n pp 

PP PP P P 

^^^^ '"Hn^'pp'^ ^ '^~ pp n '^ 

hzzih^ — • a* H — • 1 we have for + 2gx = h : 

which, solved, gives x = vf — + ^ — ^ : frojn whence 

J JJ J 
SQ will also be known : and again, by reason of the simi* 

lar figures, it will be as QS •. QP (unity) : : BD : AB ; 

which, therefore, is likewise known: from. .whence t^e 

rest of the sides BC, CD, and DA will all be fou^d by 

plane trigonometry. 

The last problem is indeterminate in that particular caso^ 

where the trapezium may be inscribed in a circle, or where 

the sum of the two opposite angles is equal to two right 

ones ; for then there can but one diagonal Idc given in the 

question, because the value of the other depends entirely 

upon that. 

PROBLEM XXVI. 

Supposmg BOD to be a quadrant of a given circle ; ' to 
find the semi-diameter CE, or CL, of the circle CEGL, 
inscribed therein ; and likewise the semi-diameter of the 
little circle nFwzP, touching both the other circles DLB, 
LME, and also the right line OB. 

Let BQ, Pn, and CE be perpendicular to BO ; join 
C, n, and O, n; and draw OC meeting BQ in Q, 
and nr parallel to BO, meeting CE in r: put OB 
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( = BQ) = 1, OQ (= V2, by Euc. 47. 1.) s? ^, and 
Fn ( = nm) = x* Then, by reason of the similar tri- 
angles OBQ, OEC, it will be, OQ l BQ : : OC : 




B P IP 

CE : whence, by composition^ OQ + BQ : BQ : : OL 
(OC + CE) : CE 5 that is, A + 1 : 1 : : 1 : CE = 

1^ b — 1 A*— t — 

^1^ 6* — 1 



k + 1^ b + 1 X b 

»' 1 ; which let be denoted by cr, then we shall have 



Cn + Cr r= 2flr, and Cn — Cr =* 2x; and therefore nr 

( = ^Cn + Cr X Cn — Cr) = 2Viflw. Moreover, On 
+ Pn being = 1, and On — Fn = 1 — 2x; thence will 

OP _f= Vl — 2x i which, also, b eing = P E + OE 
(2Vax + a), we therefore have V 1 -— 2a? =; 2^^:^ 
+ a ; whereof both sides being squared, there arises 1 — 
2x = 4}ax + 4aVax + a^, or 1 — fl^ '— 2^ — 4ax = 
4aVfl;c i which, because 1 — aa is 2a, will b e a — 
1 +2a X y ='2 gVgy : this, squared, gi ves a^ — 1 +2a 
X. ^ax + 1 + 2aY X x^=z 4c?x ; whence 1 + 2a"P X ^ 
—.1 + 2a X 2flf;v — 4«^;^ •= ~ flf« ; which, by writing 
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I — 1 instead of its equal a, becomes 2^ ■ — l"J2 X ^* '— 

, , lb — 9 

7^ — 9 X Sx" = 2^ — 3 ; therefore x^ -r- ==--=r X 

2^ — If 

2^ 3 

2.y = . : from whence x is found = 

2^ — 0^^ ' ; 

n — ^ ^^hb — 3 , 7b — \iY 

2/y ~ 1 1^ 2<!; — i I 2^ — 1 r 

rb — 9-h \}9.h —SX^^O— iT 4- 7/^ — y]^ _ 

7/^ — 9:^ V8^3 -4- 29^2 — 112Z» + 78 , . , , 

— - . ^r -^^ = which, by wnjt- 

/— f L 1 7VT— 9 + Vl36 — 96 v/2 
mg V 2 lor ^, becomes _ ~ 2— = 

^ 2V'2 — 11 _ 

r. "i — 9 ^ 6\/2 ^ 8 , . , 13^2 — 17 
_. , that IS, equal to ■ — , 

2^2 — 1 J 2V^¥— 1> 

V2 i — 1 . . 

or to - — ==i=-=rT; ^vhich last is the root required, the 

2v 2 — 1 I 

other being manifestly too large : but this value will be 

5V'ir 1 

reduced to . Therefore OP f =?: V 1 — Ux) 

. . hi — 10v2 5Vr— 1 ^^ . 

is given = y = — =z TF7i ; and con- 

sequently BH = ^BQ ; from whence we haVe the follow- 
ing construction. 

In the tangent B^ take BH = |BO ; draw HO, cut- 
ting the circumference BDL in F, and make the angle 
OFP = |OHB, and draw FN parallel to BQ, meeting 
OH in ??, the center of the lesser circle required. 

SCHOLIUM. 

In the preceding solution it was required, not only to 
extract the square root of the radical quantities 136 — 
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96 v'2 and 51 — 10\/2, but likewise to take away the 
radical quantity from the denominator of the fraction 

x/^ 1 

, and confine it, "Wholly, to the numerator: 



2 V 2 — 1 

all which being somewhat difficult (and, for that reason, 
omitted in the introduction, as too discouraging to a young 
beginner), I shall therefore take the opportunity to ex- 
plain here the manner of proceeding in siich like cases, 
when they happen to occur. 

First, then, with regard to the extraction of roots out of 

radical quantities, let there^be proposed A ± VB, A be- 
ing the rational, and VB the irrational part thereof; 
and let the root required be represented by V x:^ ^'"y^'y 
the square of which will ht x + y ±-2Vxi/^ or x + y 
=t V4xy ; therefore we have x + y± \^4xy = A :H vBI 
Let the irrational, as well as the rational parts of th^se 
two equal quantities be now compared together ; so 

shall X + y = A^ and V^xy = VB : from the square 
of the former of which equations subtract that of the 
latter ; whence will be had xx — ^xy -^ yy =z A^ — B ; 

and, by taking the Siquare root, x — y =. v A^ — "b^ 
■which added to, and subt racted from x + y = A^ i^c* 

A + V A^ — B , A — VA^^Ib" 
gives X = -^ , and y = . 

In the first of the two cases above specified, the quan- 
tity whose square root is to be extracted being 136 —- 

96\/"2, we have A = 136, and B = 18432 ( = 96]^ 

«^ i_ 1. /- A + VA2 _ B, 
X 2 J ; whence we have ^ (= } = 72, 



2 



, , A "- VA^ _ B. ^^ , 

and 2/ ( = ) = 64; and consequently 

xT^ — V"^ = \/T2, — V64 = 6^*2" — 8, the required 
square root of 136 — 96V 2. After the very same man- 
ner, the square root of the other radical quantity 51 — 

lOVT, or 51 — V20O will be found to be 5^/2 — 1 : 



> 
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for, A being here = 5i, and B = 200, we have x = 50, 

and i/ =s 1 ; and conseqaendy \^ x — V y = SV 2 *— !• 

What has been said, dius far, relates to the extraction 
of the square root only ; but the same method is easily 
extended to the cube, biquadratic, or any other root. 
Let us take an instance thereof in die cube root ; where 
we will suppose the given quantity, out of which the 

root is to he extracted, to be represented by A ± VB^ 
as before. Then, if the rational part of the root be de- 
noted by x^ and tlje irrational part by V y ; the ^joot itself 
will be expressed by a: ± V y ; and its cube hy x^ ± 

Zoc^s/'y + 3x1/ ±yVyi from whence, by proceeding as 
in the extraction of the square root, we have oc^ -f Zocy 

= A, and 3x^ ^'y +y ^ y ^ v^B. Let the sum and the. 
difference of these two equations be taken, aiid there 

will come out x^ 3o(^ V"y"+ 3xy + y V"y'=A + VB] 

and x^ — 3o<^s/y + 3xy --^yVy = A — VB ; where- 
of the cube root being extracted on both sides, we thence 

have X + ^y ="A -f--v^Cl^, and x * — ^y = A — v'BI* : 
kt the two last equations be added together, and the sum 

be divided by 2 : so shall x = — ttHL — ! — JL HZJSl — l ; 

and, by multiplying the same equations together, we 

get x^ — y ■--=■ A^ — ^l^y 2ind consequently j/ = x* — 

A^ — B i^ , whence y is likewise known* 

UiiV}cr.^'aU ,\, lot the index of the root to be extracted 
be denoted -jv ??, and let the root itself be represented 

by ;c±V z/ (rcSt above). Then this expression raised to 

ft — 1 

the 7i\h power, '\v11l be jc" ± nx ^"W y + n x x^^^y 

± n X — ^^^ X — ::: — x*^^y V i/, &c. from whence, 
still follo'vinc; the same method, we shall here get 
x^ + nx^~ ^"""^y^ &c. = A, and 

3 
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let, therefore, the root of the sum, and also of the dif- 
ference of these two last equations, be taken, and you 

will have x + Vt/ = A"+V^^ and pc. co V^ = 
A — V^l"' which two equations being, added tor 

gether, x will be found = X-X — L ^ — L 

= — :t^ — L^ ± ' -J : and, if the same 

^ 2 X A + vJB1« 

equations be multiplied together, you will have 

0^ Kn y = A^ — B I « ; whence y — x^ ± A* — B J « : the. ' 
use of which conclusions will appear by the following ex- 
amples. 

, First, let it.be proposed to extract the cube root of 

the radical quantity 26 + IS.V'i^ or 26 + VStF. 
Here, A being = 26, B = 675, and 1^ = 3, we have 

._ 26+V6r5l^ j- ^ _ 3,r32±,26'8 

^^■" 2 2 X 26 -f- V6r5' r ^ ^ ) 

= 2 ; and j/ ( = 4 —67^ — 675*]^) = 3 ; and conse- 
quently x + Vt/ = 2 +v/3=r the value required for 
2 + v/ 3 X 2+V3 X 2 + V3 = 26 + VStS. 

Again, let it be required to extract the biquadratic 
root of 161 + V25920. In thfs case, A being = 16 1, 

B = 25920,. and n = 4,. we have a: ( = ■ =- 



2 >f 32.1,99, ^c.|* 2 
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y (= 4 + 25921 — 259520"]^) =;: 5; therefore the root 

sought is, here, = 2 + V 5. 

Lastly, if it were r equired to find the first sursolid 

root of 76 + V5808 ; then, by propeeding in the same 
manner, x will be found (= -^ 2— — ) =1, and 



t/ ( = 1 — 5776 — 5808 j^) = 3 : and so of others. 
But it is to be observed, that the second part of the 
^ value of x^ to which both the signs + and — • are pre- 
fixed, is to be taken affirmative or negative, according 
as that or this shall be found requisite to niake" the value 
o{ X come out a whole, or rational number: and that, 
if neither of the signs give such a v^Jue of at, th^ this 
method is of no use, and we may. safely conclude that 
the quantity proposed does not admit of such a root as 
we would find. It may also be proper to remark here, 
that, if the upper sign in the value of :v be taken, the 
upper sign in diat of y must be taken accordingly ; and 
that the application of logarithm s will b e of use to facili- 
tate the extraction of the root A + VB | « , as being suffi- 
ciently exact to determine whether x be a whole number, 
and, if so, what it is. 

Thus much in relation to the extraction of the roots 
of radical quantities ; it remains now to explain the man- 
ner of taking away radical quantities out of the deno- 
minator of a fraction, and transplanting them into the nu- 
merator. 

• In order to which, supposing r to denote a whole num- 
bel-, it is evident, in the first place, that 

^ _?/'• = X — y X AT^-^ + x*^^y + A "^^y^ . . . -f y"^^ ; i 
since, by an actual multiplication, the product appears ^ 

to be { ^^ + O + O: + OI' ^" . I where all 

the terms, except the first and last, destroy one another. 
Hence, by equal division, we have 



to Geometrical Problems. 289 

= ^ ^-^ ? -i--2 — , And, in the 

x—y ^ xr—y^ 

very same m;anner, it will appear that 

1 __ x^^ — x'^y + xT-^y^ — x'^y^ . . . ±>^^ . , • " 

X +y'^ of±y^ 

the sign — or +, in the defiominator, takes pUce, a&cord* 
ing as the number r is even or odd. 

Let now x = A"*, and y = B" ; then our equations 
will become 

1 _ A"»-« + Ac'»-^B'» + A'^-3'»B*» . . . . + Bm-» 

A"* — b" A^— B'^ ""^ 

A*" + B« "" A*^ ^ B'* • 

From which theorems, or general formulae^ the mat- 
ter proposed to be done may be effected with great fa- 
cility: for, supposing ^^ _ ^„ . or _.__^to be a 

fraction having radical quantities A*^, B" in the denomi- 
nator, it is plain, that its equal value, given by ^the said 
equations, will have its denominator entirely free from ra- 
dical quantities, if r be so assumed that both rm and m 
may be integers. 

1 

To exemplify which, let the fraction — = , or 

=T be propounded ; then, A being = 2, B = 1, 

w = J, and n = 1, we shall, by taking r = 2, have (Jrom 
theorem t) :=- = '^ ' "^ = VT+ 1. 
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Again, let Ae given fraction be 



Vex + vc* + a:* 

or , ," ' ----> In which case^ A being = cx^ 

cx\^ + c* + oc^V 
B = c* + :i^, m = |, and n = J, we shall, by taking r =; 4, 

have =rr -,. = 

_ cxp + C^ + x^\^ 

cy")| — cxxc^ + y\^ + cx^ X c^ + .^^y — <* +'^^y . 

If the numerator be not a unit, you may proceed 
in the same manner., and multiply afterwards by die 
numerator given* Thus, in the case nventicHied at the 

beginning of this scholium, we had given ■ ^^ _ =—» 

^ 2V ^ ^ 1 T 

which may be reduced to ^2 — 1 x — = X 

2V2 — 1 

1 -r== 1 1 

". — = , or to V 2 — 1 X -; X • 

2V2 — 1 8^ — 1 si J- 1 • 

but is found (by theorem i) to be = "^ 

8| — 1 ' ^ ^ I 8 — 1 

2V^ 2 4-1 t 1 — = 

ss . : whence our expression becomes V 2 — 1 



2\/24:i 2V2 + 1 



5^2 — 1 



: which, by multiplication, fcPc. 



is reduced, at lengjth, to 



49 



■•■^» 



PROBLEM XXVIL 

Hamng one leg^ AC, of a right-angled triangle ABC, 
to find the other leg BC, so that the hypothenuse AB shall 
be a mean proportional between the perpendkular CD fall- 
ing thereon^ and the perimeter of the triangle* 
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Put AC = fl, and BC = ;f; thien will AB == 

. A.C X BC^ ax 

Vxx + aa, and CD ( = 

therefore, by the guesf 
tioriy X + a +. \/xx + aa 
: \/xx -f- dta : : \^xx + aa 



ax 



Vxx + aa 



rs; and conse- 




nt ax^ + a^x , — 

quently — — ■: +ax js^ 

\^ XX + aa 
=r XX + aai whence a^x* + 2a^;c* + a^x^ = 

j^"^ + oa — axY X XX + aa. Divide by a^x^ (according 

X ft 

to the rule at page 156), so shall (- 2 + -t = 

• • * - a X 

— + i 1 j X — + — : which, by making z == 

a ^ I a A^ 

— + — ^ is reduced to z + ^ = z — ^ l"|* x z, or ^' 

a ^ 

— 22^ = 2. This, solved (by the rule for cubics), 

gives2 = — +i-x35+vnMl^+— X 4=:=n 

^ ^ 3 35^V1161 ys 

=x 2,359304 : whence ^ f = — X z ± Vzz — 4) will like- 
wise be known. 



PROBLEM XXVIII. 

TA^ ia^e AB, and the perpendicular BE, of a rights 
angled triangle ABE, being given ; it is proposed to find a 
point (C) in the perpendicular^ from whence two right lines 
C A and CD being drawn^ at right angles to each other ^ 
the two triangles ACD and KQC^ formed from thence^ 
shall be equal. 

Suppose DF parallel to AC, and let AF be drawn : 
puttmg AB = tf, BE = b, BC = x, and AC (Va» + ;v») 
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= y. Then, since FD- is parallel to AC^ the trian^e 
ACF wli be equal to ACD, or ABC ; and therefore 
CF = BC = ^ ; whence we have EF (:i= EB ~ BF) 

= * — 2;e, and EC(=EB 
— *,,BC) = A — a; : more- 
over, by reason of the si- 
milar triangles ABC and 
CDF, we have y (AC) : 
X (BC) : : x (CF) :_FD 

"^ «/' 

Whence, because of the 

parallel lines AC and FD, 




^ it will be, — (FD) : * ~ 2a? 

A y 

(EF) : : ?/ (AC) : b — x (CE) ; and consequently 

b ^ — A?^ __ " — 

= b — 2^" X y , or boc^ — oc^ == b — 2x X y^\ 

y . ^ . 

which equation, by writing a^ + ^, instead of its 
equal, e/*, becomes bo(^ — ^^ == 6a* + bx^ •— 2c^x •— ^x? ;- 
whence we hav*» x^ + 2a^x = ba^^ and therefore x = 

^ 2 ^ > 4 ^ 27 



PROBLEM XXIX. %s 

Three lines, AO, BO, CO, drawn from the angular 
points of a triangle to the center of the inscribed circle, 
being given ; to find the radius of the circle, and the sides 
of the triangle. 

If upon CQ produced, the perpendicular BQ be let' 
fall, and the radii OE, OF be drawn to the points of 
contact, the triangles BOQ and AOF will appear to be 
equiangular; because all the angles of the triangle 
ABC being equal to two right ones, the sum of all their 



s 
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halves, OCB + OBC + OAF, will be equal to one 
right angle ; but the two former of these, OCB + 
OBC, is equal to the external angle QOB; therefore 
QOB + OAF = a right angle = QOB + OBQ, 
and consequently AJC 

OAF = OBQ- 
Putnow AO=a, 
BO=^CO==c, 
and OF = x\ 
then, because of 
the similar trian- 
gles, we have a : 
X : : ^ : OQ = 

— ; whence BQ^ 
a 




aa 



and BC* (= CO^ + BO^ + 2CO x OQ) = 6« + / 

+ ?^. But BC^ : BQ^ : : OC^ : OE*; that is, 
a 

^ :^ • : : : c* : AT. From 

a aa 

•whence w e get this equation, viz. aoc^ x ab^ + ac^ + 2bcx 
= b^(^_Xc^j-2J:^. > which, by reduction, will become 

;^j.£-j.--.-| >cAr^=--.: whence x may be found, 

and from thence the sides of the triangle. 

If two of the given lines, as OC and OB, be sup- 
posed equal, the result will be more simple : fo r, by 

writing b for c in the equation ax^ x ab^ + ac^ -f 2bcx 

= ^c* X a^ — ;c^, &?c. we shall have ab^x^ x 2a -f 2x 

= b^ X a* — • ;c^ ; which, divided hy b^ x a -\- x^ gives 

2ax^ =^ b^ X a '—' x', whence x^ -j = i^, and 

2a * 






b^ b^ _ bVSaa ^bb-^bb 

\^aa 4a "^ 4a 



/ 



/ 



/ 
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From the same equations the problem may be resolv- 
ed, when the distances from the three angular points to 
the circumference of the inscribed circle are given : for, 
denoting the said distances by yj ^, and A, you will hav^ 
AO = X +/, BO = X +^, and CO = a? + A ; which 
values being written in the room of a, b^ and c, there .vrilj 
arise an equation of six dimensions : by meand whereof x 
may be found* 

PROBLEM XXX. 

To draw a line NM fo touch a circle D, given in maff- 
nitude and position^ so that the part thereof AC^ iiitercepted 
by two other lines BK, BL, given in position^ shall be of a 
given length* 

Suppose CP and D£ to be perpendicular to AB^ and 
DF and DG to AC and PC, respectively ; and let DA, 
DC, and DP be drawn ; putting DE = a, DF = i, 
AC = c, BE = d, PC = AT, PA = y, and the tan- 




N^ E 

gent of the given angle BCP to the radius 1 = ^ 
Then, by trigonometry^ 1 : t : \ x % tx z=. BP ; there- 
fore DG ( = PE) = </ — tx'y which, multiplied by 

, for the area of the tri- 



_ -n/^ X . ax 

^PC, or — , gives — 



angle CDP: in like manner, the area of the triangle 

PDA wiU be found = ^; and diat of ADC = — ; 

2 2 

which three, added together, are equal to the whole area 

dx — toc^ ay be xy , 

1- -^ ^ = -^ ; and conse- 

2 ^22 2 



ACP ; that is, 
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quently be + dx — tx^ =:i xy '^^ ay. ^^et bodt^^des 
of this equatio n be squared, and you .^ill have 

be + dx — to(f^ =s X — oY X 2/^ = ^ — «1* X 
c^ — x^i that is, ^c* + 2bcdx — 2bcts<^ + (Px^ — 2dt^ 
+ t^x^ = — £* + gg- y^ — fl^y ^ + c^j y^ — 2gc^y -f-q^c^; 
whence 1 4- ^ X -^^ - — 2a + 2dt x x^ + ci^ — (^+d^ — 2t)ct 
X x^ + 2a(^ + 2ocd XX — a^c^ + b^(f = : from which 
the value of x may be found ; anS then, the value of y 

( = Vc^ — x^) being known, the position of the points A 
and C, through which the line must pass, will also become 
known. 

• If the given angle B be a right one, the point B will co- 
incide with P ; and, therefore, t in th is case being = O, 

th e equat ion will become x^ — 2ax^ +a^ — c^ +d^ X ^ 

+ 2ac^ + 2b(;d X x — a^(^ + b^(^ = 0. 

When the cirele touches the right line AB, a will 
then be equal to b : and, in that case, the equation 

will be T+Fx x^ -u- 2a + 2dt X x^ + a* — (^^d^ — 2act 
*X X + 2ac^ + 2acd = O, because the two last terms — a^(^ 
+ b'^(^ destroying each other, the whole may, here, be di- 
vided by X. 

Lasdy, if ^ be = 0, or the line AC, instead of touching 
a circle, be required to pass through a gi ven poin t, the 

equation will then become 1 + t^ x x^ — 2a + 2dt X ^ 

+ a^ _ c* -f- 1/2 X V + 2af?x — o^c^ = 0. 

PROBLEM XXXI. 

Supposing KQi perpendicular to AF, and the given right 
, line AF (50) to be divided into Jive equal parts^ in the 
points B, C, l^^and^ \ to find a point P in the perpendi^ 
cular AGl^from which^ ififi^c right lines be drawn to the 
points B, C, D, E, and F, the sum of the outermost PF + 
PE shall be equal to the sum of the three innermost PD + 
PC-f-PB. 

Put A P=:;y; th en {by Euc. 47. 1.) BP = VlQQ-f-Jc* 
^^ = V'^-W -f - x^, & Pc. and» co nsequently, VlOO -f x^ 
+ V400 -f. x^ + V900 + x^ — V1600 -f- x^ — 
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v'>ii!iOI»t ^ = O. Now, by reflecting a little on 
the natun of the problem, it is easy to perceive that 
IQ PF + PE must be 
Jx> greater than QOjSee- 
»|r ingAF + AEir= 
90; whence it ap- 
pears that PD + 
PC + PB must also 
exceed 90, and that 
PC (considered asa 
mean between PD 

"^ ED C B ^i t^^ 'jhaa 30; 

hence I conclude, that the value of AP, as it is some- 
thing less than PC, will be somewhere- about 30) 
and therefore I write 30 -(- e for jc ; and ^en, rejecting 
all the powers of e, above the first, ^s inc onsiderable, 
our. equation stands t hus, Vl OiXJ -f- 60e + VloOO + oOe 
+ VlSOO-f-bOe — V2300 + tiOe — V 3400 -J- 60c = 0; 
wluch, by the method explained in page 174, will be 

transformed to vTouO -f- ^ll229_iL_l^ + VlJOO + 




130 

V'3400 X 2,e 



' fe- 



Va-lOO • ■ - — = ; this, contracted, gives 1 ,8 ■(■ 

l,37e = 0; whence c = — 1,3, and consequently x = 
28,7, nearly. Let, now, 28,7 be put = jc ; and then, by 
proceeding as above, we shall have ,0083 -f- 1,43; = 0; 
hence £ = — ,0058, and x = 28,6942 ; which is true to, 
the last figure. 

PROBLEM XXXIL 

The perimeter AB -f BC + AC, and the perpendicular 
CP, of a triangle ABC, whose sides are in harmonic pro- 
portion (AB ; BC : ; AB — AC : AC — BC) being giv- 
en ; to determine the triangle. 



■)if. 
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Let abe be another triangle, similar to the proposed 
one : and let ab = 1, 6c = Xj ac == y^ CP = a, arid 
AB + BD + AC = b: then, half the sum of the three 

^ + ^ + y 

same each particular side be subtracted, and all the re- 



sides of the. triangle abc being 



f, if from the ^ 





maunders be multiplied continually together, and that 
product, again, by the said half sum, . we shall have 

— i; Z X ^ X "^"^ X — ^ — ~^% equal 

2 2 2 2 '^ 

to the second power of the area qbc (by prob. 15) : 
which, as the base is unity, also expresses ^ of the square 
of the perpendicular. But the squares of the sides, as 
wellasTthe sides themselves of similar triangles, are pro- " 

portional, and therefore 1 -f- y 4- yy : i* ii 

l+x-^yX X—x + yXy+x — \ X 1 + ^ +y . ^2. 

4 

^i^^i^^tmmm^mmm^mmm mt^mmmm^t^mt^mmmmi^m ^m^^,^^^mt^»mimmmm 

w hence we ha ve 4fl^ xl+A? + y=l+^— '^Xl— ^ + J/ 
X j/+;f — 1 X bb : but the sides AB, AC, and BC, be- 
ing given in harmonic proportion, therefore, 1, ^, and^, 
must likewise be in the same proportion ; that is, 1 : :^ 
: : i — y \y^^x\ whence y ~ a: = a:^— ocy^ and there- 
fore 



y = 



2x 



\ '\' X 



which, substituted above, gives 

4fl^X 1 +4:y-f-x' l+y» 1 + 2a? r— :c^ 2y + y* — 1 

1 + a: ^ \ ^ X 1 +^ ^ 1 +x 

X 6^or4a^Xl+ 4:y+;c*Xl+yT = l+Jg^Xl + 2:y — ^v* 

X 2;c + ;c^ — . 1 X 6* ; from which :v will be found, and 

2Q 



296 The Jfipkcatwi «/ Algebra 

also y C — — ■ — ) ; and Irom Aence the reqiured sides 

of Ae similar figure ABC will, by proportion, be likewise 
known. 

PROBLEM XXXIII. 

Let there be three equi-different arches., AB, AC, am/ 
AD ; and, supposing the sine and co-sine of the mean AC,, 
of the lesser extreme AB, and of the common difference BC 
(or CD) to be given, it is proposed to find the sine and co- 
sine of the greater extreme AD. 

Upon the radius AO let fall the perpendiculars Bb, 

Cc, andVid; join B, D, and from the center O let 

the radius OC be drawn, cutting BD in n; also draw 

fiR parallel to Cc, 

meeting AO in R : 

then, because of the 

similar trianj^ OCc 

and OnR, it will be, 

OC:On; :Cc:nR; 

and OC ; On : ! Oc : 

OR: whencewehave 

„ Cc X Oa 
nR — — -" 



OR 




BC is 



OC ' OC 

equal to CD (and therefore B« equal to Dn), iiR wiH, 
it is plain, be an arithmetical mean between B^ and Dd, 
' b + Dd ^ 



and so is equal to half their sum. 



and, for 
Ob +Od 



the very same reason, OR will be equal to - 

B6 + tid _ Cc X On _j Ob + Orf 



consequently, 
Oc X 0« 

OC ' " 
Oc X 20n 



' OC ' 

Cc X 20n 



— B(&, and OD = 

• Ob ; which, if the radius OC be supposed 
unity, will become T>d = Cc x 20n — Bi ; and Od = 
Oc X 20n — Ob : from whence we have the two follow- 
ing theorems. 
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Theor. !• If the sine of the mean of any three equz^dif" 
ferent afches (the radius being supposed unity), be multi- 
plied by twice the cO'sine of the common difference^ and from 
the product the sine of either extreme be subtracted^ the 
remainder -will be the sine of the other extreme. 

Theor. 2. And if the co-sine of the mean of three equi^ 
different arches be multiplied by twice the co-sine of the com- 
mon differerwe^ and the cosine of either extreme be sub- 
tracted from the product^ the remainder -will be the co-sine 
of the other extreme. 

^ PROBLEM XXXIV. 

The sine and co-sine of an arch being given^ to find the 
sine and co-sine of any multiple of that arch. 

Let the given arch be represented by A, its sine by x^ 
and co-sine by \y^ the radius being unity. Then, since 
the arch A may be considered as an arithmetical mean 
^between O and 2 A, we shall, by the first of the two pre- 
ceding theorems, have 

sine of 2A f= sineof A X y — sine of O) = xy ; 
sine of 3 A f = sine of 2 A X ^ — • sine of A) = xy^ '—^x; 
sine of 4A (= sine of 3A X ^ — sine of 2A = xy^ — xy 

— xy)=zxy^—2xy; 
sine of 5 A (= sine of 4A X y — sine of 3 A = xy^ -— 2xj^ 

'-^xy^ + ^) = xy^ — ^i^y^ + X ; 
sine of 6 A (= sine of 5 A xy — sine of 4A c= ocy* — ^xy^ 

+ xy ^-^ xy^ + ^xy) = xy'^ — 4txy^ + Zxy ; 
sine of 7A (= sine of 6 A Xy -^ sine of 5 A = xy^ — 4xy^ 

+ Zxif^ — xy^ + 3xy^ -^x)z=. xy^ — 5xy^ + 6xy^ — x : 
whence, universally^ the sine of the mxiltiple arch wA, 
where n denotes any whole positive number whatever, 
will be truly expressed by a? x into this series : 

^«-i - £=->Ct/'^+-Y- x-j-^^!/— i-^"Y"^"T"^^ 
^c. Moreover, from the second theorem, We have 
oo-sine of 2A (= co-sine of A X j/ •— co-sine of = 
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Co-sine of 3 A ( = co-sine of 2A xy — co-sine of A = 

Co-sine of 4a (= co-sine of 3 A X V*~" co-sine of 2 A = 

N 2 2 ^^ 2 * • 

whence, universally^ the co-sine of the multiple arch 

wA will be truly represented by ^j ^ + --• 

n*— 3 ._. n n — 4,n — 5 ^ •v-«.^. 

n — 5 n'' — 6 n — 7 ,_- r-a !_• i. • « 

X — ' X '-— X y^y ^c* which series, as wdl 

2 3.4 ^ 

as that for the sine, is to be continued till the indices of y 

become nothing, or negative. 

But, if you would have the sine expressed in tenns 

of ^ only^ then, because the square of the sine* + the 

square of the co-sine is always equal to the square of the 

radius, and, therefore, in this case, x^ + ^y*'= 1, it is 

manifest that the sines of all the odd multiples of the 

given arch A, wherein only the even powers of y enter, 

may be exhibited in terms of x only, without surd' 

quantities : so that 4 -— 4fX^ being substituted for its 

equal j/*, in the sines of the aforementioned arches, we 

shall have 

1st. Sine of 3A = 3^ — 4x^ ; 

2d. Sine of 5 A = J^c- — 20a;* + 16x^ ; 

3d. Sine of r A = r^c- — 56x^ + 112x^ — 64x'f ; 

4th. Sine of 9A = 9a: — 120;^ + 432;^-* — 576x^ +2S6x^; 

V 

And, generally^ if the multiple arch be denoted by 
nAy then the sine thereof will be truly^represented by 

1 2.3 3.4 5.6 1 2.3 

n2 — 9 w*-r.25 n* — 49 « .. 

-JTF ^ -t:?- ^ -579- ^ *•' ^'^^ 
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From jhis series, the sine of the sub-multiple of anjr 

arch, where the tiumber of parts is odd, may also be 

found, supposing («) the sine of the whole arch to be 

given : for let x be the required sine of the sub-multiple, 

and n the number of equal parts into which the whole 

areh ,is divided ; then, by what has been already showli, ■ 

/„, n ^ n^ — 1 ,.n n* — 1 

we shall have nx X —r — -- X ^^ + X X 

1 2.3 ^1 2.3 

nr*«— 9 

X x^^ &f c. = s : from the solution of which equa- 

tion the value of x will be known. Hence, also, we 
have an equation for finding the side of a regular po- 
lygon inscribed in a circle: for, seeing the sine of any 
arch is equal to half the chord of double that arch, let 
\v and \'w be written above for x and Sy respectively, and 

then our equation will become — — — x X — 

: ^ 12.38"* 

+ -X.^-^X^^X-,&?c. = it.,orn.--x 

^ ^ X— + —X -^— r- >C —J — - X — , &f'c.= w; ex- 
2.3 4 1 2.3 4.5 16 

pressing the relation of chords, whose corresponding 
arches are in the ratio of 1 to n* But, when the greater 
of the two arches becomes equal to the whole peri- 
phery, its chord (w) will be notfiing, and then the equa- 
tion, by dividing the whole by nv^ will be reduced to 
n* — 1 ©« n« ~ 1 71^ — 9 v^ n* — 1 

2.34^2.34.516 2.3 

^^9 n2_25 V® c^ ^ , . , 

— — — X ^ ^ X — , <^c. = 0; where n is the num- 

4.5 5 . o o4 

ber of sides, and v the side of the polygon. 

From t^e foregoing series, that given by sir Isaac 
NewtoUy in Phil. Trans* mentioned in p. 242 of this Trea- 
tise, may also be easily derived. For, if the arch A and . 
its sine x be taken indefinitely small, they will be to 
one another in the ratio of equality, indefinitely near, by 
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what has been proved at p. 246 ; in which case, the ge- 
neral expression, by writing A instead of x^ will become 

1 2.3 4.5 6.7' 

Therefore, if n be now supposed indefinitely great, so 
that the multiple arch tzA may be equal to any given 
arch 2, the squares of the odd numbers, 1, 3, 5, &^. in 
the factors n' — 1, n^ — 9, n* — 25, -&?c» may be rejected 
as nothing, or inconsiderable, in respect of n^ ; and Aen 

the foregoing seri^ will become nA ■ f- — — — — 

2*3^ 2 • 3 • 4v5 

n^A* 

, &Pc. wherein, if for nA, its equal, 



2.5.4.5.6.7 
Zy be substituted, we shall then have z — 



2^ 



2* Z^ 



2 . 3 

, &fc. which is the si|ic 



2.3.4.5 2.3.4.5.6.7 

of the arch z, and the same with that before given. 

I Moreover, the aforegoing general expressions may be 
applied, with advantage, in the solution of cubic, and 
certain other higher equations, included in this form, 

VIZ. 2" — az^^ -4 — - — X arz^*^ — v v 

2n 2n 3n 



2n 3n 4/1 ' •' 

For, if 2 be put = y W — , the equation will be transform- 

ed to — I X into this series 
n \ 

«_ft . ^ n— 3 ^. n n—- 4 n— .5 _ 
»•— ^i/"^ +- X -J- X J/*-* + Y >^ -.^ X -y- X y»-* 

fePc. =yj and consequently ^ — — x J/""* + — X ^"^ 

A Z % fit 
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><jr^-4><^^^><^^^ from 



2 2 3 ^ 

n 



n 



whence, as it is proved above, that the former part of the 
equation (and therefore its equal) represents the co-sine of 
n times the arch whose co-sine is ^y, we have die follow- 
ing rule: 

Find^from the tabksj the arch whose natural cosine is 
a=- (or its log* cosine = log. ^y — — log. — ) the radius 

ieing unity; take the nth part of that arch^ andjind its 
cosine^ which multiply by 2\/— , and the product, will be 
the true value of Zj in the proposed equation a" — az^ • 

9n %n Zn 

. Thus, let it be reqiured to find the value of z, in the 
cubic equation z* — 4322 = 1728; then, we shall 
have n = 3, a = 432, and f = 1728 ; consequently 

- *i^ ( = ) == ,5, and the arch corresponding 

a\'7[ ' 144|y ' 

n\ 

thereto = 60**; whence the co-sine of (20®) | thereof 

will be found ,9396926; and this, multiplied by 24 

( = 2 \l — ), give;5 22,55262 for one value of z. But 
^ n 

besides this, the equation has two other roots, both 

of which may te found after the very same manner: 

for, since 0,5 is not only the co-sine of 60°, bi^t also of 

60** -I- 360% and 60° + 2 X 360% let the co-sine of (140**) 

4 of the former of these arches be now taken; which 

IS — « ,7660444, and must be expressed with a negative 

sign, because the arch corresponding is greater than one 

right angle, and less than three. Then, the value 
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ACE, as CAE exceeds CBE, it is evident that the sum 
of the two angles BCE, CBE, of the triangle BC£, 

is equal to the sum 
of the two angles 
ACE, CAE of the 
triangle ACE ; and 
consequently, that 
the remaining an- 
gles AEC and BEC, 
are , equal the one to 
the other : therc^ 
fore, by reason of 
the similar triai^^ 
EFB, EAP, we 
have EF : EP : : 
BF : AP, that is, 
OD + OQ : OD 
— OQ : : QA + 
DE : QA — DE ; 
whence, by com- 
position and divi- 
sion, 20D : 20Q 
: 2QA : 2DE; 
wherefore OD x DE is = OQ X QA ; which is the 
known property of an equilateral hyberbola with respect 
to its asymptote* 




PROBLEM XXXVII. 



To find the solidity of a conical ungula BFCB, cut off 
by a plane BRFSB passing through one extremity of the 
base diameter. 

Let EPF be parallel to the base diameter. BC, cut- 
ting AD the axis of the cone in P ; also, let An be per- 
pendicular to BF ; join P, ?2, and let RS be the conju- 
gate axis of the elliptical section BRFSB : then the 
part ABF, above the said section, being an oblique el- 
liptical cone, its solidity will be expressed by ,7854 X 

An 
SR X BF X — , that is, by the area of its base BRFSB 
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drawn into one-third of the perpendicular height. But 
the triangles BCF and AP« will appear to be equi-an- 
gular; for, APF and AwF being both right angles, 
the circumference of a circle, described on the diame- 
ter AF, will pass through P and n; and^ the angles 
AFn (BFC) and APh, as well as AFP (FCB) and A«P^ 




insisting on the same arch, are, respect ivel)-, equal. 
Hence we have BC : BF : ; Aw : AP ; and therefore 
BF X An = BC X AP : this value being substituted above, 
the content of the part ABF becomes SR x BC X AP x, 
,2618 : which, because SR is known to be = VaU x ^V, 
is farther reduced to BC X AP X VBC x F,F X ,2618. 
This, subtracted from BC X AD x ,2618, die content 
of the whole cone ABC, leaves 



BC X AD — BC X AP X VBC x EF x ,2618 for the 
required solidity of the un^iila BCF ; which, because 

.I^P^JL^,andAP=i^L2LH, 

-EF' BC— EF' 

BC^ — EF X V BC X KF' 



AD = i 



will be re- 



<luccd ti 



BC — KF 



- X ,3618 DP X BC. 
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PROBLEM XXXVIII. 

Let A and B be txvo equfil weights^ made fast to the ends 
of a thready or perfectly flexible line pTnO^q^ supported by 
two pins^ or tacks^ P, Q, in the same horizontal plane ; over 
xvhich pins the line can freely slide either tuay ; and let C 
be another weighty fastened to the thready in the middle^ be- 
tiveeri P and Q. : now the question isy to find the position of 
the xveight C, or its distance below the horizontal line PQ, 
to retain the other txvo weights A and B in equiUbrio* 

Let PR ( = iPQ) be denoted by a, and Rn (the 
distance sought) by x ; and then Pw, or Q/z, will be re- 




presented by Vo^ -f x^. Theref ore, by the resolution of 
forces, it will be, as V a^ -f. x^ (Pn) : x (Rtz) : : the 
whole force of the weight A in the direction Pw, : 
A,r 

=> its force in the direction 7zR, whereby It en- 

deavoLirs to raise the weight C ; which quantity also ex- 
presses the force of the weight B'*in the same direction : 
but the sum of these two forces, since the weights are sup- 
posed to rest in equilibrio, must be equal to that of the 



2Ar 



weight C ; tliat is, 

— C"a^ + C^:^^, and consequently x = 



= C ; whence we have 4A^*v^ 



v/4.A^ — C^ 
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PROBLEM XXXIX. 

To determine the position of an inclined plane AE, along' 
which a heavy body^ descending by the force of its own gra^ 
vity from a given point A, shall reach a right line BP, 
given by position^ in the least tifne possible. 

Through the given point A, perpendicular to the 
horizon, let there be drawn the right line RB, meeting 
BP in B ; also conceive the 
semicircle AER to be de-. 
scribed, touching BP in E ; 
then let AE be drawn, which 
will be the position required ; 
because the time of descent a- 
long the chord AE being equal 
to that along any other chord 
Aw, it will consequently be 
less~than the time of the descent 
along A^, whereof An is only 
a part: therefore, if AQ and 
OE be now made perpendi- 
cular to BP, we shi^U have (by 
reason of the similar triangles) 
AB : AQ : : AB + AO : 
(OE) AO ; whence, by multiplying extremes and means, 
AB X AO = AQ X AB + AQ x AO ; therefore AB 
X AO — AQ X AO = AQ X AB, and AO (OE).= 

AQ X AB 

^— r-p- ; from which BE and AE are also given* 

At) — AQ 

The geometrical construction of this problem is ex- 
tremely easy ; for, if AQ (as above) be drawn perpen- 
dicular to BP, and the angle OAQ be bisected by AE, 
the thing is done : because, OE being drawn parallel to 
AQ, the angle OEA is = QAE = E AO ; and so, AO 
being = OE, the semicircle that touches BP will pass 
through A. . 
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PROBLEM XL. 

A ray of lights from a lucid point P, in the axis AP, of 
a concave spherical surface^ is reflected at a given point £ 
in that surface ; to find the point D w here the reflected ray 
ineets the axis. 

Draw EQ perpendicular to AP, and from the ceijter 
C let CE be dra\vn ; also make CE = at, CQ = i, CP 

= c, CD =1 x; 
and (^by Euc* 12. 3.) 
P E will be = 
Va2 + c2 ^ 2bci 
wherefore, the an- 
gles of incidence 
andreficction CEP 
and CED being 
equals we have, as 




Q A 



PC (c : CD (;c) : : PE (Va^ + c^ + 2^c) : ED = 
— Z— — 31 ; also, for the same reason, we 



c 



have PE X ED — PC X CD = ECS that is, 

^ ex z=, c^ \ which, reduced, gives 



X X a^ -\- 6-2 -f %bc 



c 



CO, 

X = V"? showing how far from the center the rav 

d^ + "^bc 

cuts the axis. But if the lucid point P be supposed in- 
finitely remote, so that the ray PE may be considered as 
parallel to the axis AP, the expression will be more sim- 
ple \ for then a^, in the divisor, may be rejected as nothing 
in comparison of 2bc ; that being done, CD, or at, be- 

a^ 
comes = — ; which, therefore, if E be taken near the 

2b ' 

vertex A, will be = ^a, very nearly. 

PROBLEM XLL 

To find the magnitude and position of an image formed 
by refraction at a given lens. 

Let MN be the given lens, DOBCF the axis thereof. 
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and Dn the object whose image FH we would find ; also 
let CB be the radius of that surface of the lens MBN, 
which is nearest the object, and OB that of the other 
surface : make^ RC^ pei*pendicular to DF, and from 




72, to any point E in the surface of the lens, draw the 
incident ray wE, and iet the continuation thereof be 
El, and let the direction of the same ray, after the 
first refraction at E, be E2 ; and, after it is refracted a 
second time, at e*, let its direction be ^3H ; draw CE 
and OeR, and make ndv parallel to DF, calling O^, b ; . 
CB, c ; BD, d ; Dn, p ; and the distance of the point 
E from the axis DF, ;f ; and let the sine of incidence 
be to the sine of refraction, out of air into glass, as 
m to w. Then, the thickness of the lens being looked 
upon as inconsiderable in respect of the focal distance 
F^, we shall have, ^& d i x — • /> (Efl^) i i d + c (jiv) : 

— i *^ ^ ^ = vl ; which added to Cv (^p) gives 

dx A-cx ^^cp ^. i_ r dx + ex — cp 

— : — ! i- = CI : thereiore mini'. • — i-: 

d d 



n X dx ^-cx "—'Cp ^ 



dm 
b + c (OC) 



= C2. Moreover, b (Ob) : x (BE) : : 



b -j- c X X 



— C2) = 



b -j- c X X 



— n X 



= CR ; whence R2 ( == CR 
dx + cx — cp 



dvi 



but n I m 



i5o T>o mxxb-^c cp — CX'—dx , , r 

K2 : K3 = ' f- -L • ; and thercfoic 

hn d 
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dx. 



C3(=R3~RC) = "'-"V^^ '^+^^=1^ 
^ ^ on a 

Let X be now taken = O, and then C3 will become 

r^, which let be represented by C3, and draw B^, pro- 
d 

ducing the same till it meets e3', pr oduced, m H : then 

gS bemg (= C^- — C3) = ^ -^ , 

and the triangles H3^ and HEB equiangular, it will 

be, as (EB~^3) ^^^^ V'^^^ ^ ' *' 

nbcd 

(EB) X : BH = === — , ; r = the requir- 

^ m-^n X b + c X d'—^nbc 

cd distance of the image from the lens ; and as c 

(Bt) : ^ (CGj : : BH (or BF) : FH = ^^^^ = 

nbcp 

C= HF) the magnitude or 



^m — n X b + c X d — nbc 
the image, or its linear amplification. 

COROL. 1. 

Because the values of BH and HF are alike affected 
by b and e, it follows that both the distance and magni- 
tude of the image will remain unaltered, if the place of 
the lens be the same, let which side you will be turned 
towards the object. 

COROL. 2. 

If d be made infinite, or the distance of the object 
from the lens be supposed indefinitely great, BF will be- 

nbc . , • 

come == , ; which is the principal focal dis- 

m — n X b -^ c ^ 

tance, at which the parallel rays unite, and this dis- 
tance, when both sides of the lens have the same con- 

' vexity, or 6 is = c, will become = : but in 

•^ 2m — 2n 

a plano-convex^ where b is infinite, it will be = 



m — n^ 
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aiid, in a meniscus^ where b is negative, or one surface con- 

cave, and the other convex, it will be === . 

L, m--^nx b — c ' 

The same answered otherwise^ allowing also for the thick" 

ness of the lens* 

Supposing, as before, that F is the place of the image 
of an object at D, let FR and DS be supposed perpen- 
dicular to d^e axis FBQ, intersecting the continuation 




of Ee (the intercepted part of the ray' DE^F) in r and 
^, and meeting the radii O^, CE (produced) in R and 
S ; likewise let Ea and ec 6e perpendicular to QF, and 
Ei; and Ew parallel thereto : then, because the ray is 
supposed to be indefinitely near the axis, ac may be 
taken for the thickness of the lens, which let be de- 
noted by t ; putting ^F = z, c^ = t/, crE = Xy Ob = ^, 
CB = c, and BD = d (as before^. By similar tri- 
angles, Ca (c) : gE (x) : : CD (c + aQ : DS =;: ■ ; 



( and, by the Uw of refraction, m 
X X c -j- d 



n 



n 
— X 

m 



: DS : S* =± 

whence D^ ( = DS — S*) = 



m 



X X c -j- d 



and vs ( = «E — - D^) 2= 



2S 
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X X r — —7 by making r = — , and y = 1 — r. 

c 7» ^ 

Now, vs : Ei; (BD) : : aE : aQ (BQ) ; thatis, 

^'t X r •— 2- : rf : : A? : -*— ^ — ,— . = BCT; which is given 
c er — jrflf 

from hence. 

Again, in the very same manner, Oc {b) i ce (tj) : : 

OF {b + z) : FR = LiL^Jlf J and mi n : : FR : 



Rr = — X 2 r-^— : whence Fr = 1 X ^ 7 

mo mo 



= ?^ — - "^ , and wr (Fr — c^) = y x ~ r y and 

therefore cQ f = }=: — : from which sub- 

wr qz — br ' 

tracting the value of BQ, foomd above, we get this 

equation, viz* r- , = t : whence the va- 

qz-'^br cq '^^ qd 

cd 
lue of 2, by making the given quantity t + = g^ 

fb^ 

comes out = ^^—7. But, if you had rather have the 

qg — b^ 

same in original terms, it is but substituting for^ ; whence^ 

r 1 ^. rbcd + rbt X re — qd 
after reduction, z = * ; 

qdx b + c — rbc + qt x re — qd 
which, by restoring m and n, becomes 

mnbcd 4. nbt X nc — m^-^n x d 

z = — 1 



m — -nxmdxb+c — ?nnbc+m — JiXtXnc — m — nxd 
where, if t be taken = O, we shall have 

z = , — - — — , the vcrV same as found 

m — n X d X b 4-c-— nbc 

by the preceding method. 



APPENDIX: 



CONTAINING THE 



CONSTRUCTION 



OF 



GEOMETRICAL PROBLEMS. 



WITH 



THE MANNER OF RESOLVING THE SAME 

NUMERICALLY. 



PROBLEM L 

The base^j the sum of the two sides^ and the angle at 
the vertex of any plane triangle being given; to describe 
the triangle. 

CONSTRUCTION. 

DRAW the indefinite right line AE, in which 
take AB equal to the 
sum of the sides, and 
make the angle ABC equal to 
half the given angle at the ver- 
tex, and upon the point A, as 
a center, with a radius equal 
to the giv^n base, let a circle 
nCm be described, cutting BC 
in C ; join A, C, and make the 
angle BCD = CBD, and let 
CD cut AB in D; then will 'tj 

ACD be the triangle that wjis to be constructed* 




* 
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DEMONSTRATION. 

Because the angles BCD and CBD are equal, there- 
fore is CD = DB (^Euc. 6. 1.), and consequently AD + 
DC = AB : likewise, for the same reason, the angle 
ADC = BCD + CBD {Euc. ,32. 1.) is equal to 2CBD. 
% E.D. 

Method of Calculation, 

In the triangle ABC are given the two sides AB,. AC, 
and the angle ABC, whence the angle A is knowii ; thetf 
in the triangle ADC will be given all the angles, and the 
base AC ; whence the sides AD and DC will also be 
known. 

PROBLEM II. 

The angle at the vertex, the base, and the difference of 
the sides, being given ; to determine the triangle. 

CONSTRUCTION. 
Draw AC at pleasure, in which take AD equal to 

the difference of the sides, 
and make the angle CDB 
equal to the complement 
of half the given angle to 
a right angle ; then from 
the point A draw AB 
equal to the given base, so 
as to meet DB in B, and 
make the angle DBC = 
CDB, then will ABC be 
the triangle required. 

DEMONSTRATION. 

Since {hij construction) the angles CDB and DBC are 
equal, CB is equal to CD, and therefore CA — CB = 
AD : moreover, each of those equal angles being equal 
to the complement of half the given angle, their sum, which 
is the supplement of the angle C, must therefore be equal 
to two right angles, — *- the (whole) given angle, and con- 
sequently C = the given angle. ^. E, D. 

Method of Calculation. 
In the triangle ABD are given the sides AB, AD, 
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and the angle ADB ; whence the angle A will be given, 
and consequently BC and AC. 



PROBLEM III. 

The angle at the vertex^ the rdtio of the including sides^ 
and either the base^ the perpendicular^ or difference of the 
segments of the base^ being given ; to describe the triangle, 

CONSTRUCTION. 
Draw CA at pleasure, and make the angle ACB 
equal to the angle given ; take CB to CA in the given 
ratio of the sides, and join A, B : then, if the base be 
given, let AM be taken equal thereto, and draw ME 
parallel to CA meeting CB in E, and make ED parallel 
to AB ; but, if the perpendicular be given, let fall CF 
perpendicular to AB, in which take CH equal to the 
given perpendicular, and draw DHE parallel to AB ; 




G-M N" 



lastly, if the difference of the segments of the base be given, 
take FG = AF, and join C, G, and take GN equal to the 
difference of the segments given, drawing NE parallel to 
CG, and ED to B A (as before) ; then will CDE be the 
triangle which was to be constructed. 

DEMONSTRATION. 

.Becauseof the parallel lines A B, DE ; ME, AC; and 
iNIE, GC ; thence is DE = AlVt, and EI = NG ; and also 
CD : CE : : CA : CB {Euc. 4. 6.). ^ E. D. 
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Metliod of Calculation. 
Let AC be assumed at pleasure ; fiten the ratio of AC 
to BC being given, BC will become known; and there- 
fore in the triangle ACB wiU be given two sides and the 
included angle ; whence tile angles fi and A, or E and D, 
will be found ; then in the triangle EDO, EHC, or EIC, 
according as the base, peq>endicular, or the difference of 
the segments of the base is given, you will have one side 
and all the angles ; whence the other sides will be known. 

PROBLEM IV. 

The ang-le at {he vertex, and the segments of the baae, 
made by a perpendictdar falling from the said angle, beiag 
given; to describe the triangle. 

' CONSTRUCTION. 
Let the given segments of the base be AD and DB ; 
bisect AB by the perpendicular EF, and make the angle 
EBO equal to the difference 
between the given angle and 
a right one, and let BO meet 
EF in O ; from O, as a cen- 
ter, with the radius OB, de- 
scribe the circle BGAQ, and 
draw DC perpendicular to 
AB, meeting the periphery of 
the circle in C ; join A, C, and 
C, B, then will ACB be the 
triangle that was to be constructed. 

DEMONSTRATION. 
The angle ACB, at the periphery, standing upon the 
arch AQB, m equal to EOB, half the angle at the col- 
ter, standing upon the same arch ; but EfiO is equal to 
the difference of the given angle and a right one (Ai/ con- 
structioii) ; therefore ACB (EOB) is equal to the angle 
given. ^. E. D. 

Method of Calculation. 
Draw CFG parallel to AB ; then it will be, as the 
base AB : the difference of segments CG f : : EB ; 
CF) : ; the sine of tlie given angle at the vertex (EOBj : 
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the sine of (COF = CBG) the difFerence of the angles at 
the base ; whence the angles themselves are given. 

After the same manner, a segment of a circle may be 
described to contain a given angle, when that angle is 
greater than a right one, if, instead of BO being drawn 
above AB, it be taken on the contrary side. 

PROBLEM V. 

Having' given the base^ the perpendicular ^and the angle at 
the "(Vertex of any plane triangle^ to construct the triangle* ^ 

CONSTRUCTION. 

Upon AB, the given base {see the preceding Jigure\ let . 
the segment ACGB of a circle be described to contain the 
given angle, as in the last problem ; take EF equal to the 
given perpendicular, and draw FC parallel to AB, cutting 
the periphery of the circle in C ; join A, C, and B, C, aiid 
the thing is done ; the demonstration whereof is evident 
from the last problem. 

Method of Calculation* 

In the triangle EBO are given all the angles and the 
side EB ; whence EO will be known, and consequently 
OF (= DC ~ EO) ; then it will be as EB : OF : : 
the sine of EOB (the given angle at the vertex) : the 
sine of OCF, the complement of (COF^ or CBG) the 
difference of the angles at the base ; whence these angles 
themselves are likewise given. This calculation is adapted 
to the logarithmic canon ; but, by means of a table of na- 
tural sines, the same result may be brought out by one 
proportion only : for BE being the sine of BOE, and OE 
and OF co-sines of BOE and COF (answering to the 
equal radii OB and OC), it will therefore be, BE : EF 
: : sine BOE f ACB) : co-sine BO¥.+ co-sine COF ; from 
which, by subtracting the co-sine of BOE, the co-sine of 
COF (= CBG) is found, 

PROBLEM VI. 

The angle at the vertex^ the sum of the tzuo hicluding 
sides ^ and the difference of the segments of the base being 
,given^ to describe the triangle* 
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CONSTRUCTION. 
Draw the right line AC at pleasure, in which take 
AB equal to the difference of the segments of the base, 
and make the angle CBE equal to half the supplement 

of the given angle ; 
and from A to - BE 
apply AE equal to 
1 the given sum of the 
sides ; make the an- 
gle EBD = BED, 
andletBD meet AE 
in D, and from the 
center D, with the 
radius DB, describe 
the circle DBC,;cut- 
tingAC in C, and 
join D, C ; then will ACD be the triangle required. 

DEMONSTRATION. 
The angle EBD being = BED, therefore is DE = 
DB = DC, and consequently AD + DC = AE. More- 
over, the angle CDE, at the center, is double to the angle 
CBE, at the periphery, both standing upon the same arch 
CE ; which last {by construction) is equal to half the sup- 
plement of the given angle ; therefore CDE is equal to the 
whole supplement, and consequently ADC equal to the 
given angle itself. ^. E. Z). 

Method of Calculation* 
In the triangle ABE are given the two sides AB, AE, 
and the angle ABE ; whence the angle A will be given ; 
then in the triangle ABD will be given all the angles and 
the side AB ; whence AD and DC (DB) will be also 
given. 

PROBLEM VII. 

The angle at the vertex^ the sum of the including' sides j and 
the ratio of the segments of the base being given ; to deter- 
mine the triangle* 

CONSTRUCTION. 

Let AG be to GB in the given ratio of the segments 
of the base, and, upon the ri^t line AB, let a segment 
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ai a circle be described, 
angle ; draw GC per- 
pendicular to AB, 
meeting the periphe- 
ry in C; join A, C, 
and C, B, and in AC, 
produced, take CH 



capable of containing the' given 



: CB; 



JOli 



B, H, 




and in HA take HD 

equal to the given sum 

of the sides, draw DE 

parallel to AB, and ' "" " 

£F to BC ; then wiH DEF be the triangle required. 

DEMONSTRATION. 

Let Fn be perpendicular to DE. Whereas ^by con- 
struction) CH is equal to CB, and FE parallel to CB, 
therefore is FE = FH (Euc. 4. 6.) and consequently 
FE + FD = HD : also, because FE is parallel to CB, 
therefore is the anglrf DFE = ACB: moreover, the 
triangles ABC, DEF, being equiangular, it will be, as 
AG: GB; ; Dm : «E. ^E. D. 

Method ^Calculation. 

From the center O, conceive AO and OC to be 
drawn; supposing KOI perpendicular, and CI parallel 
to AB: then it will be, as AK is to CI (KG) so is the 
. aine of AOK (= ACB, see prob. 4.) to the sine of 
COI, the difference of the angles ABC and BAC ; 
which are both given from hence, because their sum is 
given by the question : therefore in the triangle DHE 
are given all the angles and the side HD, whence the base 
DE will be known. 

PROBLEM VIIL 

Haoing the angle at the vertex^ the differei^cc of the in- 
cluding aides, end the difference of the segments of the base,' 
to describe the triangle. 

CONSTRUCTION. 

Take AB equal to the difference of the segments of 
the base, and make Uie angle ABn equal to h^f the 
3T 
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given angle; from A to B« apply AE == the differ- 
eiice ol" the sides; 
produce AE, and 
make the angle EBO 
= BEO, and let BO 
meet AE, produced 
in O, and from the 
center O, at the dis- 
tance of OB, de- 
scribe the circumfe- 
rence of a circle, cut- 
ting AB produced ia 
C ; join 0,X i then is AOC the triangle sought. 
DEMONSTRATION. 
Because the anglt; EBO is = BEO (Ay constrtiction)i 
therefore is EO = BO = CO, and consequently AO 
— OC = AE. Furthermore, because the angle AOC 
is double to ADC, and ADC = ABE (£mc. coroJ. as, 
3.), therefore is AOC also double to ABE. ^ £. D. 
Method of Catculation. 
The two sides AB, AE, and the angle ABE being 
given, the angle A will from thence be found ; then in the 
triangle ABO will be given all the angles and the stde 
AB, whence OB (OC) and OA wiU be known. 

PROBLEM IX. 

The an^le at the Vertex, the efijp^rence of the including 
aides, and the ratio of the segments of the base, being groen^ 
to determine the triang-ie. 

CONSTRUCTION. 

Let AG be to GB in 




the 



given 1 



of the 



s of the base, and 



seg- 



up- 



on the right line AB lei > 
segment of a circle ACB ■ 
be dcscnbed (Ay prob. 4.) . 
capable of the given an- i 
gle ; draw GC perpendi- 
periphery in C, and join A, C, 




and B, C ; in AC take AP = BC, and draw BP ; also, 
in AC, take CQ equal to the given difference of the sides, 
drawing QE paridlei to PB, and ED to BA ; then will 
COK be the triangle which was to bt; described. 
DEMONSTRATION. 

The angle DCE is equal to the given angle by con- 
struction; also EQ being parallel to BP, DE to AB, 
and AP = BC. therefore must DQ = EC (Euc. 4. 6. J, 
»id consequently DC— EC = CQ. Moreover, if CG 
he supposed to cut DE in n, tben Dn : En : : AG : CB. 
^ £. U. 

Method of Calculation. 

Let Cm be equal to CE, and let Ewi be drawn. It wilt 

be, as AB is to AC — BG, so ia *he sine of ACB to the 

' sine of the difference of CBA and CAB (by prob. 4.) i 

then in the triangle DEm will be given all the angles and 

the side Dm, whence DE will be given. 

PROBLEM X. 

The angle at the vertexy the perpetuKculdr^ ond the dif- 
ference Qf ike segments of the base, being giiienj tgconstruct 
the triangle, 

CONSTRUCTION. 
Draw RS at pleasure, in which take DE equal to half 
die difference of the segments of the base, and make 
EC perpendicular to RS and equal to the given per- 




pendicular, and the angle DE;i equal to the difference 
between the given lat^e and a right one; join D, C, 
and draw DnO parallel to C£, and in DC take the 



d 
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point p, so that Jip (when drawn) maybe equal to nE ; 
draw CO parallel to np, meeting DhO in O ; and upon O 
as a center, with the radius OC, describe the circle BCA, 
cutting RS in B and A; join A, C, and B, C, and the 
thing is done. 

DEMONSTRATION. 

Join O, B, and O, A : since OC is parallel to pn, 
therrfore is OC : DO : : ^n : nD, or OB : DO : : 
«E : nD ; and consequently the triangle OBD similar 
to the triangle mED (hj Euc. 7. 6.). Therefore, seeing 
the angle DE« is (by construction} equal to the excess of 
the given angle above a right one, ACB must be equal 
to the angle given (if/ prob. 4.). Moreover, since AD 
is = DB, AE ~ BF. will be equal to aDE, which is 
the g^ven diiFerence of die segments (_by construction). 
^ £. D. 

Method of Calculation. 

In the triangle CDE, right-angled at E, are givea both 
the legs DE and EC, whence the angle EDC will be 
known, and consequently ODC ; then, as the racUus is to 
the sine of DBO (: ; OB : DO ; : OC : DO) so is the sine 
ofODCtothesbeof OCD; whence DOC, the dife- 
ence of the angles ABC, BAC (see prob, 4.), is also givm, 
and from thence the angles themselves. 

PROBLEM XL 

The nngle at the vertex^ the perpendicular, and the ratio 
of tkt segments of the base, being given, to consCruct the 
triangle, 

CONSTRUCTION. 

Take AF to FB in Ae 
given ratio of the seg- 
ments of the base, and 
upon the right line AB 
describe a segment of a 
circle ACB cap^le of 
the given angle ; make 
FC perpendicular to AB, 
meeting the circumference 
of the circle in C, in which 
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tate CG equal to the given perpendicular ; draw DGE 
parallel to AB, meeting AC and CB inDandEj and 
then DCE will be the triangle required. 

DEMONSTRATION. 
Because of the parallel lines DE and AB, it will be aa 
AF ; DG : CF : CG) : : FB : GE, or AF : FB : : 
DG : GE ; whence it appears, that DG and GE are in the 
ratio given. Also the angle DCE and the perpendicular 
CG are respectively equal to the given angle and perpendi- 
cular, by construction. ^. E. D. 

Method of Calculation. 
As AB is to AF — BF [seeproL 4..J, so is the sine of 
ACB to the sine of the diflerence of A and B ; whence 
both A and B will be given, because their sum, or the an- 
gle at the vertex, is given: then, in the triangles DGC, 
EGC, will be given all the angles and the perpendicular 
CG, whence the sides will also be known. 

PROBLEM Xir. 

The base, the sum of the sides, and the difference of the 
angles at the base, being given, to describe the triangle. 
CONSTRUCXrON. 

At the extremity of the base AB, erect the perpen- 
dicular BE, and 
make the angle 
EBC c^ual to 
half the given dif- 
ference of the an- 
gles at ^e base; 
from the point A, 
to BC, apply AC 
equal to the sum 
of the sides ; and 

make the angle a „-^ 

CBD = BCA; ■" 

then will ABD be the triangle required. 

DEMONSTRATION. 
From the centre D, with the radius CD, describe the 




seraicirdiB CHF, and join F, B. Then, whereas fay con- 
s4njctioi) the angle CBD is = BCD, tJiei-eiore is DB = 
DC; whence it appears that AD + DB la = AC, aaj 
tliat the semicircle must pass through the point B : there- 
fore the angle CBF, standing in a semicircle, being a 
right angle, and theiefore = ABE, let FBE, which is 
common, be taken away, and there will remain ABP 
= EBC ; hill DF being equal to DB, it is manifest that 
ABF (EBC) is equal to half the difterence of the ang^d 
ABD and DAB. :^. E. D. 

Method of Calculation. 
As tlie sum of the sides (AC) is to the base (AB), so 
is the sine of ABC, or of the complement of half the 
pven dilfijrence, to the sine of (C) half the angle at the 
vertex ; whence the other angles BAD aod ABD are also 
given. 

PROBLEM XIII. 

The base, the diffirence of the aides, and the di^erevce ^ 
the tmglea at the base-, being given, to determine the triangk* 
CONSTRUCTION. 
At the extremity B of the given base AB, make tlu 
angle ABD equal 
to half the given 
difterence of the 
angles at the base; 
and from A to BO 
'^^^ apply AD = the 

^- difference of the 

sides ; draw ADC, 
B A and make thf ao- 

gte DBC = BDC, and ABC will be the triwigte »- 
quired. 

DEMONSTRATION. 
Because the angle DBC is = BDC, CD will be = 
CB, and AC will exceed BC bv AD. Moreover, ^tite 
A + ABD = fCBD) CDB (Euc. 02. 1.), therefore is 
A + 2ABD (= CBD 4- ABD) = ABC, and conscqueni- 
1v ABC — A = 2ABO, equal to the difioxDcc given. 
4 £'D. 
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Method of Calculation. 

In the triangle ABD are given the two sides. AB and 

AD, and the angle ABD, whence the angles A and 

ADB will be given, and from thence the angles CBA 

, andACB. 

PROBLEM XIV. 

The difference of the angles at the base, the ratio of the 
sides, and either the base, the perpendicular, or the difference 
of the segments of the dose, being given, to describe the tri- 
angle. 

CONSTRUCTION. 

Draw AC at pleasure, and make the angle ACD equal 
to the given difference of die angles at die base, ^nd take 
CD to CA, in the given ratio of the sides ; draw ADE, 
upon which let fall the 
perpendicular CQ; take 
QE equal to QD, and 
join E, C ; then, if the 
base be gii'en, let AB be 
taken equal thereto, and 
draw BF parallel to CA 
(naeeting CE in F), and 
FG parallel to EA ; but 
if the perpendicular be 
given, let CP be taken 
equal thereto, and through P draw FPG parallel to AE ; 
lastly, if the difference cff the segments ofdie base be given, 
then let AR be taken equal to that difference, draw RH 
paraUel to CA, and FHG to EA ; then will CFG be die 
triangle required. 

D E MO NSTR ATION. 
Since QE = QD, and the angle EQC = DQC, there- 
fere is CE= CD, and the angle E = QDC = A + ACD 
(£mc. 32. 1.), and therefore E — A=ACD; whence, bj- 
reason of the parallel lines AE. GF, tfc. wc have GFC — 
FGC = ACD, also FG = AB, GH = AR, and CF : 
CG I : CE (CDJ : CA. ^. £. D. 
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Method of Calculation. 
Let CA and CD be expressed by the numbers cxhilat- 
ing the given ratio of the sides : then in the triangle ACD 
w'dl be given two sides and the included angle ACD : 
Whence the angles CAE fCGF) and CEA (CFG) wiU 
be given, and from thence die sides CC and CF. 

PROBLEM XV. 

The baae^ttie perpendicular, and the difference of the an- 
gles at the bane, being given, to construct the triangle. 

CONSTRUCTION. 
Bisect the given base AB by the perpendicular DF, 
in which take DE equal to die given height of the 
triangle/ draw CEGH parallel to AB, and make the 
angle KDH equal 
to the given dif- 
ference of the an- 
gles at the base; 
draw £AQ, and 
take Q therein, 
so that QD = 
DH ; and, paral- 
lel to QD, draw 
AO, meeting DE 
in O ; upon O, as 
a center, with the 
radius OA, describe the circle AGFCB, and iiom the 
point G, where it cuts the right line CH, draw GA and 
GB ; then will AGB be the triangle required. 
DEMONSTRATION. 
Let OG and BC be drawn. By reason of the paial- 
lel lines QD and AO, it wiU be QD (DH) : AO (OG) 
! : ED : EO ; therefore the two triangles EHD, EGO, 
having one angle, E, conunon, and the sides about the 
other angles D and O proportional, are equiangular 
(£(«■. 7. 6.), and conaequendy EOG = EDH. More- 
over, because DOEF is perpendicular both to AB and 
GC, and AD equal to BD, it is evident that the rircle 
passes through the point B, and that the arches FC, FG. 
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as well as the atig^s ABC, BAG, are equal; and con- 
sequently that the angle GBC is the . diiFerence of the an- 
gles BAG, ABG: but thii^ difference GBC is equal to 
EOG,bi-. EDH. (jBwc» 20. 3.), that is, equal to the diflPer- 
ehcegiven.^ ^JB.D. ^ 

Method of Calculation 
First, in the right-angled triangle A£D are given both 
the legs AD and DE, whence the angle DEA will be 
given : then it will be, as the radius is to the sine of the 
angle 'H, the complement of the given difference ( : : DH 
: DE : : DQ : DE), So is the sine of DEA to the sinej[of 
Q ; whence AO% (QDE) will also be given ; from 
which take . GCJE, ^md there will remain AOG, equal to 
twice ABG, the lesser angle at the base. . ^ 

PROBLEM XVI. 

The sum of the sides^ the difference of the segments of 
the base^. and the difference of the angles, at the base^ being 
grixen^ to describe the triangle* 

CONSTRUCTION. 

Make AD equal to the sum of the sides, and the 
angle ADE equal to half the difference of the angles 
at the base ; from A to 
DE apply AE equal to 
the ^ven diflference of 
the segments of the base; 
make the angle CED 
=: EDC, and from the 
point C, whei*e EC cuts 
AD, with the radius EC, 
describe the semicircle 
FEB, cutting AE, produced in B ; join B, C, and the 
thing is done. 

DEMONSTRATION. 

Upon AB let fall the perpendicular CQ. 

Because EQ is = BQ {Euc. 3. 3,), therefore wilFAQ 
— BQ = AE : also, because the angles CED, EDC 
are equal (by construction^^ CD will be = CE = CB, 
and consequently AC + CB = AD. Moreover, ABC 

2U 
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— BAC = BEC — BAC = ACE (JSiuc. 32. 1.) = 2ADE 

{Euc. 20. 3.) ^. E. D. 

Method of Calculatiofu 
In the triangle ADE are given the sides AD, A£, and 
the angle D, whence the ang^e A wiE be given ^ then, to 
the triangle ACE are given all the ang^, and the side 
AE, whence AC and CB (C£) witt be likewise giveor 

PROBLEM XVII. 

The difference of the angka at the ba$e^ the ratio of the 
segments of the base^ ahd either the sum of the sides^ the 
difference of the sides^ or the perpendicular^ being given^ 
to construct the triangle* 

CONSTRUCTION. 

Let AC be to BC in the given ratio of the segments 
of the base ; and upon AB let a segment of a circle 
BPA be described (by problem 4), to contain an ~ angle 

equal to the difference 
01 the angles at the 
base; raise CP per- 
pendicular to AC^ cut* 
ting the periphery of 
the circle in P, and in 
AC produced, take CD 
= CB, and draw PA, 
PB and PD : Aen, if 
the perpendicular be 
given^ take PF equal 
thereto, and through F 
draw EFG parallel to AD ; but if the sum or difference of 
the sides be given, let a fourth proportional PE, to AP ± 
PD, AP, and the said sum or difference be taken, and draw 
EFG as above ; then will PEG be the triangle required. 

DEMONSTRATION. 

Since CP is perpendicular to AD, and CD = CB, the 

angle D will be equal to DBP = A + BPA : "whence, 

because EG is parallel to AD, PGE will be = PEG 

^ BPA {Euc. 29. lOr and consequently PGE — PEG 




Geometrical Prohknts* 



331 



2= ABP, which, by construction, is equal to the given 
diiFerence of the angles at the base. 

Again, by reason of the parallel lines AD and EG, 
it 4trill be, EF : FG : : AC : (BC) CD. Likewise, for 
the same reason, AP ± PD : PA : : PE ± PG : PE : : 
given sum or difF. of sides : PE (iy construction) and 
consequently PE ± PG = the said given sum or diffcrr 
cnce. ^ £. /)• . 

Method of Calculation. 

First, it will be, as AB is to AD, so is the sine of APB 
to the sine of APD {by prob* 4) ; then, in the tpangle 
PGE, will be given all the angles, and either the peipenr 
dicular, or the sum or difference of the sides, whence the 
sides themselves are readily detemjined^ 

Note. The perpendicular cutting the circle in two points, 
indicates that this problem is capabje of two differenf sor 
lutions. 

PROBLEM XVIIL 

The difference of the sides j the difference of the segments 
of the base^ and the difference of the angles at the base^ ber 
ing given^ to describe the triangle. 

CONSTRUCTION. ' 

Draw the indefinite line AQ, in which take AD 
equal to the given difference of the sides, and make the 
angle QDH e^ 
qualtothe com- 
plement of half 
the difference of 
the angles at the 
base ; from A to 
DH aptdy AC 
= the given dif- 
ference of the 
segments ; and 
having produced 
the same to L, 
make the angle DCE equal to CDE, and let CE meet AQ 
in E, and upon the center E, with the radius EC, describe 
an arch, cutting AL in B 5 join E, B, so shall AEB be the 
triangle required. 
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DEMONSTRATION. 

Upon AB let fall the perpendicular EP. 

Because the angle DCp =3 CDE, therefore is ED 
s= EC, and consequently AE — EB (= AE — EC = 
AE — ED) = AD. Also, since EB = EC, therefore 
will PB = PC, and consequently AP — BP ( AP — PC) 
= AC. Moreover, the angle EBC being = ECB (JSmc. 
5. 1.), and ECB — A = CE A {Euc. 32. 1.), it is plain that 
EBC — A = CEA, equal to the given difference, because 
the triangle EDC is isosceles, and the angle at the base 
equal to the complement of half the said difference, by 
construction. ^ E. D. 

Method of Calculation. 

In the triangle ADC are given two sides, and the angle 
ADC, whence the angle A will be known ; then, in the 
triangle ACE, will be given all the angles and the side AC, 
whence AE and CE (BE) will also become known. 

PROBLEM XIX. 

The perpendicular^ the difference of the angles at the base^ 
and the difference of the segme^its of the base^ being given^ 
to construct the triangle. 

CONSTRUCTION. 

Upon AQ, equal to the given difference of the seg- 
ments of the base, let a segment of a circle QCA be 
described, capable of the difference of the angles at the 

base ; bisect AQ >Vith 
the perpendicular TL, 
in which let TE be 
taken equal to the 
given perpendicular j 
draw EC parallel to 
AQ, cutting the pe- 
riphery of the circle 
in C ; also draw CP 
perpendicular to AQ, 
and in AQ produced 
take PB = PQ ; join 
C, A, and C, B -, then will ACB be the triangle required. 
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DEMONSTRATION. 

Since (by construction) CP is perpendicular to QB, 
and PB equal to PQ, thence will the angle B = PQC, 
and B (PQC) — BAC = ACQ = difference of an- 
gles given : also, for the same reason, will CP = TE, ,and 
AP~BP:=AP — PQ = AQ. ^E.I>. 

Method oj^ Calculation* 

From the center O, conceive O A and OC to be drawn : 
then, in the triangle AOT, will be given all the angles, 
and the side AT, whence OT and OE will be given ; 
then it will be, as AT : OE : : sine of AOT (ACQ) : 
sine of OCE ; whence all the angles in the figure ar© 
given. 

PROBLEM XX. - 

The segments of the bdse^ and the sum of the sides of any 
plane triangle^ being given^ to determine the triangle* 

CONSTRUCTION. 

From the greater segment AQ, take QF equal to the 
lesser segment BQ; make QL perpendicular to AB, 
and draw AI, mak- 
ing any angle with 
AB at pleasure, in 
which take AE e- 
qual to the given 
sum of the sides, 
and ioin B, E ; 
make the angle 
AFG = AEB,and 
bisect EG in H, 
and from B as a 
center, with the ra- 
dius EH, describe mCw, cutting the perpendicular QL in 
C ; join C, A, and C, B, and the thing is done. 

DEMONSTRATION* 

From the center C, with the radius CB, let the circle 
BDLKF be described ; and let AC be produced to meet 
its periphery in D. By reason of the similar triangles 
AEB, AFG, it will be, as AE : AB : : AF : AG ; 
whence AG x AE = AF X AB ; but {by Euc. 37* 3.) 
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whence the perpendicular PQ (= VCQ X DQ) is 
likewbe pren. 

PROBLEM XXIII. 

Having the base, the perpendicular, and the ratio of the 
aidesy to describe the triangle. 

CONSTRUCTION. . 
Let the base AB be divided at C, in the given ratio 
of the sides, and let the circle CPD be described as in 
the last problem ; 
in OR, perpen- 
dicular to AD, 
take On equal to 
the ^ ven p erpendi- 
cular, and,throug^ ' 
n, draw P/jP pa- 
rallel to AD, cut- 
ting the periphery 
of the circle in P ; join P, A, and P, B, and^the thmg is 
done. The truth of this is also evident from the preceding 
lemma. 

-Method of Calculation. 
Upon AD let fall the perpendicular PQ, and join 

' AC X BC\ .,, , . . 

y will be g;iven; therc- 




O Q 



O, P : then PO = - 



■ AC — BC/ 

fore, in the triangle OPQ, are given OP and PQ, from 
whence not only OQ, hut AQ and BQ are also given. 

Note. The parallel PnP, cutting the circle in two points, 
shows that this problem admits of two different solutions, 

PROBLEM XXIV. 

The difference of the segments of the base^ the perpendi' 
cnlar, and the ratio of the sides, being given, to construct 
the triangle. 

CONSTRUCTION. 

Let AB be the difference of the segments of the base 
{see the last fgure), and let every thing be done as in 
the preceding probkm : take Qi = QB, and join P, b ; 
then will A^P be the triangle required. The reason* of 



Geometrical Problems, 



337 



which are obvious from what has been said already; 
and the numerical solution is also evident from the last 
problem. 

PROBLEM XXV- 

The ratio of the segments of the base, the perpendicular , 
and the ratio of the sides being given, to construct the tri* 
angle.i 

eONSTRUCTION. 

Draw any right line ABG at pleasure, itl which take 
AE to EB in^the given ratio of the sides, and.AF to 
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FB in the ^ven ratio of the segments of the base^ and 
make FQ perpendicular to AB, and equal to the given 
height of the triangle; make also EC ; AE : : BE : AE — 
BE, and with the radius CE describe the circle ERS, and 
from the point R, where it intersects the perpendicular 
FQ, draw RA and RB, and draw QP and QT parallel to 
R A and RB ; then will PQT be the triangle that was to 
be described* 

DEMONSTRATION. 
By the foregoing lemma, AR : BR : : AE : BE ; there- 
fore, by reason of the parallel lines, it will be QP : QT 
i: : RA : RB) : : AE : BE. And, for the same reason, 
>F:TF:: AF:BF. ^E.D. 

Method of Calculation. 
Having assumed AB at pleasure, there will be given 

BE, AE, BF, and CE (= ^ ^ ^^ ) ; whence RF 

( = \EF 'X CE + CF) is also given ; then, in the 
right-angled triangle BRF, will be given both the legs 

aX 
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BF md HF, wh^O^e tbc aag(e B ii g^veit; laa%, iJi liie 
Cnai>g)c FQT vl}l b^ given, all tbe aa^ea and the side 
FQ, whence QT and TF will be given, and conse^^ueoidj 
PQandFP. 

PROBLEM XXYI. 

To divide a given angle A.'QC into twoparts^CBF^A^^ 

so that their sines may oktQtn a given ratio. 

CONSXaUCTION. 
In BA, and CB produce49 take B£ and BD in the 

given ratio of the sine of CBF to the sine of ABF ; 

draw D£, and parallel 
thereto draw BF, and 
the thing is done* For, 
by trigonometry^ BE : 
BD : : the sine of D 
(= CBF) rthe sine of 
BED (= ABFj. Hence 
the numerical solution is 
also evident ; since it 
will be, as the sum of 

BE and BD is to their diflference, so is the tangent of half 

the given angle ACB to the tangent of half the difference 

of the two required parts FBC and FB A* 

PROBLEM XXVII. 

To divide an angle given into two parts^ so that their tan* 
gents may be to ^ach other in a given ratio* 

CONSTRUCTION. 
Take any two right lines AD, BD, which are in the 

ratio given, and upon the whole 
compounded line AB let a seg- 
ment of a circle BCA he de- 
scrib^ed, capable of '^e angle 
pven; make DC perpendicu- 
lar to AB, meeting the peri- 
phery in C, and draw AC and 
BC^ then wiU ACD and BCD 
be the two angles required. 
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Thcf Tcaspntdf whwfc is evident, at one view, from the con- 
struction. The method of solution is also very easy ; for 
it will be, as AB is to AD — DB, so is the sine of ACB 
to the sine of B — A (see problem 4) ; whence B and A, 
and also BCD aiid ACD, are given. 

PROBLEM XXVIII. 

To divide a given angle ABC into two partSy so that 
their secants may obtain a given ratio. 

CONSTRUCTION. 

Take BE to BT in the given ratio of the secants ; 
join T, E, and let BF be drawn {lerpendicular to ET, 



i » 
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and ikit thiing is done, The truth of which is m^ifest 
from the construction. 

Method of Calculation. 
The atngle EBT and the ratio of the sides BE ahd BT 
being given, the angles E and T will also be given, and 
consequently their complements EBF and FBT. 

PROBLEM XXIX. 

From a ghoen point O^ to draw a right line OF, to cut 
two right lines AC, AB, given by position^ so that the 
parts thereof OE, OF, intercepted between that point and 
those lines], may be to one another in a given ratio. § 

CONSTRUCTION. 

From O, through A, the point of concourse of BA 
and C A, Jet O AD be drawn, in which take AD to AO 
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and therefore AlK: FD : : AQ : HQ : : tang, of DHQ : 
ttog. D AQ. LikeVise DA : DE (DH) : : ^ne of DHQ : 
sine of DAQ, as wad' to be shown. 

Method of Calculation. 
If AR be su{>posed to meet the periphery m R, and 
RN be drawn parallel to HF, meeting AK in N ; then 
will DN = DF, and AN : AR : : AF : AH-, but 
(by Euc. 37. 3.) AR : AK : : AE : AH ; whence, by 
compounding the terms of these two proportions, fc?G. 
AN : AK : : AF X AE : AH» ; whence AH, as weU 
as AD and DH, being known, the angles A and K will 
also be known. * ^ 



PROBLEM XXXIL 

To draw from a point A, in the circumference of a given 
circle^ two subtenses AB and AD, which shall be to one 
another in the given ratio of m to, n^ and cut o^ff* two arches 
AB and ABD, in the ratio of\ to 3. 

CONSTRUCTION. 

Draw the diameter AH, 
and take the subtense AQ, 
in proportion thereto, as 
n -^ w to 2w ; from die 
center O draw OB paral- 
lel to AQ, meeting the 
periphery in B ; join A, 
B, and make the subtenses 
BC and CD each equal 
to AB, and draw AD, and 
the thing is done. 
DEMONSTRATION. 
Join H, Q, and draw BE and CF perpendicular to 
AD, 

The angle AOB (QAH) at the center, standing up- 
on the arch AB, is equal to the angle BAD at the cir- 
cumference, standing upon double that arch ; therefore, 
AQH being equal to AEB^ or a right angle {Euc. 31. 3.), 
the triangles AQH, AEB, must be equiangular, and 
consequently AB : AE : : AH : AQ j but, by con- 
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DEMONSTRATION. 

Draw CM and DNE perpendicular to the radius OB, 
and Nn and E^ perpendicular to DF. 

It is evident, by construction, that the triangles OCM 
and DNw are similar (because Nn is parallel to CO, and 
ND to CM) 5 therefore OC : CM : : DN : Nn (= ^E^), 
and consequently CM x DN = OC X |E^ ^ JOC X 
E^ = FG X E^ = the given rectangle by construction. 
^ E. JD. , 

Method of Calculation. 

Dividing the measure of the given rectangle by half 
the radius, FI will be given, which, added to OF, the 
co-sine of CD, gives the co-sine (OI) of CE, the differ- 
ence of the two parts ; whence the parts themselves will 
be known. 

PROBLEM XXXI. 

Having the ratio of the sines^ and the ratio of the tan' 
gents of two angles^ to determine the angles. 

CONSTRUCTION. 

Let AD be to ED in the given ratio of the sines, and 
AD to FD in the given ratio of the tangents ; and about 
the center D, wiA the interval DE, let the ^semicircle 
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£RK be described; and, upon AF, describe another 
semicircle, cutting the former in H, and through H draw 
AR, and join H, D; then will DHR and DAR be the 
two angles required. 

DEMONSTRATION. 

Join F, H, and draw DQ perpendicular to AR. 

The angle AHF, standing in a semicircle, being a 
right one, the Unes FH and DQare parallel (by£uc.27. 1.) ; 
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^NSTRATION. 

The tri^gle ABC, standing upon the whole diameter 
AB^ is equal to the rectangle 0£, of the sano^e altitude, 
standing upon half AB (by Euc. 41» 1.), which last (by 
construction) is equal, to the area given. 

Method of Calculation. 

Join O, C, and let CD be perpendicular to AB; dien 
it wiU be, as AO* (AO X OC) : AO x DC ( : : OC : 
DC) : : radius : sine of DOC ; which, in words, gives 
this theorem. 

As the square of half the hypothenuse of any right-an- 
gled plane triangle is to the area^ so is the radius to the 
sine of double the lesser of the trvo acute angles. 

Nm B. Since no sine can be greater than the radius,, it 
is plain, that, if the square of half the hypothenuse be not 
given greater than the area of t;he triangle, the proUem 
will become impossible ; in which case tJbe side EF, in- 
stead of cutting, will pass quite above the circle. 

PROBLEM XXXIV. 

To describe a right-angled triangle j whose area shall be 
equal to a given square^ and the sum of its two legs equal to 
a given right line AB. 

CONSTRUCTION. 

Upon AB let a semicircle be described ; make A CD 

= half a right an- 
gle, and CD = twice 
(PQ) the side of the 
given square ; draw 
DE parallel to AB, 
meeting the circum- 
ference in E, and EF 
perpendicular to AB, 
intersecting AB in F, 
in which, produced, 
take FG == FB, and draw AG ; so shall AFG be the tri- 
angle required. 

DEMONSTRATION. 
It is evident that AF + FG = AB ; and also that the 
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area AFG = ^AF x FG = ^AjF x FB = JFE» ( = 
^DH») i= JCn* = PQ». % E. D. 

• Method of Calculation. 
If the radius CE be drawn, in the right-angled ~ tri- 
angle CEF, there will be given CE ( = | AB) a nd EfJ* 

(= 2PQ») whence CF ( = V|AB» — 2PQ») will be 
known, and, from thence, both AF and FG. 

LEMMA. 

The area of any right-angled triangle^ ABC, is equal 
to a rectangle under half its perimeter and the excess of that 
half perimeter above the hypothenuse^ or longest side* 

DEMONSTRATION. 

In the proposed triangle let the circle EGF be in- 
scribed, and from the center D, to the angular points 
A, B, C, and the pqints of contact E, F, G, let the 
right lines DA, DB, DC, DE, DF, and DG be drawn. 
It is plain that the sum of the three triangles ADB, 
BDC, and ADC, is 

equal to the v^hole y7\C 

triangle ABC ; but 
the triangle ADB is 
equal to the rect- 
angle I AB X DG ; 
and so of the rest: 
therefore the sum of 
the rectangles ^AB 
X DG 4- iCB X 
DF -f. |AC X 
DE is c;qual to the 

whole triangle ABC ; but the sUm of these rectangle* 
(J)y Euc. !• 2.) is equal to the rectangle under half the 
perimeter AB -f- BC i+ AC and the semi-diameter 
DG, which last rectangle is, therefore, equal to the 
triangle given. But the angles E and G being right 
ones (£wc. IT. 3.), and the side AD common, and dso 
DE equal to DG, thence will AE = AG (Euc. 47. 1.). 
And in the same manner will CE = GF ; consequently 
AC CAE + CE) win be =: AG + CF;-' whence i^r 
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appears that the hypothent^i^ is less than the sum off the 
t;i¥0 legs by BG + BF, of twice the radius of die iii-> 
scribed circle, and therefore less than half the perimeter 
by onte that xadhis, or DG : whence the proposttioi^ is 
manifest. 

PROBLEM XXXV* 

The perimeter and area of a right-angled triangle being 
giveny to describe the triangle. 

CONSTRUCTION. 
Make AB equal to the giveb perimeter, which bisect 
in C, and upon AC let the rectangle ACDE be consti- 
tuted equal to the given area'} take CF = CD, and, firom 




F, through D, draw the indefinite line FH, to which, from 
B, apply BI = AF ; then, upon AB let fall the perpen- 
dicular IK, so shall BIK be the triangle that was to be 
constructed. 

DEMONSTRATION. 

Since (bi^ co7istructio)i) CD is = CF, therefore is IK 
= FK, and consequently IK + IB + BK = FK + AF 
-f- BK = AB, Again, the excess of the half perimeter 
AC above the hypothenuse BI (AF) being = CF = CD, 
it is evident (^from the premised lemma) that the area of 
the triangle will be = ACDE = the given area by con- 
struction. ^, E. D. 

Method of Calculation, 

Dividing the ar. a by half the perimeter, CD (= CF) 
will be givon ; then, in the triangle BFI, will be given , 
BF, BI, and the ande F ( = 45*") ; whence the angle B 
will also be known> and from thence BK and BI. 
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PROBLEM XXXVI. 

ABCDj wko^9ide8 shall be in ortthmetical pr{)gr€ssipn* 

CONSTRUCTION. - 

3AB 
In AB, produced, take BF = ■ ■ , and upon AF 

the semicircle AEF, tiutting BO^ produced^ 




4EB 
in E ; take BQ = -— - ; join E, Q, and the thing is 

done. 

DEMONSTRATION. 

Since,. by^ construction, QB : BE : : 4 : 3, therefore 
will BQ* : EB« : : 16 : 9., and BQ* + BE* : BE* : : 16 
+ 9 (25) : 9, that is, EQ* : BE*-. : 25 : 9 {Euc. 47. 1*) ; 
whence EQ : BE i : 5 . 3 {Euc, 22. 6.) ; therefore the 
sides !EtE, BQ, and EQ, being to one another in the ratat> 
of the numbers 3, 4, and 5, are in arithmetical progression. 

^ A u Tio • 4.EB ,, .„ EB X BQ 

And, because JBQ is = -r— -, thence will ■ » * ^ ae 

3 3 ^ 

\ Method of Calculation. 

Seeing BF i& = i^, (BE V AB x BF) wM be as 

AB V J; whence BQ (IM) and EQ /^^ will b^ 
likewise given. 
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PROBLEM XXXVII. 

f 

In a given circle CIHK, to describe three equal circles 
E, F, and G, which shall touch one another^ and also the 
periphery of the given circle* 

CONSTRUCTION. 

From the center C let the right lines CH, CI, and 
CK be drajhi, dividmg the periphery into three equal 
parts, in the points H, I, and K ; join I, K, and in 
GK, produced, take KL = |IK ; draw IL, and, paral- 




lel thereto, draw KF meeting CI in F ; make HE and^ 
KG each = IF, and upon the centers F, E, and G, 
through the points I, H, and K, let the circles FrI, 
EmH, and GnlL be described, and the thing is done. 

DEMONSTRATION. 

Draw FE, FG^ and KG. 

Because {by construction) HE, IF, and KG are equal, 
CE, CF, and CG will likewise be equal, and FG pa- 
rallel to IK {by, Euc. 2. 6.), and therefore, KF being 
parallel to IL {by construction)^ the triangles* I KL. and 
f GK are equiangular ; whence, IK being = 2KL, FG 
IS = 2GK (2Fr) {Euc. 4. 6.) : whence it is manifest 
that the circles F and G touch each other. 



\ 



Moreover, the angles ECF, ECG, and FCG, as well 
as the containing sides CE, CF, and CG being respectively 
equal, EF, FG, and EG must also be equal {by Euc. 4. 1.), 
and therefore, EF or EG^^ss 2FI or 2GK ; whence it is 
evident that the circles E, F, and G also touch one ano- 
ther. But all these circles touch the given cjrcle, because 
they pass through given points H, I, K in its periphery, 
and have their centers iiT right lines joining the center C 
and the points of concourse. 

Methqci of^ Calculation* 

In the triangle FGK \^e have'givQn thp angle FGK 
(150°), and the ratio of -the including fejdes [viz. as 2 
to 1) ; whence the angle FKG will be given ; then, in 
the triangle FCE will be giveti all. -the* angles and the 
side CK ; whence CF and sdso PI will be given. But, 
if you had rather have a general theorem for expressing 
the ratio of FI to, CI, then let EC be produced to meet 
FG in r. Therefore the angle rFC being ±= 30% 
Cr wi ll be = ^CF ; whence {by Euc. 4^7. 1.) FI or 
fr (VFC* — Cf) is = FG x V"|", and therefoi'e CI 
== FC + FC V|;i consequently CI :.FC : : t±yji 1 ? 
whence, by division, CI : Fl ( : : 1 + \/T -. V |) j :V^ 
+ 1:1. . , : 

PROBLEM XXXVIIL 

Lia give7i circle CEHG to describe Jive equal circles K, 
L, M, N, andOy which shall touch one another ^ and the • 
circle given. 

CONSTRUCTION. 

Let the whole periphery EGH be divided into five 
equal parts, at the points E, F, G, H, and I {by Euc. 
11. 2.), and draw CE, CF, CG, CH, and CI; join G, 
H, ^nd in CH produced take HP = ^GH ; draiV PG, 
and parallel thereto draw HM, meeting CG in M ; 
take FL, EK, lO, and HN, each equal to MG, and 
upon the centers K, L, M, N, and O, let circles be 
described through the points E, F, G, H, and I, and the 
thing is done'. 



TfieGMttrvctiimtf 




The jdemonstratioii wherpof is evjdent fitm Hit last. 
propositioQ : and tii. the same manner may 6, 8, or 10; 
©"c. equal circles be inscribed io a given cirde, to touch 
one another; 

The method of calculation in this, or in any odier case, 
will also be the same as in the last problem ; for in the 
triangle i\INH will be given the ratio of NM to NH 
(as 2 to J), and the included angle MNH equal to 126% 
120°, ll^i', or 108°, Ij'c. according as the number of 
circles is 5, 6, 8, or 10, &?r. from which the angle MHN 
will be given; then in the triangle CMH will be ^en 
all the angles, and the side CH, to find CM. 

PROBLEM XXXIX. 

The perimeter of a right-angled triangle^ whose si^t 
are in geotnetricqi prpgression, being given, to describe the 
triangle- 

CONSTRUCTION. 

UponAC,«quat to the givtn perimeter, describe the 
semicircle A^C, and let AC be divided in D, ac- 
cording to extreme and mean proportion : make DB 
perpendicular to AC, meeting the periphery of the 
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circle In B, and, having joined A, B, and C, B, let 
AE and CE be 

drawn to bisect _ ^ 

the angles BAC^ 
BCA; andy from 
point of intersec- 
tion E, let EF and 
EG be drawn pa- 
rallel to BA and 
BC, cutting AC in 
F and G ; then will 
EFG be the triangle that was to be constructed. 

i 

DEMONSTRATION. 

Since (by construction) AC : AD : : AD : DC ; there- 
fore is ACq : AC X AD : : AC X AD : AC x DC (by 
Euc. 1. 6»), or ACq : AB^r : : AB^ : BCy {by cor. to Euc. 
S. 6.), and consequently AC : AB : : AB : BC ; whence, 
the triangles ABC, FEG, being equiangular, FG : FE 
: : FE : EG. Also, EF is = AF, because the angle 
FE A (== E AB) =• FAE ; ,and in the very same man- 
ner is EG = GC ; therefore EF + FG + EG (= AF -|- 
FG + GC) == AC. Moreover, the angle FEG (= ABC) 
is a right* angle, by Euc. 31. 3. ^. E. D. 

Method of Calculation* 



Becau se {by con struction^ AD (= V f AC<y ^^ j AC) =5 
AC x V| — i, thence is AB (VAC x AD) ^ AC 

X V v j — Yy and BC (VAC X CD = AD) =: 

AC X VJ — ' !_• but, by reason of the similar tri- 
angles ABC, FEG, it will be, as AC + AB + BC 
(FG + FE + EG) AC : ; A C : FG : : AB : FE 

: BC:EG; or as^^T— i + \ +V|": 1 : : AC 
FG : : AB : FE : : BC : EG ; whence FG, FE, and EG 

are given. ^ 



352: . ,The.€m9tructionof^ 

. PROBLEM XL. 

To draw a right line PQ, to touch two Circles C and O, 
given inmagnitude and position* < 

CONSTRUCTION. , c 

Upon the line CO, joining the centers pf the given 
circles, describe the semicircle CDO, in which ioBcribe 
CD equal to tKe difference of the semi-diameters CF and 




' OE ; and from the point B, where^ CD prpduced meets 
the periphery BF, draw PB perpendicular >to CB ; then 
%vill BP touch both the circles, 

DEMONSTRATION. 

Join O, D, and draw O A perpendicular to PQ. 

The angle CDO, standing in a semicircle, is right ; 
therefore the angles B and A being both right ones, 
by construction, the angje AOf) must also be right, 
and the figure DOAB a rectangle, and cdtisequently 
AO = BD = BC^ CD = CF — CD* = OE {by con- 
struction). Wherefore, seeing CB and O A are respec- 
tively equal lo CF and OE, and both the angles A and B 
right ones, it is evident that the right line PQ touches 
both the circles. J^. E, D, 

The numerical solution of this problem is extremely 
easy ; for since the two sides CO and CD of the right- 
angled triangle CDO are both given, the angles DCO and 
AOC, determining the points of contact B and A, are 
from thence given, at one operation. / 

But if it be required to draw a right line {ab) to 
touch both circles, and to pass between the centers C 
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and O ; then, instead oi taking CD equal to the difTer- 
ence of the semi -diameters CF, OE, iet Cd be taken 
equal to their sum, and the rest of the process will be 
exactly the same. 

PROBLEM XLI. 

To draw a right line AD through two circles GAEF, 
HCSR, given in magnitude and position, so as to cut off 
segments thereof, AKBm, CTDn, equal respectively to tivo 
given segments EQFn, SPRi. 

CONSTRUCTION. 

Upon the subtenses EF, SR, from the centers G and 
H, let fall the perpendiculars GQ and HP ; and from 




the same centers, at the distances GQ, HP, let two cir- 
cles GQK, HPT be described ; then draw a right line AD 
to touch both these circles, by the last proposition, and 
the thing is done; for the lines FE, AB being at the 
same distance from the center G, the segments cut off by 
them must consequently be equal ; and, id like manner, 
the segments SPRA, CTD/i, are also equal. 

PROBLEM XLIL 

To describe the circumference of a circle through agiwa 
point P, to touch two right lines AB, AC, given in position. 
CONSTRUCTION. 

Join A, P, and bisect the angle BAG, with the right 
Tine AK, and, from any point Q in that line, draw QT 
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peipendicular to AC ; then, from Q to AP, draw QS 
S3 QT ; draw, likewise, PO parallel to SQ, meeting AK 




in O ; and from O, as a center, with the radius OP, de- 
scribe the circle PKF, and the thing is done. 

DEMONSTRATION. 

Let OH be perpendicular to AC, and OW to AB; 
then, by reason of the parallel lines, it will be QS : OP 
C". : AQ : AO) : : QT : OH ; whence, as QT = QS, 
OH will be = OP; and therefore the circumference 
PKF will pass through the point H, and so, AHO be- 
ing a right angle, AC must touch the circle in that 
point. Moreover, the triangles AOH and AOW being 
, equiangular, and having one side common, OW wiU there* 
fore be = OH, and the cirde also touch AB iu the point 
"W. ^E.D. 

Method of Calculation. 

Having assumed A(i at pleasure, there will be given, 
in the triangle AQT, all the angles and one side, whence 
QT (= QS) will be given: then, in the triangle AQS, 
will be given AQ, QS, and the angle QAS, whence Ow 
angle AQS (= AOP) will be given. Lastiy, in the tri- 
angle AOP will be given all the angles and Uie side AP, 
whence AO and PO will be given. 
Otherwise. 

Say, as the sine of OAH : radius ( : : OH : OA : .- 
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OP : OA) : : sine of OAP ; sine of OPA ; then, in 
the triangle AOP will be given all tlie angles and the 
side AP ; whence the other sides AO and OP will be 
Itiund. 




PROBLEM XLIII. 

To describe the circumference of a circle through two giv- 
en points D, G, to touch a right line AB, given in position. 

CONSTRUCTION. 
Draw DO, and bisect the same by the perpendicular 
FC, meeting AB in 
C ; join C, D, and jj,. 
make FP perpendi- sj 
cular to AB ; and, SfS 
from F to CD, pro- -™l 
duced, draw FS = 
FP; make DH pa- 
rallel to FS, and 
from H, the inter- 
section of CF and j^ tj-; — p- -„ 

DH, with the radius X" X \. J> 

DH, describe the circle HDQ, and the thing is done. 

DEMONSTRATION. 

Join H, G, and draw HT parallel to FP, meeting AB 
inT; then, because of the parallel lines, it will be, FS : 
HD (: : CF : CH) : : FP : HT ; wherefore, as the ante- 
cedents FS and FP are equal, the consequents HD and 
HT must likewise be equal ; and, therefore, since HT is 
perpendicular to AB, the circumference of the circle will 
touch AB in T j and it will also pass through the point G, 
because the two triangles DFH, GFH, having two sides 
and the included angles respectively equal, are equal in 
every respect. !^ E, D. ' 

Method of Calculation. 

The angle FCA, and the numbers expressing FC 
and DG being given, in the triangle CFD will be 
given (besides the right ang^e) both the legs CF and 
FD, whence CD and the angle FCD will be known j ' 
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then it will he, as the sine of FCA (TCH) : radius (; i TH 
: CH : : DH : CH) : : sine of HCD : the sine of CDH ; 
therefore in the triangle HCD there will be given all the 
angles and the side CD; whence CH and HD wilLJaf. _ 
known. 

PROBLEM XLIV. 

Ht'ving given AB, andalao AD and QG^perpendietAr 
to Ab ; iojlnd a point T in AB, to -which, if two right 
lines DT, GT be drawn, the angle DTG, formed by those 
lines, ahajl be the greatest possible. 

/ 
CONSTRUCTION. 
Describe, by the last problem, a circle GDQ, that shall 
pass through G and D, and touch AB, and the point of 
contact T will be the point required. 

DEMONSTRATION. 
Join G, T, and D, T ; and from any other point 
R. in the line AB, draw RG 
and HD ; also, from the 
point Q, where "GR cuts the 
circle, draw QD ; then, the 
angle GQD, being exter- 
nal with regard to the tri- 
DQR, will bo greater 
than GRD ; therefore GTD, 
standing in the same segment 
widi GQD, will be also great- 
er than GRD. J^. E. D. 
Method of Calculation. 
Dmw DE parallel to AB; then in the triangle GDE 
will be given DE, EG ( = BG — AD), and the right 
angle DEG, whence the other angles EDO, EGD, and 
the side DG will be found ; then in the triangle CFP, 
similar to GDE, will be given all the angles and the side 

FP I = 1, whence FC will be ^veii; from 

which, by proceeding as in the last problem, all the rest 

will be found. 
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PROBLEM XLV. 

To describe a circle^ rvhich shall touch two right Unes 
AB, AC, given in position^ and also another circle O^ 
given in magnitude and position. 

. CONSTRUCTION. 

Let the angle CAB, made by the concourse of the two 
lined, be bisected by AK ; and, from any point P in thi& 
line, let fall PQ perpendicular to AB, wmch produce to 
R, so that QR may be equal to the semi-diameter of the 




given circle ; and through R, parallel to AB, draw HM, 
meeting K A produced in H ; draw HO, to which, from 
P, draw Pv = PR, and draw OE parallel to Pv, meeting 
AK in E, and cutting the periphery of the given circle 
in r ; lastly, from E, with the radius Er, describe the 
circle ErKN, and the thing is done* 

DEMONSTRATION. 
Draw EG perpendicular to HM, cutting AB in Ff 
then, by reason of the parallel lines, PR : EG ( : : HP 
: HE) : : Pv : EO ; therefore, PR being = Pi^ (*y 
construction)^ EG and EO must likewise be equal ; from 
which the equal quantities FG and Or being taken 
away, the remainders EF and Er will be equ^; and 
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prob. 26) by saying, as the sum of the said sines is to their 
diffe rence, so is the t angent of hsdf BAC to the tangent of 
halfBAQ— CAQ. 

Ag^n, it will be as sine QAH : sine QHA (: : QH : 
QA : : QP : QA) : : sine QAP : sine QPA ; dierefc»e, 
in the triangle AQP, are ^ven all the angles and one side 
AP, whence AQ and PQ will be found. 

PROBLEM XLVU. 

Haohis the three perpendiailari, let fall from, the angles 
of a plane triangle on the Opposite sides ^ equal to three gioen 
right lines Vii, "LI, and Mm, to describe the triangle. 

CONSTRUCTION. 

Draw the indefinite right line RS, in which take 
AB equal to Ki : find a fourth proporuonal to Mm, 
IJ, and Kky with which, as a radius, from the center A, 




let an arch rCs be described ; and from B, with the ra- 
^us L/; let another arch be described intersecting the for- 
mer in C ; join A, C, jmd B, C, and upon RS let fall die 
perpendicular QC, in which, produced, take QP s= L/, 
and draw PF parallel to RS, meeting AC, produced, in 
F, draw FG parallel to CB, and AFG will be the trian^ 
required. 

DE MO NSTR ATIO N. 
Draw FE, G^, and At> perpendicular to the three aides 
of the triangle. 
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The triangles ABC, AGF ; AFE, KOa ; and GFE, 
AGfy, are equiangular, by constructioii ; tnerefore Gy : 



Mm 



FE 2 : AG : AF : : AB (Ki) : AC (HiSJL^) t : 

\ mm ' / 

: hi ; whence, as the consequents FB and hi are equal, 
ij/ construction^ the antecedents Gy and Mm must be 
equal likewise. Again, BC (L/) : AB (O) (: : FG 
: AG) : : FE (hi) : Av ; and consequently Kk = Av. 
^ E.D. 

Method of Calculation* 

Since KiS, L/, and Mm are given, AC f = — cj — j 

will be known ; then in the triangle ABC wiU be given 
all the three sides, whence the angles are known ; lastly, 
in the triangle AFG will be given all the angles and the 
perpendicular EF, whence the sides are also known* 



PROBLEM XLVIIL 

The position of three points^ in the same right line^ being 
given^ it is proposed to Jind a fourth^ where lines^ drawn 
from the former thrce^ shall make given angles with each 
other* 

CONSTRUCTION. * 

Let the three given points be A, B, and C: make 
the angles ACE and 
<JJ AE respectively equal 
to the given angles 
which the lines drawn 
from B, A, and B, C 
are to make; and let 
AE and CE meet in 
£ ; through A, C, and 
E, let the circumference 
of a circle AEOD be 
described, and, through 
E and B, draw EBD, 
meeting it in D, then 
will D be the point re- 
quired. 

3A 
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DEMONSTRATION. 
Jem Aj D, and C, D* 

The an^e EDA is equal to ACE, standing cm the 
same segment ; and for the like reason is £DC = C A£. 

4: £• D. 

Method of Calctdatioru 
In the triangle ACE are g^ven all the angles and the 
side AC, whence AE will be given ; then in the t/iangle 
ABE will be*given the two sides A£, AB, and the in- 
cluded angle ; whence ABE and all the rest of the angles 
in the figure wUl be given. 

PROBLEM XLIX. 

Three points, A, B, C, being any how given; tojinda 
fourth, where lines, drawn from the former three, shall 
make given angles with one another. 

CONSTRUCTION. 

Join the given points, 
and upon the rig^t line 
AB describe a segment of 
a circle, capable of the 
given angle which that 
line is to subtend ; com- 
plete the circle, produce 
B A, and make the angle 
D AQ equal to the angle 
which BC is to subtend, 
and let AQ meet the pe- 
riphery in Q ; draw QC, 
cutting the same periphery 
in P ; join A, P, and B, 
P, and the thing is done* 

DEMONSTRATION. 

The angle ABP is equal to the given angle which AB 
was to subtend {by construction) ; and the angles QAB 
and QP A, standing upon the same segment, being equal to 
each other, their supplements DAQ and BPC must like- 
wise be equal. ^ JE. D^ 
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Method of Calculation. 
loin B, Q^ I then, m the triwigle ABQ will be ^ven all 
the angles aod the side AB, whesce BQ and ABQ will be 
known ; then in the triangle CBQ will be given two sides, - 
and th^ included angle CBQ; whence die an^e CQB, 
equal to BAP, will be known ; lastly, in the trian^c APB 
will be ^ven all the angles and the side AB, from vrtiich 
AP md BF )viU be found. 

PROBLEM L. 

To draw a Tight line EG through a circle O, given irt 
magnitttde and position^ which sHaU also cut a right line 
-Q.Cy given in position, in a given angle, and have its parts 
EF, FG intercepted by the eirck and-that right line, in the 
given ratio of the two right lines ab andbc^ 

CONSTRUCTION. 

At any point B, in the rig^ line QC, mak6 the angle 
QBA eqiud to the ^ven angle, and through the center 




cutting the peripheiy of the circle in F, and through F, pa- 
rallel to BA, draw £FG, and the thing is done. 
DEMONSTRATION. 
The Imes GE, BA, and nL, being parcel, the m- 



364 The Construction of 

gles QGE, QB A, &?c. will be equal, and likewise SF 
FG : : Lm : mn ; but ILm {by construction) is ( = R^ 
= ^i^^and mn {r=:pq) = be ; therefore SF : FG : : do 
bcy and consequendy EF (2SF) : FG : ; ab (2bd) : be* 
^ E* D. 

Method of Calcidation. 
Ln {dc) : Lm {db) : : the tangent of LQw (the comple* 
ment of the given angle QBR) : the tangent of LQm ; 
therefore, in the triangle OQF will be given one angle 
OQF and two sides, QO, FO ; whence, not only die 
angle SOF, but also SO and SF will be known. 

PROBLEM LL 

To apply ^ or inscribe^ a given right line AD between the 
peripheries of two circles C and O, gix>en in magnitude and 
position^ so as to be inclined to the right line QO^ joining the 
centers^ in a given angle* 

CONSTRUCTION. 
Make OCB equal to the given angle, and let CB be 
taken equal to the given line ; upon the center B, with 
the radius of the circle C, let the arch nDm be described. 




cutting the circle O in D : then draw BD, and, parallel 
thereto, draw C A, meeting the periphery in A ; join Af 
D, and the thing is done. 

DEMONSTRATION. 
Because (by construction) CA and BD are equal and 
parallel, therefore will AD and CB be also equal and pa- 
rallel {by Euc. 33. i.). ^ E. D. 



Geometricai Problerm* 



363 



Method of Calculatioiu 

In the triangle CBO are given two sides, CO and CB, 
and the angle OCB ; whence OB and the angle COB will 
be^known ; then in the triangle OBD wHl be given all the 
three sides, whence all the angles, and consequently DOC, 
will also be known, 

PROBLEM LII. 

From a given rectangle ABCD, to cut off a gnomon 
ECG, whose breadth ^hall he every where the same^ and 
-ivhose area shall be just half that of the rectangle* 

CONSTRUCTION. 
In BA take BH equal to 'BC, or AD ; and in 
DA, produced, take 
AP a mean propor- 
tional between B A and 
|AD (so that AP* 
may = the given area 
AGFE> From P to 
the middle of * AH 
draw PO ; make OE 
= OP, and DG = 
BE ; complete the 
rectangle E AGF, and 
the thing is done* 

DEMONSTRATION. 

If the semicircle EPQ, from the center 0,be described, 
it is plain that AQ = EH = BH — BE = AD — - DG = 
AG ; and consequently that AE X AG =s A£ X AQ s= 
AP* {Euc. 13. 6.) ^. E. D. 

Method of Calculation* 

In the right-angled triangle AOP are given AD 
AB — BC\ 




(= 



1 and AP (= V^AB x BC); whence 



OP wUl be known, and from thence both A£ and AG« 
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PROBLEM LIII. 

Three points, A, B, C, ieinff g'iven, it is proposed to _find 
a fourth^, from whence linesy drawn to the three former^ 
ahatl obtain the ratio of three given lines a, b, and c, respeo ' 
tive/y. I 

CONSTRUCTION. I 

Having joined the given poinU, take AF, in AB, 
equal to a, and AI = *■ ; also make the angles AFG 
and AIK equal, 
each, to ACB ; 
and from the cen- , 
ters F and G, 
with the radii i \ 
and AK respec- 
iiveiy, let two 
arcs be described 
intersecting in H; 
from which point- 
draw HF and 
IIA : then draw BP to make the angle ABP = AHF, aEul 
»it,will meet AH (produced) in the point P, required. 
DEMONSTRATION. 
Let BP, CP, and- GH be dra\vn. The triangles 
ABP, AHF being equiangular (by construction'), it will 
be AP : BP : : AF («) : FH (6) ; also AB : AP : : AH 
: AF i and AB : AC : : AG ; AF (because ABC and 
AGF are likewise equiangular); whence it is evident, 
since the extremes of the two last proportions are the 
same, that AP >( AH = AC x AG, or AC : AP ; : AH 
: AG ; therefore the triangles ACP, AHG being equian- 
gular (£uc, e. 6.), we have AP : CP : ; AG ; GH (AK.) 
: : AF (a) ; AI (c). ^ £. D. 

Method of Calculation. 
In the triangles AFG, AIK are given all the aagks 
and the sides AF and Al, whence AG, FG, and AK 
(GH) will he found; then in the triangle FGH will be 
^iven all the sides, to find the angle HFG ; which, added 
to AFGi givBS AFH (APB), from whence, and the two 
pven sides AF and FH including it, every thing else h 
nadSy determined. 




PROBLEM HV. 

To describe a triangle (ABC) similar to a given one 
AMN, such that three iines\A.P, BP, CP) may be draiuit 
from its angular points to meet the same point (PJ, so as li? 
be equal to three given lines AD, AF, and AK, respec- 
tively. 

CONSTRUCTION. 
Draw DE and KG, making the angles ADE 
and AKG, each, equal to the given angle N, antj 
inters ecting AN ia 
E and G ; from the 
centers D and E, 
with the intervals 
AFand AG,lettwo 
arcs be described, 
intersecting in H i 
draw AH, in which 
take AP = AD; 

and from P, to AM ^^ =^=-*EMt-" 

and AN, apply PB A- S: * -L* 

and PC equal, respectively, to AF and AK, and let B, C, 
be joined ; so shall ABC be die triangle that was to be de- 
termined. 

DEMONSTRATION. 

The diree lines AP, BP, CP are, respectively, equal 

to the three given lines AD, AF, AK, by construction; 

■ we therefore have only to prove that the triangle ABC is 
similar to the given one AMN. Now, supposing DH and 
EH to be drawn, it wiU be AP : PC (or AD : AK) : ; 
AE : AG (EH) ; whence tlie triangles APC and AHE 
will he equiangular (£uc. 6. 6.), and consequcndy AC : 
AH : : AP (AD) : AE : : AN ; AM (Euc. 5. 6.) ; but 
the triangles ABP and ADH (having AP = AD, PB = 

. DH (bij constrtiction), and the single DAP common) arc 
equal in all i-espects ; therefore, by substituting AB in the 
room of AH, our last proportion becomes AC : AB : : 
AN : AM ; whence it is manifest that the trianglc^ABC 
and AMN are equiangular. ^ £. D, 




\ 
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Method of Calculation. 
In the triangles ADE, AKG are given all the an- 
gles and the sides AD and AK, froifi which AE!, DE^ 
and AG will be known ; then in the triangle DHE 
will be given all the sides, to find the angle EDH, 
which added to ADE gives ADH ; from whence, and 
the two given sides including it, AH (=: AB) will be 
known. 

PROBLEM LV. 

in the tridng'le ace^ besides the angle c, are given the seg- 
ments of the sides ab and de^ and the angles aeb anddbe sub- 
tended thereby i to describe the triangle. 

CONSTRUCTION. 

Upon AB, equal to ab, let a segment of a circle be 
described to contain an angle equal to aeb: make the 
angle ABF = acey BAn = dbe^ and the line BF =:edi 





from the point n, where An cuts the periphery of the 
circle, through F, draw n¥E, meeting the periphery in 
E ; join A, E, and B, E, and draw EC parallel to BF, 
meeting AB, produced, in C ; and then the thing is 
done. 

DEMONSTRATION. 

Let BD be parallel to FE. 

Since the line^ BD, EF, and ED, FB are paralleH 
therefore is ED = BF ( = ed), and the angle ACE also 
= ABF (ace) Euc. 28. 1. Moreover, the angle BEn 
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(DB£) is equal to BAn {dbe)^ both standing^ upon the 
same segment Bn. ^E^D^ 

Method of Calculation. 
Join B, n ; then in the triangle ABn will be given dl 
the angles aud the side AB, whence B» will be known ; 
then in the triangle nBF will be given Bw, BF, and the 
included angle nBF, whence BFn (CDB) and all thejcest 
of the angles in the figure will be known- 



G- 



\ 



PROBLEM LVI. 

To nUike a trapezium^ whose diagonals^ and two oppo- 
site sides^ shall be all of given lengths^ and whereof the an^ 
gle formed by the given sides ^ when produced till they meet, 
shall also be given* 

CONSTRUCTION. 
Draw the indefinite right line AC, and take therein 
AB equal to one of the two given sides ; make the angle 
CBG equal to 

the given an- fr^^ C> 

gle, and let BG 
be made equal 
to the other 
* given side; u^- 
on the centers 
A and G, with 
intervals equal 
to the two dia- 
gonals, let two 
arches be de- 
scribed, cut- 
ting each other 

in D ; make DE equal and parallel to GB ; join D, B^ 
and E, A : then ABDE will be the trapezium required. 

DEMONSTRATION. 
Draw DG, DA, and BE, and let BA and DE be pro- 
duced to meet each other in F. 

. The lines BG and DE are equal and parallel, by 
construction; therefore BE is = DG, which last (bi^ 

3B 
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construction) is equal to one of the given diagonals, as 
AD is equal to the other ; moreover, the sides AB and 
ED (BG) are equal to the given sides, by construction; 
and the angle F is equal to the given angle CBG, because 
DF is paraUel to GB. ^ E. D. 

Method of Calculation* 
Suppose AG to be drawn ; then in the triangle ASG 
will be given the two sides BA and BG, and the included 
angle ABG ; whence the side AG and the other two 
angles will be known ; then in the triangle ADG will be 
given all the sides; whence the' angle AGD will be known, 
and from thence the whole angle BGD; lastly, in the 
triangle BGD will be given the two sides BG and GD, 
and the included angle BGD ; whence the side BD will 
likewise be known* 



PROBLEM LVII. 

The segments of the base AD, DB, and the line DC, 
bisecting the vertical angle ACB of a plane triangle^ being 
given^ to describe the triangle* 

CONSTRUCTION. 
In AB, produced, take DO to AD, as DB to AD 
^^ ^^ — DB, and 

from the • cen- 
ter O, with the 
radius OD, de- 
scribe the cir- 
cle DCQ ; also 
from the center 
D, at the g^iven 
distance DC, 
describe the circle mCn^ and from C, the Intersection 
of the two circles, draw QA and CB, and the thing is 
done. 

DEMONSTRATION. 
Since DO : AD : : DB : AD — DB ; therefore (Ay 
the lemma in p. 334.) AC : CB : : AD : DB ; whence CD 
bisects the angle ACB {by £uc. 3. 6.j. ^. £* D. 
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Method of Calculation. 
Draw CP perpendicular to AQ. 
Because, by construction, OD is = 



2AD X BD 



AD- 

nilar trianglea DCQ, D PC, 



DC : : DC : DP 



AD — bOx DC* 



AD — BD ■ 
whence AC and CB are given. 



PROBLEM LVni. 

Hcming given the base, the angle at the vertex, and the 
Rne drawn from thence to bisect the base ; to construct the 
triangle. 

CONSTRU;CTION. 

Upon the g^ven base AB 
describe (iy^rofi. 4.^ a seg- 
ment of a circle ADB ca- 
pable of the given angle ; 
and, fi-om the point F, in 
■which the perpendicular 
DF bisects AB, with a ra- 
dius FC equal to the bisect- 
ing line, describe nCm, cut- 
ting the periphery ACB in 
C ; join A, C, and B, C, and 
the thing is done. 

The demanstration of 

which is evident from the construction. 

Method of Calculation. 

From the center O let OA and OC be drawn; then 
in the triangle AOF will be given all the angles and 
the side AF ; whence FO and OC (OA) will be known, 
and in the triangle CFG will be given all the sides ; 
whence the angle FOG, and its supplement DOC, ex- 
pressing the difference of the angles at the base, will also 
be known. 
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PROBLEM LIX. 

The base, the difference of the ang-les at the tVisf, and the 
line draviiijrom the vertical ati^le to bisect the base ef any 
plane iriang-lc, being' g-iven ; to describe the triangle. 

CONSTRUCTION. 

UpOD AB, equal to the given base, let a segment of a 
circle AHBB be described to contain an angle equal to 
the difTerence of ihe 
**-! angles at the base ; 
bisect AB In C, and 
takeCD to ACinthe 
duplicate ratio of AC 
to the given bisecting 
line KL; make CS 
and DI perpendicular 
to AB, cutting the 
circle in S and I ; draw 
AI, cutting CS in G ; 
and through G draw 
the chord EGH paral- 
lel to AB ; join A, E, and A, if, and in AI take AN 
equal to KL; draw MNP parallel to EH, meeting AE 
and AH in M and P; then will AMP be the triangle 
which was to be constructed. 

DEMONSTRATION. 
Since (hif construction) CG Is parallel to DI, and EL^ 
: ACy : : AC : CD ; therefore {E,tc. 4. 6.) KLy i 
ACy : : AG : GI : : AGq i GJ X AG ; but GI X AG 
= EG X GH = EGy (_£uc. 35. 3. and 3. 3.) ; therefore 
KLo : ACo : : AGy : EGy ; and conscquentlv KL : 
AC : : AG : EG : : AN : NM ; but AN is (bj/ con- 
struction) equal to KL, therefore NM is = AC, and 
consequently MP (2MN) = AB. Moreover, the dif- 
ference of the angles at the base, P — M, is ( = AHE — ■ 
AEH) = AEB J which (6y constivctioii) ia equal to the 
difference given. ^. E. Z>. 

Method of Calculation. 
From the center O draw OA and OI j also draw In 
parallel to EH, jiieetiog OS in v : then it will be (Jy 
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cotMlructioTi) asKL^ : ACq (: : AC : Iw) : : the sine 
of AOC or AEB, the given difference of the angles at 
the base, to the sine of SOI, which, added to AOS, gives 
AOI, whose supplement, divided by 2, will be OIG; 
from \vhcnce OGI and its supplement OOA are given ; 
and consequently ANM (equal to AGE) ; then in the 
triangle ANM will be given AN, NM, and the includ- 
ed angle ANM, whence the angles M, A, P will also 
be given. 

PROBLEM LX. 

The perpendkuka; the angle at the vertex, and the avm , 
of the three sides of a triangle being given ; to describe the "^ 
triangle. 

CONSTRUCTION. 

Make AB equal to the sum of the sides, which bi- 
sect in P, making PO perpendiculai' to AB, and the 
angle PAO equal to half the given angle at the ver- 
tex; from the center 
O, with the radius 
OA describe the cir- 
cle AHB, and in OP, 
produced, take PK 
equal to the given per- 
pendicular, and draw 
KH paraUel to BA, 
cullingthecirde in H; 
join A, H, and B. H, 
and make the angles 
BHFand AHE equal to HBF and HAE, respectively;' 
then will EHF be the triangle required. 

DEMONSTRATION. 
Join O, B, and O, H, and draw IIQ perpendicular to 
AB. 

The angle EFH is = BHF + HBF = 2HBF (hy 
consti-uction) ^ HOA [Eiic. go, 3.): and, in the same 
manner, is FEH = HOB; hence it follows that EFH 
+ FEH r= HOA + HOB) = AOB ; and, by taking 
eacbi of these equal quantities from two right .^ngle^#■ 
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we have EHF = OAB + OBA (£«c. 32. 1.) = 20AB 
■ = the given angle {Sy coiutruclioii). Moreover, QH is 
= PK = the given perpendicular; and, EH being = 
.AE, and FH = BF {Euc. 6. 1.), EH + HF + EF 
will therefore be = AB = the given sum ot the sides. 
^. £. D. 

Method of Calculation. 

In the triangle AOP are given all tlie angles and the 
side AP, whence OP and AO (HO) are known : then in 
the triangle OHK will be given the aides OH and OK 
(OP + PK), whence HK will be given; next, in the 
triangle Bi^H wiU be given QH and BQ (BP — HK), 
whence C^BH, iind its double QFH, will be given j lastly, 
in the triangle EFH are gi^en all the angles and the per- 
pendicular QH, whence tlic sides will alao be given. 

But the answer may be more easily brought out, by 
first finding HOK, the diiference of the angles ABH and 
BAH, as in the fifth problem. 

PROBLEM LXI. 

The sum of the three sides, the difference of the angles 
at the bane, and the length of the line dixecting- the vertical 
angle oj any plane triangle being given ; to describe the tri- 
angle. 

CONSTRUCTION. 

Make AB equal to the sum of the sides, which bisect 

in E by the perpendicular DKn, and make the angle jjEr 

equal to half the 

given difference 

of the angles ftt 

the base, taking 

Er equal to the 

line bisecting the 

vertical angle : 

througl) r draw 

Cny parallel to 

AB, cutting D£n 

in n \ draw nA", 

to which draw E?n = Er, and draw AD parallel to Em, 

meeting hED in D ; and on the center D, at the distance 
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of DA, describe the circle ACB, cutting rnC in C ; join 
A, C, and B, C, and make the aiigk- BCF = CBF ; also 
make ACG = CAG, and let CF and CG meet AB in 
F and G ; then will FCG be the ti-ianglc that was to be 

described. 

DEMONSTRATION. 

Upon AB let fail the perpendicular CP ; let CQ bisect 
the vertical angle GCP", and let DH be drawn parallel 
to Er, meeting Cr in H. Then, by reason of the paral- 
lel lines, it will be as Er : DH (: : E« : Dh) : : Em : DA ; 
whence, Er being = Em (Ay construction), DH and DA 
are alao equal, and the point H falls in the periphery of 
the circle: therefore the angle kDH (nEr) at the cen- 
ter, standing upon half the arch HC, will be equal to the 
angle HAC, at the peripherj-, standing upon that whole 
arch, that is, equal to the difference of the angles ABC 
and BACi but the angle GFC being double to ABC, 
and FGC double to BAG (6y constniction), the difler- 
Bnce of GFC and FGC will be double to the difference 
between ABC and BAC, and therefore equal to 2?iEr 
(2nDH), the difference given. Moreover, because GCQ 
= FCQ, 2PCQ will be the difference between PCG and 
PCF, which must Ukewise be equal to SfzEf, the differ- 
ence of their complements PGC and PFC ; whence PCQ 
= nEr, and consequently CQ = Er. Furtliermore, since ' 
the angle ACG = CAG, ajid BCF = CBF, thence wiU 
CG = AG, and CF = FB ; and therefore CG -f- GF + 
FC = AB. ^. E. D. 

Metkad of Calculation. 
In the triangle Enr are given all the angles and the side 
Er, whence E/t will be given ; next, in the triangle AE« 
wilt be given (besides the right angle} both the legs E71 
and EA, whence the angle E/iA is given ; then it will be, 
as the radius to the sine of DHn or Km (: : DH : D« : : 
DA: D«) so is the sine of D«A to the sine of DAn ; 
whence ADn, the supplement of ACB, is also ^vea, from 
which all the rest of the angles in the Jicrure are given bj^ 
addition and subtraction onlv. 
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This method of solving the problem, it may be observ- 
ed, requirea three operations by the sines and tangents) 
but tlie same thing may be performed by two proportJons 
onlv ; for as f.r : AE : : the secant of rEjt : the tangent 
of £nA ; whence all the rest will be found as above. 



PROBLEM LXII. 

To reduce a given triangle into the form of another ^ otto 
make a triangle which akall be n'lmilar to one triangle, and 
Cfual to another. 

CONSTRUCTION. 
Upon the base AB of the tiiangle ABC, to which you 
vould make another triangle eqiial, describe ADB similar 
to the trian- 
gle required i 
draw CF pa- 
rallel to AB, 
meeting AD 
inFitakeAE 
a mean pro- 
portion af- be- 
tween AD and 

-xf—n r -fH AF ; and, pa. 

K- U tr i5 rallel to DB, 

iraw EG ; then will AGE be the triangle that was to be 
cotistructed. 

DEMONSTRATION. 
Let FR and DQ be perpendicular to AB ; then the 
triang. ADB : triang. ACB : : DQ : FR (schoi. Eiic. 
]. 6.) : : AD : AF (Em. 4. 6.) : : AD» : AD X AF 
(£wc. 1. 6.) : : AD^ : AE' (by construction') : ; triang. 
ADB ; triang. AEG (Euc. 19. 6.). Therefore the ante- 
cedents of the first and last of these equal ratios being the 
same, the consequents ACB and AEG must necessariljr 
be equaL ^. £. D, 

Method of Calculation. 
In the triangle ADB are given all the angles and th^ 
side AB, whence AD will be given ; next, in the tri- 
angle APR will be given all the angles and the side 




. FR C = CH), whence AF wiU be given ; and then AD 
and AF being given, AE = V AD x AF will also be 

PROBLEM LXIIL 

To find a point in a g'rotn triangle A.SC, from whencr 
righi lines drawn to the three ar^pilar paints, shall divide 
the whole triangle into parts (COA, AOB, BOC) haxing 
the same ratio one to another, as three given right /tnesm, l 
n, andp, respectively. 

CONSTRUCTION. 
In CA and AB produced, ii* need be, take CE and 



i + n+ p, joining E, B, and F, C ; 




AF, each equal 
take Ce = tn, 
Ac = II, and 
draw eb and tj" 
parallel to EB 
and CF, meet- 
ing the sides of 
die given tri- 
angle in b and 
J"; draw also 
AQ and /P pa- 
raUel to AC 

and AB, and r> tj- ■w<~^ v-- i~~^^ 

at O, the in- <^ ^ " "^ -A- = 

tersection of these lines, will be the point required. 

DE MONSTR ATION. 

Let 1>H and BD be perpendicular to AC. The trian- 
glesCBE, Che, as also CBD, CbH, are similar; iliere- 
fore, m (Ce) -.m + n+p (CE) : : CA : CB : : iH : BD 
; : the trian^e AOC : triangle ABC. In the very same 
manner it may be proved, that the part AOB is to the 
whole triangle ABC, as 7i to m + « +/» ; whence it fol- 
lows, that the remaining part BOC must be to the whole 
• triangle, as ^ to m -f- n +p ; therefore these parts are to 
Que another in the given ratio of m, n, and />• ■©• £• jD> 
3C 
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"' Since 



Method of Calculation. 
fm + n+/.:m::AB: AQ, 
I "I + "+/<:«:: AC: A/(QO), 
Itoth AQ and QO will be given from thence; then, in 
Ethe triangle AOQ.wUl be given two sides, and the in- 
rcluded angit, irom which every thing else will be 




PROBLEM LXIV. 

To divide a given trapezium ABCD, whose opposite sides 
liB, CD are parallel, according to a given ratio, by a 
fifig/it line QN, passing through agiven point P, and fall- 
\.jtig upon the two parallel sides. 

CONSTRUCTION. 

Bisect AD in G, 
and draw GH pa- 
raikt to AB (or 
DC), meeting BC 
in H : then divide 
GH in M, accord- 
ing to the given 
ratio, and through 
M draw PQN, and 
the thing is done. — 

DEMONSTRATION. 
Draw EMF and IHK parallel to AD, meeting DC and 
AB in E, I, K, and F. 

Because of the parallel lines, 

: HI, and AG = FM = KH i 

r AG {by constnictiony, ME will be = 

' '' '■' triangle EMN will be = FMQ, and IHC = 
BHK (Ekc. 4. 1.) ; whence it appears that the trapezium 
> 'AQND is also equal to the parallelogram DF, and the tra- 
I "peziuni QBCN equal to the parallelogram FI ; but these 
I ^parallelogram 3 ai'e to one another as their bases, or as GM 
1 to MH {Eun. 1. 6.) ; therefore GM : MH : ; ANQD : 
[ QBCN. ®. E, D. 

Method of CaletUation. 
Whereas AB and DC are parallel, GH is an arith- 
metical mean between them, and therefore equal to half 



i have GD = ME 
whence, as GD is ^ 
= FM,andHI = HKt 
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iheir sum. Therefore, as the whole line GH and the ra- 
tio of its pans GM, MH are given, the parts themselves i 
will also be given. 

PROBLEM LXV. 

To cut off" from a given trapezium. ABCD, ruhose op- 
posite sides AB, CD areparallei^ a part AQND eijual to 
u rectangle gtveriy hy a right line passing through a given 
point P, and falling upon the tmo parallel sides. {See the i 
"figure to the last problem. 

CONSTRUCTION. 

Bisect AD in G, and draw GH parallel to AB ; upon 
AD (by Euc. 45. 1.) describe the parallelogram ADEF 
equal to the rectangle given, and through the intersec- 
tion of GH and EF draw PQN, and the thing is done. 
The demonstration whereof is manifest from the preceding J 
problem. 

PROBLEM LXVL 

To divide a given trapezium ABCD, whose sides AB 
end DC are parallel, into two e^ual parts, by a right lirU 
parallel to those sides. 

CONSTRUCTION. 

Produce AD 
and BC till they 
meet in H, and 
make AG equal 
and perpendicular 
loHDjdrawHG, 
and bisect the same 
with the perpendi- 
cular PQ = HP ; 
join H, Q, and in 
HA take HE, ^ 
equal to HQ, and 
parallel to AB draw EF, and the thing is dine. 
DEMONSTRATION. 

Since HE' C= HQ' = HP» + PQ» = 2HP^ = 
HG^ HA= + AG^ HA' + HD^ . . . 

/ 




The Constfuctio 

muticat mean between HA" an.d HD*, it is evident that 
the triangle HEF will also be an ari^mc^cical mean be- 
tween the triangles HAB and HDC (or ABFE=EFCD)j 
because those triangles, being similar, are to one anorfier 
as (HE*, HA', HD») the squares of their homologous 
sides. ^. £. D. 

Method of Cakuiation. 
Since all the sides and angles of the trapezium are sup- 
posed given, the side CU and all the angles of ihe trian- 
gle HDC will be given; th erefore HD an d AH wiU be 

Itnown; whence HE, = \J , will also be 

l-'given. But the same thing may be had Vithout the an- 
gles ; for, since DC is parallel to AB, we have AB — DC 
! AD : ; DC : HD ; whence HE will be ^ven, as be- 
fore. 

PROBLEM LXVII. 

To divide a given trapezium ABCD according to a 
given ratio, by a right line LH cutting the opposite sides 
AC, BD in given angles. 

CONSTRUCTION. 

Produce the said opposite sides till they meet in E, 

draw AD, and CF parallel to it, meeting BE in F; 




divide BF in 


G, 


accord- 


ing 


the 


Riven 


ratio ; 


and 


havmg 
EAf 


made 


equal 


to the 


given 


angle 


which 


\M 


IS to 


make 



wi h AC, take EH a m^^an proportional beiween EG and 

EK i men draw HL pai-al!el to AK, and die thine is done. 

DEiMONSTRATlON. 

By construction, EG : fcH : : EH : EK : : EL : 

EA (£iit. 5. 6.) ; whence it follows that EG x EA ss 
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EH X EL, and consequently that the trian;^es EHL 
and EAG are also equal to each other (£iic. 15. 6.), 
from which takini; away EDC, common, the remainders 
CDHL and CDGA will be likewise equal, and conse- 
quently ALHB = AGB, being the differences between 
those remainders and ACDB. But the trian^e ADF is 
= ACD, standing upon the same base AD and between 
the same parallels ; Aerefore (by adding AGD, common) 
AGF is also = CDGA (= CDHL) ; hut AGF (CDHL) 
: AGB (ALHB) : : tF : GB {£iic. 1. 6.)- ^. £. X>. 

Method of Calculation. 
Jn the triangles ABE and ABK are given all the 
angles and the side AB, whence BE, BK, and EC wiH 
be known ; then in the triangle EFC will be given 
all the angles and the «de CE, whence KF, and from 
thence FG, and EG, will be known ; lastly, from tht 
k nown val ues of £K, £G,andEF, the value of FH ( = 
VEG X EK — EF) wiU be found. 



PROBLEM LXVIIL 

Tzoo right lines AG and AH, meeting in a point A, 
being given by poiilion ,- ic is required to draw a right line 
aP to Oft those lines in given angles, so that the triangle 
A-nP, farmed from thence, may be equal to a given square 
ABCD. 

CONSTRUCTION. 

Let the angle ABE be equal to the given angle AP". 
and. let BE J> C ©^ 

meet AG in -^ 

EjdrawEF 

Eerpendicu- 
ir to AH, 
make B(4 
equal SEF, 
and upon 
AQdeacribe 

the semicircle AmQ, cutting BC in m ; draw mn parallel 
to AH, meeting AG in «, and nP parallel to EB, and 
AnP will be the triangle required. 
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DEMONSTRATION. 

The triangles AEB arid AnP, being similar, are to one 
another as the squares of their perpendicular heists £F 
and mB (nS) : but mB' is = BQ x AB = 2£F X AB ; 
riierefore it will be, as the triangle AEB (EF X JABJ : 
the triangle AnP : : EF* : 2EF x AB : -. EF : 2AB : : 
EF X iAB : AB» {Euc. 1. 6.J; wherefore, the antece- 
dents being the same, the consequents must necessarily be 
c<iiial, that is, AnP = ABCD. % E, D. 
Method of Calculation. 

In the triangle ABE are given all the angles and the 
wde AB, whence EF will be given, and consequently 
Sn ( = VAB X 2EF) ; whence AP and An are ak* 
• jiven. 

LEMMA. 

Jfjrom any pomt C, in one aide of d plane angle KAL, 
& right line CB be draum, cutting both tides AK, AJL in 
equal angles (^KCB, ABC); ar^ from any other point D 
in the same side AK another right line be drawn^ to cut off 
an area ADE equal to the area ABC ; I say, that 0£ will 
ie greater than CB. 

DEMONSTRATION. 
Complete the parallelogram DCBG, and join B, D, and 
in BG (produced if need be) take BF = BE, and draw 
FD. 
Since the triangles ABC. AED are equal, by suppo- 
sition, and have one 
J)y^~ onglfi) A, common, 

therefore will AD : 
AC : : AB (AC) : 
AE (Euc. 15. 6.), 
and consequently 
AD + AE greater 
than AC + AB 
( Euc. 25. 5. ) J 
whence it is mani- 
fest that CD must 
be greater than EB, 
or BG than BF. Moreover, because the angle ABC 
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( = ACB = CDG) is = GBC, it wifl be greater than 
UBD, which is but a part of GBC ; and therefore ABD 
must, evidently, be greater than GBD ; wherefore, seeing 
BF and BE are equals and that DB is common to bodi 
• the triangles DBE, DBF, it is manifest that DE is 

g eater than DF (jBwc. 19. !•) > but DF is greater than 
G (62/ the same)^ because the angle DGF (DCB), be- 
ing obtuse, is greater than GFD, which must be acute 
(^JEtic. 32. 1.) : consequently DE is greater than DG, or 
' its equal CB. ^ E. D. 

PROBLEM LXIX. 

From a given polygon ABCDEF, to cut off' a given are^. 
AFEIK, by the shortest right l\ney Kl^ possible. 

CONSTRUCTION. 

Let the given area to be cut off be represented by 

the rectangle LMNO; and let the sides AB and DE, 

by which the dividing line is terminated, be produced 

till they meet in G; make upon OL (Jry Euc. 45. 1.) a 

\ rectangle OQ equal to AFEG, and let a square GSXy 




be constituted {by Euc. 14. 2.) equal to the whole 
rectangle QN : bisect the angle BGD by the right line 
GH, and make GR perpendicular to GH; and draw 
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MN equal to AGHB, and, by the last problem, let ED 
be HO drawn through the given point P, that the triangle 
AED, formed from thence, may be equal to the whole 




rectangle KN ; then will EDBHG be equal to KL : 
for since AED is = KN, let the equal quantities AGHB 
and MN be taken away, and there will remain EDBHG 
= KL. 

Method of Calculation* 
Let the area of the figure AGHB be found, by divid- 
ing it into triangles, and let this area be added, to the area 
given, and the sum will be equal to the area AED, or the 
rectangle KN ; from whence AD will be found, as in the 
last problem. 

PROBLEBU LXXII. 

Having the base, the vertical angle^ and the length of the 
line bisecting that angle and terminating in the base, to 
describe the triangle* 

CONSTRUCTION. 

Upon the given base AB let a segment of a circle 
ACB be described (by problem 4) to contain the given 
angle, and, having completed the whole circle, from 
O, the center thereof, perpendicular to AB, let the ra- 
dius OE be dra^vn ; draw EB, and make BG perpen- 
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dicular thereto, and equal to half the given bisecting 
line, and from G, as 
a center, with the ra- 
dius GB, let a circle 
BHF be described, 
intersecting EG 

(when drawn) in F 
and H ; from E to 
ABdrawED = EF, 
and let the same be 
produced to meet the * 

circumference in C ; join A, C, and B, C ; so shall ABC 
be the triangle required. 

DEMONSTRATION. 

The triangles CBE and BDE are similar, because 
the angle BEC is common to both, and the angles BCE 
and DBE stand upon equal arches BE and AE ; there- 
fore EC : EB : : EB : ED, and consequently ED x EC 
= EB2 : but {by Euc. 36. 3.) EB^ = EF X EH = ED 
X EH (by construction). Hence EDxEC = EDx 
EH, and consequendy EC = EH ; from which taking 
away the equal- quantities ED and EF, there remains 
DC = FH = the given line bisecting the vertical angle 
(by construction) : and it is evident that DC bisects the 
angle ACB^ since ACD and BCD stand upon equal arches 
AE and EB. ^. E. D. 

Method of Calculation. 
If BE be considered as a radius, BR (|AB) will be the 
co-sine of the angle EBR, and BG the tangent of BEG ; 
therefore BR : BG (or AB : DC) : ; co-sine EBR (ACE) 
: tang. BEG, whose half complement EHB is likewise giv- 
en from hence : then the angle HB^ (supposing EB pro- 
duced to b) being the complement of EHB, we shall have 
tang. EHB : rad. ( : : sine EHB : co-sine EHB : :BE : 
EH : : EB : EC) : : sine ECB : sine CBE = sine EDB 
= co-sine OED, half the difference of the angles (ABC 
and B AC) at the base. 



\ 
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PROBLEM LXXIII. 

Having given the two opposite sides abj cd, the two diago- 
nals acj bd^ and also the angle aeb in which they intersect 
each other ; to describe the trapezium* i 

CONSTRUCTION. 

In the indefinite line BP take BD equal to bd, and make 
the angle DBF equal to the given angle aeb^ and BF = ac; 
also from the centers D and F, with the radii dc and ab^ 



P\D ^ 




let two arches mCn and rCs be described intersecting 
each other in C ; join D, C, and F, C, and make BA 
equal and parallel to FC ; then draw AD, AC, and BC, 
and the thing is done. 

DEMONSTRATION. 

Since (^by construction) AB is equal and parallel to CF, 
therefore will AC be equal and parallel to BF (^Euc. 33. 
1.), and consequently the angle AEB (Euc* 29. 1.) = 
DBF = aeb. ^. E. D. 

Method of Calculation. 

Join D, F ; then in the triangle DBF will be given two 
sides DB, BF, and the angle included ; whence the angle 
BFD and the side DF will be known ; then in the trian- 
gle DFC will be given all the three sides ; whence the 
angle DFC wiU be known, from which BFC (BFD — 
DFC) = BAC will also be known. 
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PROBLEM LXXIV. 

Having given the two diagonals and all the angles^ to 
describe the trapezium* 

CONSTRUCTION. 

Assume AB at pleasure; and, having produced the 
same both ways, make the angles QAC, RBC equal, 
respectively, to two opposite angles a and e of the tra- 
pezium ; moreover, make ACF equal to ace^ one of 
the remaining angles ; and from F, the intersection of 
AF and BQ, take FG = the given diagonal cfc, and 




Ql^ 



jD QP 



draw GH parallel to CB, meeting FB in H. Then from 
A and B {by the lemma^ p. 336) let two lines AE and BE 
be drawn to meet in FC, so as to be in the given ratio of 
ae to FH ; in AE take AN = ae^ and draw NM paral- 
lel to FC, meeting AC in M ; lastly, draw NP making 
the angle MNP = ced^ and meeting FB in P ; so shall 
AMNP be the true figure required. 

DEMONSTRATION. 

Let ED be parallel to NP, and let DC and PM be 
drawn. 

It is evident, by construction, that the diagonal AN, 
and all the angles of the trapezium, are equal to the 
respective given ones ; it therefore remains only to 
prove that PM is equal to the other given diagonal dc. 
Now the angle RBC being = CED {by construction)^ 
the circumference of a circle may be described thr6ugh 
all the four angular points of the trapezium BCED ; 
and so the triangles FBE and FCD (as both the angles 
FBE and FCD stand upon the same chord ED) will 
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be similar ; and consequently BE : DC ( : : FB : FC) 
: : FH : FG {dc). But {by construction) AE : BE : : 
ae : FH ; therefore, by compounding these two pro- 
portions, we have AE : DC : : ae : dc ; but (because of 
the similar figures ADEC, APNM) we also have AE : 
DC : : AN (ae) : PM ; and consequently PM = dc. 
^ E. D. 

Method of Calculation. 

All the angles of the triangles ABC, FAC, and FBC 

being given, we shall have sine ACB X sine F : sine 

ABC X sine ACF : : AB : AF ; and sine FHG (FBC) 

: sine FGH (FCB) : : FG {dc) : FH ; whence AF and 

FH are koown. 

!-• J A IT AB X ae , ^^ AK X FH . . , 

Fmd AK = .=-- , and KO = ,, , : which 

FH-f-ae ¥il — ae 

last is equal to (OE) the radius of the circle determining 
the point E (see the aforesaid lemma)* Therefore, in the 
triangle FOE arc given two sides FO and OE, besides 
the angle F 5- whence the angle FOE will be given ; then 
in the triangle AOE will be given O A, OE, and the in- 
cluded angle ; whence the angle OAE, which the diago- 
nal AN makes with the side AP, will be known, and from 
thence every thing else required. 

This problem, as the circle described from O cuts FC 
in two points, admits of two different solutions (except, 
only, when FC touches the circle). If the circle neither 
cuts nor touches that line, the problem will be impossible ; 
the limits of the ratio of AE to BE (and consequently of 
ae to dc) growing narrower and narrower, as AB be- 
comes less and less, with respect to AC, or according 
as the sum of the opposite angles (a + e =z QAC + RBC) 
approaches nearer and nearer to two right angles ; so that, 
at last (supposing AC and BC to coincide), AE and BE 
will be, every where, in the ratio of equality ; thereTore 
cd can here have only one particular ratio to ae ; and the 
diagonal ANE may be drawn at pleasure, the problem 
being, in this case, indeterminate. 
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PROBLEM LXXV. 

Supposing the right lines w, 72, p to represent the lengths 
of three staves erected perpendicular to the horizon^ in the 
given points A, B, C ; to find a point P, in tha plane of 
the horizon ABC, equally remote from the top of each 
staff\ 

CONSTRUCTION. 

Join A, B, and B, C, and make AE and BF perpen- 
dicular to AB- also make BG and CH perpendiciJar 
to BC, and let AE be taken = tw, CH = />, and BF and 
BG each = n ; draw EF and GH, which bisect by the 




G ^:...--' •-•' I 



perpendiculars LN and IK, cutting AB and CB in N 
and K ; make KP and NP perpendicular to BC and BA, 
and the intersection P of those perpendiculars will be the 
point required. 

DEMONSTRATION. 
Conceive the planes AEFB and BCHG to be turned 
up,' so as to stand perpendicular to the plane of the ho- 
rizon ABC and intersect it in the right lines AB and 
BC ; then, because BF and BG are equal to each other, 
and perpendicular to the plane of the horizon, it is 
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evident that the points F and G must coincide, and that 
AE, BG (BF), and CH will represent the true position 
of the staves : suppose KG, ICH, PG, PH, PE, and 

' PF to be now drawn ; then, since (% construction') GI 
= HI, and the angle GIK = HIK ; therefore is GK 
= HK (EiLC. 4. 1.): moreover, since KP is (by con- 
struction) perpendicular to BC, it will also be perpendi- 

. cular to the plane BCHG, and consequently the angles 
PKG and PKH both right angles : therefore, seeing 
the two triangles GKP, HKP have two sides and an 
included angle equal, the remaining sides PG and PH 
must likewise be eqUal {Euc. 4. 1.). After the very- 
same manner it is proved that PF (or PG) is equal to 
EP. ^. E. n. 

Method of Calculation. 
Draw Ir perpendicular, and Hy parallel to BC ; then, 
by reason of the similar triangles Hj^G and IrK, it will 

be as BC (%) : BG — CH {Gq) : : ^^ + ^^ (i^) 



^ BG — CH X BG + CH . , . , , 
: Kr = —^7^; ; which subtracted 

from Br ( = |BC) gives BK : and in the same man- 
ner will BN be found ; then in the trapezium KBNP 
will be given all the angles and the two sides BK and 
BN; from whence the remaining sides, &c. may be 
easily determined. 

PROBLEM LXXVI. 

The base^ tlie perpendicular^ and the difference of the sides 
being given^ to determine the triangle* 

CONSTRUCTION. 

Bisect the base AB in C, and in it take CD a third pro- 
portional to 2AB and the given difference of the sides 
MN ; erect DE equal to the given perpendicular, and 
draw EK parallel to AB, and take therein EF = MN; 
draw E AG, to which, from F, apply FG = AB ; draw 
AH parallel to FG, meeting EK in H : then draw BH, 
and the thing is done. 
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DEMONSTRATION, 

By reason of the parallel lines, FG (AB) : FE (MN) 
: : AH : EH (DP) ; therefore AB x DP = AH x MN, 

or 2AB X DP = 2AH cr v rr t;. 

X MN; to which last ^ ^ ti K 

equal quantities adding 

2ABxCD = MNS(*y 

construction) we have 

2AB X CP = 2AH X 

MN X - MN2 ; but 

2AB X CP is = BH^ 

— AH^ [by a known j /^ — ^ — ^ ^ ■- ^-.X^ ^ 

property of triangles) ; 
therefore BH^ — AH^ 
= 2AH X MN + MN2, 




or BH2 = AH2 + 2 AH x MN + MN^ = AH + MNp 

{Euc. 4. 2.), consequently BH = AH + MN. i^. E. D* 

Method of Calculation* 

In the right-angled triangle ADE we have DE and 

/ MN^X 

AD (= iAB — 5^) 5 whence the angle DAE (FEG) 

will be found ; then in the triangle EFG will be given two 
sides and one angle, from which the angle GFK ( = BAH) 
will also be known. 



PROBLEM LXXVIL 

The bascy the perpendicular^ and the sum of the two sides 
being given^ to describe the triangle* 

CONSTRUCTION. 
Bisect the base AB in C, and in it produced take CD 
a third proportional to 2AB, and the sum of the sides, 
MN ; erect DE equal to the given perpendicular, and 
draw HE parallel to AB, and take therein EF = MN; 
draw E AG, to which, fe-om F, apply FG = AB ; draw 
AH parallel to FG, meeting EF in H ; then draw BH, 
and the thing is done. 

3E 
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DEMONSTRATION. 

Because of the parallel lines, FG (AB) : FE (MN) 
t : AH : EH. (DP) ; and therefore 2MN x AH = 
2AB X DP; which equal quantities being subtracted 
from MN* = 2AB x CD, (by construction) there wilfi 

M N 




remain MN» — 2MN X AH = 2AB x CP = BH^ — 
AH* ; whence, by adding AH* to each, we have 
MN^ — 2 MN X AH + AH* = BH*, that is, 

MN — AHl^ = BH* ; therefore MN — AH = BH, 
orMN = BH + AH. ^ E. D. 

Method of Calculation* 
In the triangle AED are given (besides the right an- 
gle) both the legs ; whence the angle DAE ( = FEGJ 
will be given ; then in the triangle FEG one angle and 
two sides will be known, from which the angle EFG 
( = BAH) will be determined. 



PROBLEM LXXVIIL 

The difference of the two stdes^ the perpendicular^ and 
the vertical angle being given^ to determine the triangle. 

CONSTRUCTION. 

Upon the indefinite line FEQ erect the given perpen- 
dicular DC, making the angle DCE = half the given 
angle ; let EF, expressing the given difference of the 
sides, be bisected by the perpendicular GI, meeting 
EC in I ; also let EC be bisected in H, and make EK 
perpendicular to CE, and equal to EI 5 and, having 
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drawn HK, take HL, in HE produced, equal theretb ; 
from L to FQ apply LB = EK, and join C, B 5 also 




draw EM, making the angle CEM equal to DEC, and 
cutting CB in M ; then from C to QEF ^ply CA = 
CM, so shall ACB be the triangle required. 

DEMONSTRA';'lbN. 

Upon EM let fall the perpendicular CN, and 
join L, M, and F, I. Now, LB^ = EK^ {by con- 

stnictiori) = HK -»- HE x HK — HE {Euc. 5. 2.) = 

HL + CH X HL — HE {bi/ construction) = CL x EL; 
whence CL:LB::LB:EL; therefore the triangles 
CLB and ELB must be equiangular (Euc. 6. 6.), and 
consequently LBM = LEB = CED = CEM (^by con- 
struction'). Therefore, since the external angle CEM 
of the trapezium LEMB, is equal to the opposite internal 
angle B, the circumference of a circle will pass through 
all the four angular points ; and consequently the an- 
gle LMB will be = LEB, both standing upon the 
same chord LB ; but it is proved that LBM is = LEB ; 
therefore LMB = LBM = FEI ; and so the triangles 
BLM and EIF, being isosceles, and having LMB = EFI, 
and also LB = EI (J)y construction^^ they will be equal 
in all respects, and consequently BM == EF ; whence 
BC — AC (= BC — CM ='BM) = EF, the given 
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difference {by const ructioii). Moreover, CEN Being 5= 
CED {by co7istruction)^ CN will be = CD; and 86 
CM being = CA, ACD will be = MCN, to which add- 
ing DCM, common, we have ACB = DCN = 2DCE. 

Method of Calculation. 

Seeing EG and EH are the sine and tangent of EIG 

and EKH, to the equal radii EI and EK, it will therefore 

be EG ; EH (or EF : EC) : : sine EIG (ECD) : tan- 

gent EKH. But EC : CD : : the radius : co-sine £CD j 

whence, by compounding these proportions^ EF : 

CD : : radius x sine ECD : co-sine ECD X tangent 

„„-.-. radius x sine ECD , ^ ^ x^r^^r>^\ 

EKH : : >^-^: — (= tangent ECD) : tangent 

co-sia- iXD 

EKH ; from which EKL, half the complement of EKH 
will be also given ; then it will be, as the radius : tangent 
EKL (: : KE : EL : : LB : EL) : : sine LEB (CED) 
: sine LBE (BCE) ; which proportions, expressed in 
words, give the following theorem : 

As the difference of the sides is to the perpendicular^ so is 
the tangent of half the vertical angle to the tangent of an an- 
gle; and as the radius is to the tangent of half the comple- 
ment of this angle ^ so is the co-sine of half the vertical angle 
to the sine of half the difference of the angles at the base. 

PROBLEM LXXIX. 

/' 
The perpendicular^ the difference of the sides ^ and the 
iiifference of the angles at die base being given^. to deter- 
fnine the triangle* 

CONSTRUCTION. 

Let a triangle A'BC 
be constructed by the 
last problem^whose per- 
pendicular and diffe- 
rence of the sides shall 
be the same with those 
given, and whereof the 
vertical angle ACB is 
also equal to the given 
^^, — difference of angles ;' 
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then upon C, as a center, with the radius CB, let an arch 
be described, intersecting AB, produced, in D ; join C, 
D, and ACD will be the triangle required. For CD be- 
ing = CB, the angle CDB will also be = CBD = A + 
BCA (JBuc. 32. 1.). The method of calculation is also 
the same as in the preceding problem. 



PROBLEM LXXX. 

The perpendicular^ the sum of the two sides ^ and the ver- 
tical angle beiJig given^ to describe the triangle. 

CONSTRUCTION. 

Upon AB, the given sum of the two sides, erect ^C 

equal to the given perpendicular; and make the angle 

ACH equal to the complement of half the given an- 

^,gle ; upon AB {by prob. 72) let a triangle ABF bo 




constituted, whose vertical angle, AFB, shall be equal to 
the given one, and whereof the bisecting line FE (ter- 
minating in the base) shall be = DC ; then draw CG and 
CH parallel to FB and FA, so shall GCH be the triangle 
required. 

DEMONSTRATION. 
It is evident that the angle HCG is = AFB = the 
given one. Moreover, if EM and EN be taken as 
perpendiculars to AF and BF, they will be equal to each 
other, and also equal to the given one AC, because 
all the angles EFN, EFM, and ADC are equal, by 
construction, and EF is likewise = CD ; whence, as 
the angles AHC, AGC are respectively equal to EAM. 
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EBN, it is evident that HC = EA, and GC = EB, and 
consequently that HC + GC (>= EA + EB) = AB. 
^ E. D. 

Method 0/ Calculation* 

By the problem above referred to, AB : CD ( EF) : : 
co-sine ADC (AFE) : tangent of an angle ; which let 
be denoted by Q. 

Now, CD : CA : : radius : sine ADC ; which pro- 
portion being compounded with the former, we have 
AB : CA : : co-sine ADC x radius : tangent Q x sine 
A ¥-fc^ co-sine ADC x radius . ^ . t^^% 

ADC : : sine ADC (co-tangent ADCJ : tan- 

gent Q. Then, by the same problem, it v/ill be as tangent 
JQ : radius : : sine ADC : co-sine of the difference of the 
angles (G and H) at the base. The above propjortions, 
given in words at length, exhibit the following theorem : 

As the sum of the sides is to the perpendicular^ so is the 
co-tangent of half the vertical angle to the tangent of an 
angle ; andy as the tangent of half this angle is to the ra- 
dius^ so is the sine of half the vertical angle to the co-sine of 
half the difference of the angles at the base. 



PROBLEM LXXXI. 

To constitute a trapezium of a given magnitude under 
four given lijics* 

CONSTRUCTION, 
p/x.^ Make a right 

P / ^^^ angle b with two 

■ of the given lines 

A^, be ; and with 
the other two 
complete the tra- 
pezium A^cD : 
upon AD let fall 
the perpendicular 
rE, in which pro- 
duced (if neces- 
sary) take EF, so 
that the rectangle 
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^ under it, and AD, may be double the given ar6a : more* 
over, take a fourth proportional to AD, A^, and ^c, with 
which, from the center F, ^et an arch be described, meet- 
ing another arch, described from D with the tadius Dc in 
C; join D, C; and from A and C draw the other two 
given lines AB, CB, so as to meet, and they will thereby 
form the trapezium ABCD, as required. 

DEMONSTRATION. 

Draw Ac, AC, and FC ; upon AD and AB let fall die 
perpendiculars CP, CQ ; and make FG perpendicular to 
PCG. 

Because AD^ + DC^ + 2 AD x DP ( = AC% Euc. 
12. 2.) = AB» + BC^ + 2AB X BQ, and AD* * 
+ Dc^ + 2AD X DE (= Ac«) = A** + bc^ i^Eiic. 
4:7- l.)i it follows, b)' taking these last equal quan- 
tities from the former, that 2AD x DP — .2AD X 
DE (2AD + EP) = 2AB x BQ, and consequently 
that BQ : EP (FG) : : AD : AB : : BC : FC {bif 
constructiori) ; whence the triangles BCQ, FCG are 
similar, and so CQ : CG : : BC : FC : : AD : AB {by 
construction)^ and therefore CQ X AB = CG X AD; 
hence, by adding CP x AD to each, we have CP x AD 
+ CQ X AB ( = twice the area ABCD) = CP x AD 
+ CG X AD = EF X AD = twice the given area {btj 
construction). ^ E. D. 

Method of Calculation. 

From DE ( = A^- + ^c^ - AD^ - D.'\ ^^^, j-p 
\ 2AD / 

(2 area\ 
= -r-; — ) the value of DF, and likewise that of the 
AD / 

angle ADF, will be found ; then, all the sides of the tri- 
angle DCF being known, the angle FDC will likewise be 
known ; which, added to ADF, gives (ADC) one of the 
angles of the trapezium. 

It may so happen that a trapezium, having one right 
angle, cannot be constituted under the four given lines ;, 
in which case it will be necessary (instead of form- 
ing the trapezium A^cD) to lay down AD first, and 
in it (produced if needful) to take DE equal t6 
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ABj* + Bc? — AD]' — "m:> , . , , 

i— 2AT5 '* ^^ *^' equal to the 

altitude ofa rectangle, formed on the base 2 AD, whereof 
the contmned area is equal to the difference of AB"]* + 

BC]' and ADT +'I5cT (which line DE is to be set off 
on the other side of D,. when the latter of these two quan- 
tities is the greater) : this being done, the rest of the so- 
lution will remain the same, as is manifest from the first 
and second steps of the demonstration ; the process from 
thence to the end being nowise different. 

It may be further observed, that the problem itself be- 
comes impossible, when the two circles, described from 
the centers D and F, neither cut nor touch ; the greatest 
limit of the area, and consequently of EF, being when they 
touch each other ; in which case the sum of the radii 
DC, FC becoming = DF, the point C will fall in the 
line DF, and die angle DCF will become equal to two 
right angles ; but the sum of the opposite external angles 
CDP and CBQ is always equal to DCF ; because GDP 
(supposing Cn parallel to AP) is = DCn, and CBQ 
^ = CFG) = FC71 : hence it is evident that the limit, or 
die greatest area will be when the sum of the opposite 
angles is equal to two right angles, or when the trapezium 
may be inscribed in a circle. 
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